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Analytical Tkigonomstet has alwajrs been to the miyority of atadents a dry 
and difficult study. A conviction that it might be rendered easy and interesting 
to all who have a tolerable acquaintance with Algebra and Greometry, has led to the 
production of the present work. The faults of former treatises on this subject, 
which have detracted from their usefulness as books of instruction, appear to be 
these: 

1. A too sudden transition from Greometry to Trigonometry, in consequence of 
which, the first efforts of the learner are in the dark as to the object of his pursuit. 

2. A tedious succession of general formulas at the commencement, the use and 
application of which are so long delayed as to produce weariness and discouragement 
before there is any apparent fruit to reward labor. 

3. Too much abridgment in the demonstration, and particularly in the derivation 
of the algebraic results. 

The author is aware of the importance attached to the exercise of intellect 
required to discover the connexion between propositions whose mutual dependence is 
shown by intermediate links which the mind must supply unaided, but it will be 
admitted on the other hand, that the ordinary term of study is too limited, and the field 
of knowledge in this department too extensive, to afford the loss of time which such 
a mode occasions. Besides, there will be abundant scope for this kind of exercise, in 
a more matured familiarity with mathematical reasoning, for which the shortening 
of labor here, will leave additional room. 
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Tn old edition has been entirelf nmodelled, and Tut additioni of Talnmble mmt- 
ter whkh have been lome yean in collecting, or are the resnlta of recent improre- 
ments in acieoce, have been made. The present work begins with some oonstracuons 
of triangles according to the roles given in geometry, followed by others in which 
scales of equal parts and protractors are employed, showing at once and distinctly, 
what is to be underrtood by the solution of a triangle, and the valoe of trigonometry 
in the measurement of inaccessible heights and distances. 

The evident inaccuracy in the use of instruments leads the learner to perceive the 
necessity of a more exact and certain method, and prepares him to enter with satis- 
faction upon the study of Analjrtical Trigonometry. 

The explanation of the Trigonometrical Lines has been pxepared with great care, 
and it is believed that considerable improvement in the method of exhibiting their 
changes will be observed. Their application to the solution of triangles is imme- 
diately shown in a few cases, with the help of a table of natural sines and cosines at 
the end. 

Then follows a full exposition of the theory and use of logarithms, with every 
variety of example, including an explanation of the Tables at the end. The use is 
also taught of the tables of Callet, the tables in highest repute, an American edition 
of which is known as Hassler's tables.* 

^irt L concludes with the application of logarithms and logarithmic sines, tan* 
gents, dec, to a number of practical examples in heights and distances, involving 
every case in the solution of plane triangles. 

After this a few pages of miscellaneous exercises occur, which, with those in fie 
print scattered through the Ist Part, will serve to give greater skill to the better clai 
of biuticiits. Appendix I., which follows next in order, contains a vast variety * 
general formulas, succinct methods of solution, and methods advantageous in i 
ticular cases, methods of treating small arcs, resolutions of Algebraic equationi 
the aid of Trigonometry, various expressions for the area of a triangle in terms o 
angles and sides, efiects of errors of observation on results ; in short, cveryt 
necessary for a comprehensive knowledge of Trigonometry. t 

* The Grerman tables most in use are those of Vega and those of K&hler. 
t Navigation and Surveying, if to be studied, should be taken up immediate! 
Plane Trigonometry. 
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Part n. oontaiiiB Spherical Trigonometry. Particular care has been taken to 
render the demonstrationa here, plain and easy, and to avoid all nnneceerary repeti' 
tion and complication. 

It was found that the introduction of a few celestial circles, such for the most part 
as the study of geography may be supposed to have already rendered familiar, would 
aflTord an opportunity for making all the exapnples of Spherical Trigonometry 
Astronomical. 

The use of the hour angle and of difierent kinds of time has led also to the 
introduction of a full description of the transit instrument and its various acyustments, 
the theory of which depends on Spherical Trigonometry, and is given in all its details. 

The practical character of the problems is a peculiar feature in the plan of the pre- 
sent work. The consideration which led to it was that since Trigonometry had grown 
out of the actual wants of men in these very particulars, if they were sufficiently 
interesting to stimulate discovery, they would also incite to the study of what ia already 
known. The analytic method, though not always practicable before the mind is 
somewhat furnished, is doubtless by far the best method of training. Besides this 
general reason for introducing Astronomical problems here, it was deemed useful 
thus to prepare the way for the study of Astronomy whilst the formulas and rules 
of Trigonometry were fresh in the memory, and to prevent that neglect of the Trigo- 
nometrical Solutions of Astronomy, which is apt to result from the trouble of recalling 
what has been long laid aside. It was thought, too, that this foretaste of Astronomy 
might excite a relish for that study. 

The examination questions will be found convenient for students preparing for 
examination on Trigonometry, or for those studying without the aid of a teacher. 

Appendix II., which follows Spherical Trigonometry, is of a character analogous 
to Appendix I. 

Part III. exhibits a pleasing and useful application of Plane Trigonometry to the 
principles of navigation. This will be found a very complete treatise on the subioct 
in small compass. The appendix to this part, App. III., includes great circle sanmg, 
a method not usually treated in works on navigation, nor much used at present at 
sea ; but as it eerves to shorten voyages, and has no practical inconveniences in the 
case of steamers, which class of vessels is becoming numerous on the ocean, it 
cannot longer with propriety be omitted. Sumner's method is also here introduced. 

Part IV. is a very complete treatise of survejring, which, by reducing the subject 
rigorously to its essential elements, a brought within a small space. Besides what is 
contained in ordinary treatises, including a full description of all the surveying 
instruments, will be found the methods of survejring railroads and canals, the prin- 
ciples of Topography, and a new method of Hydrographic Surveying. 

Part v., which treats of Nautical and Practical Astronomy, contains a complete 
deeeription of all the Astronomical instruments used at sea and in observatories, a 
thorough investigation of the theory of their adjustments, and of the corrections to 
be applied to the observations for errors of adjustment, the use of nearly every part 
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of Um oaotical alraanae and tablai of correotioin fer deCenniiiing the oo-ordinatM 
of the true placet of the heayenljr bodite, and the aolntioiis in Spherical Trigono- 
metry necessary for converting one set of co-ordinates into another, with all the 
best methods of determining latitode and longifde, either on land or at sea. 
App. V. contains the description of the refleeting eirole and moral circle, the 
determination of latitude by circmnmeridian altitudes, by the method of Littrow, and 
by an altitude of the pole 9tar out of the meridian. 

Part VI. contains the necessary instruction for conducting a geodetic survey on a 
scale of su6icieQt magnitude to require not merely the spherical figure, but also the 
spheroidal figure of the earth to be taken into conrideration. When the formulas 
in this part involve the theory of conio sections, they are given and the use 
taught, but the demonstrations are reserved for the last appendix, in which the 
calculus is freely introduced when necessary. The subject conunences with the 
modes of measuring bases, with an account of the beautiful improvements in the 
base apparatus recently made in this country, and the formulas of reduction to the 
level of the neighboring seas. Then follows a description of the great theodolite, 
and the methods of conducting the observations of the great or primary triangula- 
tion, the modes of verifying and correcting the observed spherical angles, and of 
computing the elements of the spherical triangles. Then the methods of deter* 
mining geodetically the diiierences of latitude, longitude, and azimuth of the stations 
at the vertices of the triangles, with the construction of maps and the explanation of 
the necessary tables. Then the best methods of conducting the Astronomical 
observations for latitode, longitude, and azimuths. The description of the instru- 
ments and modes of conducting the magnetic observations, and the use of the 
formulas for determining the elements of terrestrial magnetism. 

App. VI. describes the equatorial, the altitude and azimuth instrument, the prime 
vertical transit, and gives theorems for determining the size and figure of the earth, Slo. 

The methods given in this geodetic treatise are those employed upon the coaal 
survey of the United States.* 

The tables include a table of logarithms, of numbers, of logarithmic sines, tan- 
gents, cosines, cotangents, secants and cosecants ;t a table of natural sinee and 
cosines, a table of difierence of latitude and departure for every point and quarter 
point of the quadrant, a table of Rhumbs, a table of meridional parts. Workman's 
table for the correction of the middle latitude, a table of refractions, with corrections 
for the states of the barometer and thermometer, a table for dip or depression of 
the horizon, a table of the sun*s parallax in altitude, of the contraction of the 

* These are in some respects superior to the latest and best European methods. 
The author has to acknowledge the politeness of the accomplished superintendent 
of the cosst survey in furaishing every facility for obtaining information. 

t The last two are not usually found in the bei»t tables. The method of taking 
out the difierence for the seconds in these tables ia new and expeditioas. 
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■nn'f or moon's vertietl Bsmi-diameter from refraetioii, of tho augmentation of dw 
moon*! Bsmi-diameter with its altitade, a table of proportional logarithms, a table 
of the xednotions of the moon's equatorial parallax for the spheroidal figure of the 
earth, and finally a table of natural Tersed sines for xeducing obeenrations to the 
meridian. 

Besides these, other snudl tables and specimens of tables are. scattered throughout 
the work. 

Most of the tables are printed from the beautiful and accurate stereotype plates of 
the tables accompanying Bowditch's Navigator, by permission of the proprietor, 
Mr. G. W. Blunt. 

The author has to acknowledge the kindness of Prof. Chautssvet, of the U. S. 
Naval Academy, in permitting the use of his valuable paper on Unlimited Spherical 
Triangles, first introduced by Gauss. It will be found in Appendix II., as contained 
in the Astronomical Journal^ with some sli^t modifications and explanatory notes. 
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1. The tenn Trigonombtry is compounded of two Greek words, 
r^ i^cjvo^, a triangle, and f^s^-^ov, measure, signifying literallj the measurement 
of triangles. It has for its object to determine the imknown parts of a 
triangle when a sufficient number of the parts is known. 

By parts or elements of a triangle are understood commonly the sides 
and angles, though trigonometry properly includes the measurement of 
the surface also. 

There will accordingly be six elements of every triangle, namely the 
three sides and the three angles. 

2. It has been proved (Plane Greom., Theorems 1, 2, and 5), that when 
two triangles have three elements, one of which is a side, in the one, equal 
respectively to the corresponding elements in the other, the triangles are 
identical. 

One element must be a side, because if the three angles only were 
equal respectively in the two triangles they would be but similar (Plane 
Geom., Theorem 68) ; that is, alike in shape but not necessarily in size. 

Since all triangles which have three elements equal, are by consequence 
equal, it is said that three given elements determine a triangle ; that is, 
with these three given elements, but one triangle can be formed. 

There is one aibeption to this principle, pointed out in Prob. 8, Plane 
Geom., where two sides and the angle opposite one of them are given, in 
which case two triangles can be constructed with the given elements. 

8. Three elements of a plane triangle being given then (except they be 
the three angles), it ought to be possible to find the other three, since 
these are fixed by their dependence upon the three given. 

This may be accomplished with suffident accuracy for many purposes, 
by means of constructions such as are exhibited at Problems 5 and 8 of 
Plane Geometry. 

1 



S PLANS TRIOONOMBTRT. 

We shall repeat one of these oonstnictioDs, enundatiiig the proUem 
somewhat differently. 

The two sides and included angle of a triangle heing giraif let it be 
required to &d the remaining side and the other two angles. 

A B 

Let A and b be the two given 
sides, and o the given included 
angle. Draw two lines dh and do 
of indefinite length, making with 
each other an angle equal to the 
given angle c. Lay off on the 
first of these the given line a from 
D to E, and on the second the 
given line b from d tio f. Join 
E¥. The only possible triangle def will thus be formed with the three 
given elements, in which ef will be the required side, and e and f the 
required aisles. 

The finding the unknown elements of a triangle by means of those 
which are given is called its solution. 

4 The method of solution just exhibited is rendered more practically 
useful by the employment of scales of equal parts and protractors. 

The most simple form of the scale of equal parts is shown in the 
annexed figure. 
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It Is a straight rule divided into any number of equal parts ; in this 
example ten, and one of these again into ten, so that the smallest division 
is one hundredth of the whole length of the rule. 

The following is the manner of using it. 

Suppose that it is required to draw upon paper a line equal in length 
to 50. 

Place one foot of a pair of dividers at 
the line of division marked 5, and extend 
them till the other foot reaches exactly 
to the sixth smaller division mark on 
the right of ; the feet of the dividers 
will then be at a distance of 56 apart. ^' 
To draw now the required line upon paper, let a be the point from which 
it is to be drawn. Placing one foot of the dividers at a, extended the 
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distaDce 56 obtained from the scale, describe with the other an arc of a 
circle on the side towards which the line is to be dr«wn ; then from a 
draw the line in the proper direction, terminating it at the arc before 
described, and it will be the line required. 

Another line of 42 being measured from the scale and laid down upon 
the paper, the two lines will be in the ratio of 66 to 42. If they are lines 
upon a map, and the first corresponds to a line of 56 feet upon the 
ground, the second will correspond to a line of 42 feet If the first 
represent 56 yards, or chains, or miles, the second will represent 42 
yards, or chains, or miles. And in general lines upon the same drawing 
which are measured in parts of the same scale must be understood to be 
expressed in units of the same kind. 

The sectored scale of equal parts consists of a ruler of two arms moving 
on a hinge, each arm being divided into a number (usually 100) of equal 
parts. To set this scale to any size, say 40 parts to the inch, the arms 




must be separated by turning them round the hinge, till a pair of 
dividers opened to the distance of an inch will extend exactly from the 
division marked 40 on one arm, to that marked 40 on the other. 

If now any other distance be required upon a scale of 40 parts to the 
inch, as for instance the distance 65, the dividers must be opened till they 
will extend from the 65th division on the one arm, to the 65th division 
on the other. 

This kind of scale is constructed on the principle that lines drawn 
parallel to each other between the sides of an angle are proportional to 
the parts into which they divide the sides. (See Plane Geom., Theorems 
61, 63, 65.) 

The diagonal scale of equal parts is constructed as seen in the dias^ram. 
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Oieee at interrab oBiiallf but not necenarilj equal to t&e whole breadtii 
of the 10 Bpaces. The ket ooe of these interrals is dirided into ten 
^acea, and the first diTisioD at top is joined to the second at bottom, the 
second at top to the third at bottom, and so on by diagonal tiDea. 

To measure any distance on this scale, as 466, place the diriden od die 
6th horizontal line from the top nith one foot apon the 4th of the larger 
dirisioDS, from the lat on the right, and extend the other foot of the 
divider, tJII it reaches to the 5th f^mallcr diviiion in the right band square. 

S. Before describing the protractor, which is an instrament for laying 
off angles, it will be necessary to cxplun the method of esttmating the 
magnitude of angles. 

In Geometry, it b shown that angles ore proportional to (he arcs 
included between their sides, the arcs being described nitli equal radii, 
and it is also there stated that hence such arcs are properly the meaaoree 
<rf' angles. 

So that if an arc iuclnded between two sides o( one angle be double, or 
triple, or sextuple, an arc described with the same radius included 
between the sides of another angle, the firat angle is double, triple, or 
sextuple the second. 

The relatire magnitudes of angles may therefore be corrccdy expressed 
by means of the ivlative magnitudes uf the arcs which measure them. 

The relatire magnitudes of quantities are commonly given by referring- 
the qnantjties to be compared to some known standard of measure, which 
must be alwajrs of the same kind with the quantiliee themselves. 

This standard is called a unit. Thus a Exit, a yard, dec, are units of 
bngth, and iLe idea oi the relative lengths of two lines is obtained by its 
b^ng said that one is seven feet or yards, and the other nine. Or the 
just conception of the length of a single line is had by being told hov 
many feet, yards, or miles it contains. The mind compares it with ono 
of Uhs« well known units, which in imaginHtion it repeata along its length. 
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Now the unit of measure, which is employed in a similar maimer 
for giving the conception of the magnitude of an arc, b called a 
degree. A degree is the j\q part of the drcumference of a circle. 
The relation which any given arc bears to the whole circumference may 
be conveniently expressed by stating the number of degrees which tlie 
arc contains. Thus an arc of 90 degrees will be one fourth the whole 
circumference. An arc of 45 degrees will be one eighth. An arc of 30 
degrees will be somewhat less. And it is pbdn that the length of the arc, 
as compared with the whole circumference, may be readily conceived, as 
soon as the nunfber of degrees which it contains is mentioned. 

So also the magnitude of 
the angles subtended ^ these £ 
aras will, after a litde £Buni- 
liarity, be rendered easHy aen- 
•ible to the mind. To speak 
of an angle of 10 degrees 
for instance (A B in the 
annexed diagram), will sug- 
gest the image of a very 
acute angle, one of 69 
degrees (A C D) a much 
larger acute an^ one of 140 
degrees (A C E) an obtuse angle. 

A degree being always the jij part of a circumference, a single 
degree will be larger in a larger circle than in a smaller, and this, so far 
from being inconvenient, is particdarly advantageous in the measurement 
of angles ; for since arcs described about the vertex of an angle as a 
centre with different radii, and included between the sides of the angle, 
bear the same relation to eadb other as the radii, and since the entire 
circumferences are also proportional to their radii, it follows that two 
concentric* arcs included between the sides of the same angle, and having 
the vertex of that angle for a centre, are the same aliquot parts of their 
respective circumferences. Consequently, two such arcs will contain the 
same numb^ of degrees. Hence, to find the number of degrees contained 
in a ^en angle, the arc described for the purpose about the vertex, and 
extending from side to side of the angle, may be with any radius at 
pleasweu 

* Having the same centre. 
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Tliis may be dktiDcUj seen in the following diagram. 

ACB is the angle ; the larger 
arc AB included between ita 
rides contiuns 50 degrees of the 
whole drcumferenoe ; the arc ab 
with the lesser radius also con- 
tains 50 degrees, and so would 
an arc included between the 
rides of the given angle de- 
scribed with any other radios 
whatever. 

Where the size of an angle m 
such that it does not embrace an exact even number of degrees of the 
circumference, smaller ^visions called minutes, 60 of which make • 
degree, are employed. The angle is then said to contain as many d^reea 
and minutes as there are degrees and parts of a degree, each ^^ over, 
between its sides. If the second side of the angle does not pass exactly 
through one of these smaller divisions, a still smaller kind termed seconds, 
60 of which form a minute, or 360 a degree, must be introduced. More 
minute divisions than these last are not ordinarily used. When it beoomes 
necessary to r^ard such, the same system is continued. The next 
denomination is thirds, 60 of which make a second ; the next fourths, and 
so on.* 

The notation for these denominations is as follows. Degrees are 
written thus ® ; minutes thus ' : seconds thus ^^ ; thirds thus ^^^, Jbc ; 30^ 
20' lO''^ is read thirty degrees, twenty minutes, and ten seconds. 

6. It is evident that the numbers used in the system of division, for the 
circumference of the circle, are entirely arbitrary. Others might be 
employed with equal propriety, provided the same principles were 
observed. In &ct the attempt has been made, and probably will be 
successful in France, to subvert the old system of cUvision, and to adopt a 
decimal system in this as well as in every other sort of measurement. 
Thus a right angle, which is the unit of angles, is made to contain 100^ 
instead of 90 ; and the circumference will then contain 400^ instead of 
860. 100' instead of 60=1° 100"=1'. Degrees in the centesimal 
divirion of the circumference are called grcule* ; and the notation in this 
division is • ^ '\ Degrees are converted into grades by multiplying by ftfo 
or •O. The convenience of a decimal division we have experienced in 

* Instead of thirds, fourths, St,c., the almost universal practice now is to 
decimals of a second, viz. tenths, hundredths, and thousandths. 
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this oountry in our sjBtem of Federal money. The two methods above 
described are called the sexagesimal and the centesimal divisions. 

EXERCISES. 

1. Convert 42f 34^ 56^^ or 421*3456 into degrees, &o. 

Ana. 38O-11104 or 38° 6' 39"*74. 

2. Convert 24^ 51' 45" into grades, &o. 

Ans. 27f 62^ 50^\ 

3. Prove 45° 15' 20"=50f 28^ 39^^*50. 

4. Also, lOO 15' 46" = 11« 40^ 3^^»09. 

5. Also, 180 10' 48" s 20f 20\ 

180O 

6. Also, — r=- =» 115« 4r. 

>/3 

7. Another method of expressing the magnitudes of angles is as follows. 
A distance at pleasure is laid off from the vertex of the angle upon one 

of the sides, and a perpendicular there drawn to this side till it meets 
the other side of the angle. "Hie ratio of tlus perpendicular to the 
distance from its foot to the vertex, serves to indicate the size of the 
angle. 

For example, if the line bcde be 
perpendicular to the line ab, and bo 
be one fourUi ab, the angle bag is 
said to be an angle of j^. If bd be one 
half ab, the angle bad is said to be 
an angle of ^. If be be equal to ab, 
BAB is said to be an angle of 1 ; and 
80 on for other magnitudes. An 
angle of 1 is plainly half a right 
angle, or 45^. 

This kind of measurement is much ^ S 

used by engineers, to express the degree of slope in excavations and 
embankments. 

8. The protractor which we are now prepared to describe is an 
instrument for drawing upon paper an angle of any given number of 
degrees. 

This instrument is made in a variety of forms ; sometimes with a full 
circle divided into degrees, sometimes comprising only a semicircle, 
sometimes upon a rectangukr rule having not the circumference but the 
radii drawn, as they would be through the divisions of the circumference 
if it were actually described. The first kind is made usually of brass. 
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It baa a metallie ndioa monthle about the centre of the drcio, and 
extending b^oad the drcumferenoe. Tliia proVxigod radinB aerres to 
pcnnt out the number of degreea, and is armed with a sharp pin under 
the outer extremity fur the purpcae of prkkiDg the paper, so that when 
the instnimeDt is removed a line msj be drawn with pencil diron^ this 
point, and that upon which the centre was placed. 

THE BKin-CIRCUI.AS PROTBACTOK, 




which is the one meet commonly aeen, is a semidrcle of btam (or other 
metal), hat-ing the greater part of the interior cut out to rendei the 
inatruinent lees heavy. 

The Kmi-drcamference tg divided into d^rees by marks made in the 
metal, and these are numbered from 0° to 180 (the number in a ssmi- 
circumfercnce) both ways, in order that the coonting may eommeoM witk 
oonvemence at either «id. 

The degrees arc also somethnes divided into half d^;ree«, and Knea of 
different length are employed to mark more distiDctly every five and 
every ten degrees.* 

The centre is marked by a noleh in the straight side <^ the insfrunHiit, 
which side is a diameter of the seniidrcle.f 

9. In order to explain the nse of tlie kntrument here described, 
Buppoee it be required to draw at the point A in the line ab a line n 
with AB an angle of 22'^. 



of uutnunecti ia tenned graiiluatioii. 

mif be made out of paper, and ■ large o 
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Place the protractor 00 that its q 

centre shall be upon the point a, 
and its straight edge or diameter 
upon the line ab. Then mark the 

paper at the point c against the 22d j^ B 

division of the protractor, and a line joining and a will form with aIb 
the angle required. 

10. We are now prepared to construct triangles when three of their six 
dements are given, the angles in degrees and the sides in feet, yards, or 
other linear units. 

In order to show the practical utility of trigonometry at the same time 
that we explain the solution of a triangle, let us take the following 
problem in the calculation of distances to inaccessible objects. 

Suppose a fort situated upon an island, and a light-house i|pon the 
main shore, and let the distance from the light-house to the nearest salient 
of the fort be required. 

Measure a line along the shore of any 
length at pleasure, say 500 yards, beginning 
at the light-house. Then if two lines be 
imagined to be drawn from the extremities 
of the line just measured, to the salient of 
the fort, a large triangle will be formed 
having its two longest sides resting upon the 
sea. If now the angles which these two 
sides form with the first side, which we will 
call the base, could be determined by obser- 
vation upon the shore, there would be known 
in ihii triaiiglQ a side and the two adjacent 
angles, wUch would be suffidient data to construct the triangle on a small 
scale, and to obtain the length of the required side extending from the 
light-house to the salient of the fort. 

A somewhat rude instrument ibr the purpose of observing such anglea 
as those alluded to above, might easily be made. 

Let there be a circle, or fiat circular ring of wood, di^ded into d^rees, 
and having a tin tube movable upon a pivot at the centre of the circle ; 
the tube being closed at one end except a very small orifice, and having two 
threads crossing at right angles in the centre <^ the other ^d, so that in look- 
ing through the tube with the eye at the small orifice, the line of sight may 
coindde with the axis. Let this apparatus be mounted upon a three-le^ed 
stand called a tripod, so that the plane of the circle shall be horixcmtal ; 1^^ 
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bj pladng the instra- 
ment thus formed at 
the light-house, in the 
example above, and 
sighting with the tube, 
first to a staff at the 
other extremity of the 
base, and then to the 
salient of the fort, 
keeping the circle sta- 
tionary, the number 
of degrees passed over 
upon its circumference by the tube will indicate the angle of the triangle at 
the ligH^house. This angle we shall suppose to be 105 1^. The angle 
at the other extremity of the base might be found in the same maimer, 
and suppose it 47^.* 

To construct the triangle with these data, draw on paper 
a line AB, and make it equal in length to five hundred 
divisions of some scale of equal parts.f Then draw an 
indefinite line ac making with ab an angle of 105 j^. Also 
lay off in a similar manner at the point b an angle of 47^ ; 
the two lines ac and bc will meet at c. Take the line 
AG in the dividers and apply them to the scale. The number of equal 
parts upon the scale between the feet of the dividers, will show the num- 
ber of yards from the light-house to the fort The number is 791. 

If tlie angle at c were required, it might be measured by applying to 
it the protractor ; or it is equal to 180^ — (^+b) = 27] o. 

The side b c, if among the sought parts, might also be measured from 
the scale. 

11. The instrument described above may be rendered suitable for 
application to the determination of heights. K a round bar be made to 
project horizontally fi!om the top of the tripod, so that the graduated dr- 
cular frame can be suspended by the socket at its centre in a vertical 
position, it will then serve to measure angles in a vertical plane.^ 




* The instrument here described is of course very rude. It was deemed advisable 
to postpone a description of more accurate instruments to a subsequent part of the 
work. 

t This may be done conveniently by taking 50 divisions, and considering each divi* 
iioa as equal to ten. 

t A vertical plane is one perpendicular to the surface of the earth. 
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To show the use of the instrument thus prepared take the following 
problem. 

Required the height of a tower whicH stands upon horizontal ground, 
and the base of which is accessible. 

Measure back a 
distance from the 
base of the tower, 
say 200 feet; call 
this distance the 
base line; at the 
extremity of the 
base line place the instrument arranged for taking vertical angles : sus- 
pend a plumb line from the centre of the circle^ and the point 90^ distant 
from that in which' the plumb line cuts the circumference will be the 
point through which a horizontal radius would pass. Then sight with the 
tube to the top of the tower : the number of degrees between the tube 
and the horizontal radius just mentioned, will be the measure of the angle 
included between a line drawn to the top of the tower and the base line ; 
let this number be 30^. Constructing a right angled triangle upon paper, 
having its base 200 and angle at the base 30^, the perpendicular of this 
triangle, measured by a scale of equal parts, will be the height of the 
tower. The height of the instrument must be added to the result 
found. 

N. 6. The sides found will always be expressed in units o( the same 
kind as the base. 

12. It is evident that when any three parts of a triangle, one of which 
is a side, are given, the other three may be discovered by a process similar 
to those just exhibited. 

This kind of solution is said to be by construction. 

The accuracy of the results must depend upon the niceness of the 
instruments, and the care with which the construction is made. 

A degree of accuracy so uncertain and so variable is quite inadequate 
for many purposes to which Trigonometry is apphed. 

A method of calculating the required from the given parts of a triangle, 
which should produce always the same results from the same data, and 
be either perfectly, or so nearly exact, as to leave an error of no impor- 
tance, however great the dimensions employed, would be evidently a 
desideratum. Such a method we have, and it is that which it will be the 
object of the residue of the present treatise to unfold. 

To give the student a general view of what is before him, it will bo 
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well to Btato that a number of equations will be found, eacli containing 
four quantities, which quantities will be general expressions for the 
measures of elements of a triangle. The equation will express tbo true 
relation between these elements. By making one of these elements the 
miknown quantity and resolving the equation with respi.'ct to it, its value 
will be expressed in terms of the other three. If now these three wi*re 
given, the value of the fourth would be known the moment the valuea of 
the three given were substituted for their genenU representatives. 

It is plain that as many such general equations will be required, «& 
there can be formed essentially different combinations of four out of the 
six elements of a triangle. 

Equations hke those here alluded to are called formulas, because each 
IB a general form, under which a multitude of particular examples are 
included. 

As these general formulas require of necessity the use of algebrwc symbols 
and processes, and as algebra^ from its power and application to deoom^ 
pose combinations of quantity so as to extricate their elements, is often 
called amdym, the subject upon which we are now about to enter is 
called 

AKALTTICAL TRIGONOMETRY. 

13. The sides and angles of a triangle are not quantities of a similar 
kind, and therefore do not admit of direct comparison. Since angles are 
expressed in degrees, and sides in units of length, one of the first princi- 
ples which governs the formation of equations, namely, that the memlxrs 
and terms should express quantities of the same kind, would be ^nolated 
by the introduction of angles and sides together, without some modifica- 
tion of one or both. 

The expedient which has been invented to accommodate these hetero- 
geneous quantities to each other, is that of employing straight lines, so 
related to the arcs which measure the angles of a triangle, as to do|>cnd 
upon these arcs for their length, in such a manner tliat when the arcs are 
known, these straight lines may be known also ; and vice versfi. llie 
chords of arcs are plainly lines of this description, and chords were at one 
time used for the purpose of which we here speak ; but there is a more 
convenient kind of lines, of which there are three principal sorts, termed 
sines, tangents, and secants, of an arc or angle, called, when spoken of 
collectively, triffonometrical lineSj the nature and use of which we shall 
presently eiqilain. Tbese lines being straight and expressed, as they will 
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be found to be, in linear dimensions, like the sides of a triangle, they may 
be employed with the latter in equations or formulae ; and when, by the 
resolution of an equation of this description, one of these trigonometrical 
lines is found in terms of one or more sides of the triangle, the angle to 
which the trigonometrical line belongs may also be supposed to be known. 
How the former is known from the latter will be hereafter explained. Let 
it be taken for granted here that the knowledge of a trigonometrical line 
is equivalent to the knowledge of its arc or angle, and vice versA. 

The trigonometrical lines are sometimes called trigonometiical functions* 
of an arc or angle. 

Of these trigonometrical lines, we now proceed to explain the nature 
and properties. 



THE siinB. 

14. The sine of an arc is a perpendicular let M from one extromity of 
the arc upon the diameter drawn through the other extremity. 

Thus the line mp is the sine of the 
arc AM. 

The same line mp is likewise the 
sine of the arc bm, because it is a 
perpendicular let falh from one extre- 
mity M of the arc upon the diame- 
ter drawn through the other ex- 
tremity B. 

15. Two arcs, which together 
make a semi-circumferenoe, have, it 
thus appears, the same sine. Two 

such arcs are called supplements of each other. A semicircle contains 
180°. The supplement of an arc is therefore what is left after takfaig the 
arc from 180° or 200*. Thus 80° is the supplement of lOOo. 70° is 
the supplement of llOo. 85< is the supplement of 115*; in general 
90° — a, or 200* — a is the supplement of the are a. 



* One qnantity is said to be a fimetioii of aaolker> whan the foimer dependB in any 
way upon the latter for its value. It is said to be an increasing ftmction when it 
iMraMeeaatfaeqnaatitjiipoa wliiohit«kpeiidaiiiei«afles; and a 4ferMWMV taction 
when it diminiabeB as the other inoreaaes. The latter is called the argument 
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EXERCISES. 

1. Tbe mpplemeDt of 56o 20' » 13do 40'. 

9. - I860 l2'«r:_(6o 12'). 

3. " 370 4' 3" = 1420 55' 57". 

4. * 1150 13' 24"-66:»640 46' 35"»34. 
& « 2260 14' 17" = —(460 14' 17'^. 

6. * 23f 25' s 176ff 75\ 

7. « 110c 40^ 50''—89« 59^ 50'\ 

Two arcs, then, which are supplements of each other, have the name 
sine, or, as it is sometimes expressed, the sine of an arc is equal to the 
sine of its supplement 

If a represent an arc of an j number of degrees, the notation employed 
to express the sine of that arc is sin a. The proposition* above, stated 
algebraically, will stand thus, sin a = sin (1 80° — a.) 

The sine of an arc b also the sine of the angle measured by that arc 

16. When the arc is very small, it is plain that its sine will be very 
small also, and that when the arc is 0, the sine will be 0. 

As the arc increases the sine 
increases till the arc is 90°, which, 
being a quarter of the circumference, 
is called a quadrant, the sine of which 
is R. (r signifying radius; which 
line this letter, whenever employed 
hereafter, will be imderstood to 
represent) 

As the arc increases beyond 90°, 
the sine diminishes, i. e. becomes a 
decreasing function of the arc, till the 
arc reaches 180°, when the sine is again. Beyond this value fit tfae 
arc the sine again increases till the arc reaches 270°, or three quadrimtfti 
when the sine is again equal in length to r. 

From 270° to 360° the sine decreases, till at the latter value it is a 
third time 0. Beyond 360° we pursue the same round again, and no 
new variations are developed. 

17. The least value of the ^e is 0. It has this value at Oo, at 180°, and 
at 860°. 

The greatest value of the sine is r. It has this value at 90° and at 
870°. It has all possible values between and r, but it has no difierent 

* Tbe word propontion is hers used in the enlarged seoBe of anything propoonded 
Mtme. 
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values, as the arc increases to two, three, and four quadrants, from those 
which it had in the first. So that when the sine of an arc greater than 
90° is required, an arc, having an equal sine, m^y be found in the first 
quadrant To find this arc we have the following rule, the correctness of 
which the annexed diagram will show. Observe how many degrees 
distant the termination of the given arc is from 180° or 360°, according 
to which of these two is nearest, and that number of d^rees and frac- 
tions of a degree, will be the arc in the first quadrant, having the same 
sine as the given arc 

For example, let the ^ven arc 
be 200°- This is nearest 180°, 
and differs 20°. The sine of 20o 
is equal in length to the sine of 
200°. Or M p, which is the sine 
of A B M, is also the sine of b m. 

Again, let the given arc be 
800°. This is nearest 360°, and 
differs 60°. The sine of 60© is 
equal in length to the sine of 
300°. 

If the given arc exceeds 360°, subtract 360, and then apply the rule 
just given. If the arc contains a number of circumferences, divide by 
860, and apply the rule to the remainder. 

18. It is customary, for the purpose of being able to brin^ the 
trigonometrical lines as they appear in the figure, the more readily before 
the mind when the figure is not present, to begin all arcs at the same 
point ; and the point commonly chosen is the extreme right of the cir- 
cumference, determined by the intersection of the horizontal diameter of 
the circle with the circumference. This is the point a, in the last figure. 
An arc of 90° will then reach to the top of the circle, or the upper 
extremity of a vertical diameter. An arc of 180° will terminate at the 
left'Of the circle, or of the horizontal diameter. An arc of 270°, at the 
lowest point of the circle, or lower extremity of the vertical diameter. An 
arc of 360°, at the right of the circle, or point of banning. 

One advantage of this plan will readily appear. Since the arc always 
commences at the same point, namely, the right of the circle, the horizon- 
tal diameter will be the diameter which passes through one extremity of 
the arc, and wherever the arc may terminate, the perpendicular from the 
other extremity of it, which is the definition of the sine; will be a per- 
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pendicolar to the horizontal diameter ; so that the noes of all micBf m s 
diagram so coDstructodf will be perpendiculars to the horixontal diameteb 

Tlie sines of arcs between 0^ and 180^ will be drawn downwarda ; and 
those of arcs between 180° and 360° will be drawn upwards. 

According to the general principle of analysis, that quantities eatimatod 
in a contmrj sense are distinguished by contrary signs, if the aines of 
arcs between 0° and 180° be considered as positive, those of area 
180° and 360° muat be regarded as negative.* 



THE TAN0X5T. 

19. The tangent of an arc is a perpendicular drawn to the radiua at 
one extremity of the arc, and terminated by the radius produced, whidi 
passes through the other extremity. 

In the annexed dia- 
gram A T is the tangent 
of the arc am. It is 
also the tangent of the 
angle a c m, measured 
by the arc. 

ITie shorter the arc 
is, the shorter will be the 
tangent. When the arc 
is 0, the tangent will 
evidently be 0. As the 
arc increaf^ the tangent 
increases, and very rapidly as the arc approaches 00^. In order to trace 
the tangent through its various changes, we shall suppose the arc to com* 
mence at tlie point on the extreme right of the circle, and the degrees to 
be counted upwards, towards the left, as in a former case — the tangent of 
every arc will then be drawn at the extremity of the horizontal radius on 
the right of the centre, and be terminated by the radius produced, paBsing 
through the other extremity of the arc, which extremity will vary Hi 
position as the arc varies its magnitude. 




* See Algebra, pege 189. 
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When the arc 18 90^, the peiv 
pendicular to the radius at one 
extremity is parallel to the radius 
through the other extremity. 
These lines will never meet^ and 
the tangent will have no termina- 
tion. It is in this case said to he 
infinite. The sign employed to 
expreaa infinity oo is also called 
the sign of imposnbility. The 
value of the tangent of 90^ is 
expressed algehraically thus, tan. 
90 3=<x>. 

The tangent of an arc, terminat- 
ing in the second quadrant, will be 
cut off below the origin* of the arc 
Thus A T is the tangent of a m ; 
and according to the principle 
adopted when treating of the sme, 
this tangent, being in the opposite 
direction to that of the tangent 
of an arc in the first quadrant, is 
negative. 

When the arc is 180^, the 
■egative tangent, which became 
shorter and shorter as the second 
extremity of the arc approached 
this point, again reduces to 0. 
Beyond 180^, or in the third 
quadrant, the tangent is cut off 
above the origin agun. Thus a t 
in the annexed diagram, is the 
tangent of the arc a b m. The 
tangent of an arc in the third 
quadrant is, therefore, positive. 
When the arc is 270^ or 8 quad- 
rants, the tangent becomes paral- 
lel to the radius which produced 




* A tenn applied to the point a, whan the m ooi 
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onght to terminato it, and 
the tangent is again oo .* 

The tangent of an arc in the 
fourth quadrant is negative, 
as may bo seen from the 
annexed diagram. 

20. The least value of the 
tangent is 0. The greatest 
value IB 00. So that the tan- 
gent has all possible values. 
But these it has, if we do 
not regard the sign, in the 
first quadrant ; and the same rule applies to finding the length of the tan- 
gent bt^lon^ng to any given arc, from that of an arc in the first quadrant^ 
as was given for the sine. 

The tangent changes its sign in over}' quadrant, that is four times id 
going round the circle. It is positive in the first and third, two diagonal 
quadrants, and negative in the second and fourth, the other two diagonal 
quadrants. 

The tangent is oo at the top and bottom of the circle, and on tlie 
right and left 

THE SECANT. 

21. The secant of an arc is a line drawn from the centre of the cirde 
to the extremity of the tangent 

In the preceding diagrams, ct is the secant of the arc am. It ia also 
the secant of the angle measured by the arc. 

As the arc with its tangi?nt diminishes, the secant diminishes ; and when 
the arc and tangent are 0, the secant is equal to a. The secant can never 
be less than radius, because the tangent cannot pass within the circum- 
ference, and consequently the line from the centre to th^ extremity of the 
tangent, must extend at least to the circumference. AVhcn th(i arc is 90® 
the secant is oo. When the arc is ISO*^ the secant is r. And when the 
arc is 270° or three quadrants, tlie secant is again oo. All which will 
appear from an inspection of the last diagrams. 

* The infinity hero has the doubtful or doable aga x ^ • ^^ may hmTa 
always tbe double signX 0. Infinity only when it is the transition from a -f~to a 
— value or vice vmrfL (See Art. 36.) 
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The tangent and secant have their greatest values, namely oo, together ; 
that is, at the top and bottom of the circle. They have also theur least 
values, that of the tangent being 0, and that of the secant r, tc^ther, to 
wit, at the right and left points of the circle. 

22. In the first quadrant the secant is estimated from the centre towards 
the second 'extremity of the arc In the second and third quadrants^ it is 
estimated in the opposite direction. According to the principle which it 
is necessary to observe, and of which we have before spoken, the secant 
must in these quadrants be considered as negative. In the fourth quad- 
rant the secant is again estimated towards the second extremity of the arc, 
and is therefore positive. 

The vertical diameter separates the positive from the negative secants, 
the positive being in the quadrants on the right of this diameter, and the 
negative being on the left. 

23. We have now exhibited three of the trigonometrical lines. There 
are three others closely connected with these in character, called the 
cosine, the cotangent, and the cosecant ; the reason fi:>r which names will 
presently appear. 

The difference between an arc or angle and a right angle or 80° = 100*, 
is called the complement of the arc or angle. Thus 40° is the comple- 
ment of 60° ; 60° is the complement of 30° ; 16' is the ^complement of 
25S and in general 90° — a, or 100' — a, is the complement of the arc a. 

EXBRGISES. 

1. The Qomplement of 34^ 32' = 65o 28'. 

5. " llOo 15'=— (200 150- 

8. " 170 36' 43" = 72o 23' 17". 

4. •• 290 27' 6"*32 = 6O0 32' 53^-68. 

fi. « 2160 45'=— 1260 45'. 

6. « 65g 34^ 27^^ = 34« 65^ 73^\ 

7. *• 107f 44^ 20^^ = — 7« 44^ 2(r\ 

The cosine, ootangrat, and cosecant, are the sine, tangent, and secant of 
the complement. Thus the cosine of 50° is the sine of 40° ; the cotan- 
gent of 80° is the tangent of 60° ; and in general the cosine, cotangent^ 
or cosecant, of the arc a, is the sine, tangent, or secant of 90° — a. 
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24. In the annexed dia- 
gram DM is the complement 
of the arc am ; and mq being 
a perpendicnlar fiom one ex- 
tremity M of the arc DM 
upon the diameter which 
passes through the other ex- 
tremity D, is the sine of the 
arc DM. Therefore by the 
definition it is the cosine of 
the arc am. But mq = cp. 
Hence op is also the cosine 
of the arc am. We have 

then another definition for the cosine of an arc, viz. the dUtanee from ttr 
foot of the sine of the arc to the centre of the circle. 

25. If the arc terminate on the right of the vertical diameter, Le.ii 
the first or fourth quadrant, the foot of the sine will fiJI on the nglil 
of the centre; but if the arc terminate on the left of the rertieri 
diameter, L e. in the 2d or 3d quadrant, the foot of the une will iaSl ob 
the left of the centre. The cosine being estimated in oppomte diiectiona 
in these two cases, must have opposite signs. It is therefore positive in the 
1st and 4th quadrants, and negative in the 2d and 3d. 

It will be recollected that the positive were separated firom the n^rstJva 
secants, as the positive are here seen to bo from the negative cofiines, bj 
the vertical diameter. The secant and cosine have therefore always the 
same algebraic sign. 

It was shown (Art 15), that sin (180^ — a) = sin a ; so also cos. 
(180^ — a) is equal in length to cos. a, since they are both the distanoe 
from the foot of the same sine (mp in the diagram of Art. 14) to the cen- 
tre, i. e. if we suppose one of the arcs to originate at a, the other Mi b, 
and both to be extended towards m in opposite directions.* B«t if • 
< 90^, it follows that 180^ — a terminates in the second quadrant, henoe 
its cosine is negative; if a > 90^ then cos. a is negative, and 180^— -a 
being in the first quadrant, its cosine is positive ; therefore, the cotine qf 
on arc amd the cosine of its supplement are equal taith contrary signs. 



* Both ares a and 180^ — a are now supposed to originate at the same point a» 
and to be estimated in the same direction. 
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26. Hie cosine of 0^ (being equal to the sine of tke complement of 
^ which is 00<^) is r. llie cosine of 90° is equal to the sine of Oo, 
which is 0. The cosine of 180°, being the distance from the foot of the 
sine to the centre, and being also on the left of the vertical .diameter, is 
— R, as may be seen from the preceding diagram. The cosine of 270°, 
being the distance from the foot of the sine to the centre, since the sine 
fells on the centre, is 0. 

The least value of the cosine is ; the greatest value is b. When the 
sme has its least value, the cosine has its greatest ; and vice versft. 

The versed tine of aa arc, which is seldom employed in Trigonometry, 
but often in Mechanics, is the distance from the foot of the sine to the 
origin of tfaearc, thus pa m the last diagram is the vereed sine of the are 

AM. 

27. Before oolicing the eotangeiit and cosecant) let us coudder the man- 
ner of treating n^ative arcs. 

Such arcs commendng at the 
pcHut A in the diagram ought 
evidently, on the general 
prindple already repeatedly 
mentioned, to be laid off 
iqpon the circunpLference in 
the opposite direction from 
Che positive arcs, i. e. down- 
wards. 

Let ui for simplicity sup- 
pose the arc in question to 
be less than a quadrant ; being laid off downwards, such an arc will ter- 
minate in the fourth quadrant Hence we see that the trigonometrical 
lines of a negative arc must be affected with the same signs as those of 
an arc in the fourth quadrant Thus the sine of a negative are will be — , 
the cosine -f** the tangent — , the secant +, 

Secondly, suppose the given negative arc to be greater than a quad- 
rant ; were it positive, some of its trigonometrical lines would be negative. 
The rule given above, which determines the signs of its trigonometrical 
lines, by those of an arc in the 4th quadrant will apply with this modifica- 
tion, that when the trigonometrical line is + in the fourth quadrant, the 
correqxmding trigonometrical line of the negative arc has the same sign as 
that of a positive arc of the same magnitude, and when the trigonoTnetri- 
eai line is — in the fourth quadrant^ a contrary sign. 

The truth of this assertion may be seen, by trying negative arcs of 
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▼ariouB magmtades upon the diagram, laying them off downwards from 
the right point of the circle, and obeening in which quadrmnt their 
extremities Ml. Thej will be found in every case to g^ve resaltB agrees 
ble to the rule just stated. 



THE OOTANGENT AND COSECAET. 

28. The cotangent of 0<^ is equal to the tangent of 90^ (Art 23) and 
is therefore ao. The cotangent of 00° is equal to the tangent of Qo udA 
k 0. The cotangent of 180^ is equal to the tangent of 90^ — 180o = 
the tangent of — 90°= od, since — 90° is a negative arc, and terminatei 
at the bottom of the circle, or the 270^ point The cotangent of 
270°= the tangent of 90° — 270°=the tangent of — 180© == O. 

When the tangent has its least value, which is 0, the cotangent has its 
greatest which is oo, and vice versd. 

29. The cosecant of 0°=t}ie secant of 90^= oo. The cosecant of 
90° =the secant of 0° = r. The cosecant of 180° = the secant of 
90° — 180O = 00. The cosecant of 270° = the secant of— 180<> = — a. 

When the secant has its least value, which is r, the cosecant has its 

greatest, which is od, and vice versli. The cotangent and cosecant have 

their greatest values together and their least values together, viz. that of 

the one 0, of the other k, at the top and bottom of the circle, and both 

00 at the right and left point;^. 

30. With regard to the signs of the cotangent and cosecant in the dif- 
ferent quadrants, they will be most conveniently discovered from the 
analytical expressions for these lines which we shall presently have. We 
add here, however, which so far as the cotangent and cosecant are con- 
cerned must be for a moment taken for granted, that the six trigonome- 
trical lines may be arranged in three pairs, each pair having always the 
same algebraic sign. 

We have seen that the secant and cosine go together in this way ; so 
do also the cosecant and sine ; and so do the tangent and cotangent 
The positive sines and cosecants are separated from the negative by the 
horizontal diameter ; the positive cosines and secants from the negative, 
by the vertical diameter ; and the tangent and cotangent are together -^ 
and — alternately in the successive quadrants. 

31. The following algebraic notation is employed for the six trigono- 
metrical lines. Let a be the algebraic expression for the number of 
degrees in any arc, then the trigonometrical lines of the arc a will be 
expressed thus ; sin a, tan a, sec a, cos a, cot a. cosec a. 
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Cot a tan a = R* is read, the ootangent of the arc a multiplied by 
the tangent of the same arc is equal to the square of the radius of the 
circle in which these trigonometrical lines are supposed to be drawn. Cot a 
and tan a are expressions for straight lines, and the equation above 
expresses that the rectangle formed by the tangent and cotangent of an 
arc is equivalent to the square formed upon the radius. 

The two members of the above equation contain the same number of 
dimensions, and are therefore homogeneous. This ought to be the case 
in al^ trigonometrical equations ; because a line cannot be equal to the 
rectangle of two lines or a surfiuse, nor either of these to a solid. 

Sometimes in analytical investigations b is supposed to be equal to 1 ; 
B* and B* would also be equal to 1. Whether this 1 is a unit of length, 
of surface, or of sohdity, must be determined by what is required to pre- 
serve the homogeneity of the equation. 

82. The tangent, secant, cotangent, and cosecant may be expressed in 
terms of the sine and cosine. 

The values of the four former in terms of the two latter are derived 
geometrically as fol- 
lows : 

Call the aro AM in 
the diagram, a ; then 
DM = 90° — a = com- 
plement of a, DB = 
cot a and ce =cosec a. 

In the similar tri- 
angles OPM and CAT, 
once homologous sides 
are proportional, we 
have 




or 



OP : PM : : OA : AT 



cos a : sin a : : b : tan a 



whence multiplying the means and dividing by the first term, we obtain 

the last 

B X sin a 
tan a= 



cosa 



tibat is, the tangent of <m^ are U equal to radius multiplied by the sine 
divided by the eosine cf the same are. K b be made equal to 1, then 
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88. In the aame nmilar trianght we have 
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« 84. In the trian^eB cmp and cxd, which have their sides lespectiTi^ 

panUely and aie thefefinre similar, we have the proportion^* 



vhenoe. 



when B= 1 



HP : CD : : cp : DB 
sina : b ::oo6a : cot a 



RC06 a 
C0i« =— : 

Bin a 



COB 

COt=-r- 
Bin 



85. The same triangles give also the proportion 



or, 



MP : DO : : cm : cb 
sin a : b : : R : oosec a 



whence, 



R» 



coseoa =-r 



sm a 



Bbong 1 



1 
cosecas -7- 
sm 



* Tbe honologoiiB ndei am ihoM wUdi m padkL 
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86. In the expressions for the tangent and cotangent which we have 
heie derived, it will be observed that we have the quotient of the sine 
mud cosine, and Hiat therefore when the sine and cosine hs?e eonliarj 
signs, the tangent and cotangent will be negative. This occurs in the 
second and fourth quadrants. 

It appears hence, that the cotangent changes its sign always with the 
tangent 

Also tljMl both the tangent and cotangent of an arc are equal to those 
of its flomb^ent with contrary sig^. 

[jtjfH expressions hr the secant and oosecant, it iqppettrs ikai the 
'viust always have the same sign as the cosine, and the latter the 
tiuie as the sine. 

The formulas derived in the last four articles should be conmdtted to 
memory. 

Qtwtitif ia •liiBfinf tbflir agni puB tbfoogh aero or infinity. (Ste Alg. Nols 
3d, p. 176.) Tlius the sine changes from -f to — or vice verss^ twice in goinf 
round the circle ; viz. in passing through at Qo and IB(P ; the cosine twice in pass- 
ing through at 90^ and 37(P ; the tangent four times, in passing through at 0^ 
•Bd 180^, Mid 00 at 9(K> and 37(K> ; the ootangest ibiir ttmss, in paasing throagfa 
at 90° and 37(K>, and through infinity at 0^ and 180o ; the secant twice, in paning 
tlirough 00 at 90^ and 370^ ; the cosecant twice, in passing through oo at 0^ and 
180O. 

87. Multipljring the expression for the tangent given in Art 82 by that 
of the cotangent in Art 84, we have 

tan a cot a = B* 
whence, 

tan :^ — 
cot 



and, 

cot = 



B« 



tan 
when B = I the above expressions become 

, 1 . 

tan^ — 
cot 

cot = — 
tan 

i. e. the tangent and cotangent are reciprocals of each otbeb 
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KXEKCISEB. 

1. Ezpren etch of the riz trigonometrical linos in temu of etch one of the oUmt 

fi¥e hj itself. 
3. The sine of an angle being 0*856, find the other trigonometrical fonctiona. 

3. The tangent being 2*34, find the others. 

4. The cottngent being 1*303. 

5. Sttte the equivtlents of the following functions of angles greater thtn 90^^ or 

obtuse angles in cqniTslent functions of angles less than 90<^ or acute anglet, 
sin 170^, cos 147^, tan 98-> 31', cot 171^ 14', sec 171o, cowo 1&50. 
we 2l5f, cos 318f 10\ Un 271,^ 8l\ cot 204s 16' 94'\ 

6. Find the versed tine of the angle, the cosine of which it *9u358. 

7. Prove the vers. = 1 — cos to be always positive. 

8. Prove the greatest value of the versed sine to be 2x. 

88. We are now prepared to find formulas for the solution of right 
angled plane triaDgles in all cases, and plane triangles in general in a few 
particular ones. The remaining cases of triangles in general will require 
further preliminary matter. 

DKRIYATION OV FORMULAS FOR THE SOLUTION OF RIGHT ANGLED PLAn 

TRIANGLES. 
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Let ABO be any right 
angled triangle. With o 
Bs a centre describe, with 
any radius at pleasure, the 
arc MN tcnninating at the 
sides of the angle. This 
arc will be the measure 
of the angle c. Draw 



FN A P N 

perpendicular to cn. mp will be the sine of the arc mn because it is 
drawn from one extremity m of the arc perpendicular to the diameter 
which passes through the other extremity n. 

MP is also the sine of the angle c. cm is the radius of the circle to 
which the arc mn belongs. 

The two triangles cmp and oba are equiangular and similar, and g^ve 
the proportion 

OM : MP : : OB : BA or R : sin c : : ob : ba. 



Had an arc been described with b as a centre in a similar manner we 
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should have had r : sm b : : bc : ca, from which it appears that t?ie radiu$ 
of any circle whatever* hears ike same proportion to the sine in that circle 
of the arc which measures one of the acute angles of a right angled 

triangle, that the hypothenuse of the triangle does to the side opposite the 
acute angle. 

It is customary, for conciseness, to represent the sides opposite the 
angles of a triangle by small letters of the same name with the large let- 
ters which are placed at the angles ; which large letters are also employed 
as the algebraic representatives of the angles. Thus in the triangle above, 
A being the right angle, the hypothenuse opposite is expressed by a ; the 
side AG opposite b is represented by &, and so the other. The above pro- 
portions would, according to this method, be written thus 

R : sin B :: a : 5 ,.k 

R : sin c : : a : c 

Both these proportions are expressed in the single rule printed in italics 
above. When r = 1, multiplying the second and third terms, and 
dividing by the first, in the preceding proportions we have 

& = a sin B 
and (2) 

c =: a sin 

That is either perp. side = the hypoth. X the sine of the angle opposite. 

The two acute angles of a right angled triangle are together equal to 
a right angle or 90° (Plane Geom, Theorem 15, Cor. 6), therefore they 
are complements of each other ; hence sin c = cos b ; and the second of 
the above proportions (1) may be changed into 

R : cos b : : a : c (3) 

which may be translated into ordinary language thus ; radius : (he cosuu 
of one of the acute angles of a right angled triangle : : the hypothentus : 
the side adjacent the acute angle. 

When any three terms of a proportion are given, the remaining term 
can be found. If the unknown term be one of the extremes, mult^ly 

* It is important to observe that the same trigonometrical lines of angles or arcs 
containing the same number of degrees in two difierent circles bear the same rela- 
tion to each other. Thus in the diagram above, cm : irp : cm : mp, or, 

(r : sin) of the smaller circ : : (r : sin) of the larger ; 
also, 

OM : OP : : CM : cp or (a : cob) of the one : : (a : cos) of the othsr. 
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Ike two means and divide hy the other extreme ; if the required term be • 
mean, multiply the two extremes, and divide by the other mean. 

When B = 1 we have from proportion (3) above 

c = a 006 B (4) 

L e. either perpendicular side of a right angled triangle, equal to the 
hypotk. X COM of the adjacent angle. 

The above formulas contain each of them two of the sides of • 
triangle, the sine or cosine of an angle, and radius. If the lengths of tlie 
sides be given in numbers, these numbers may be put in place of the 
small letters which represent the sides in the proportion, and the genend 
form becomes so fiir adapted to a particular case in the solution of right- 
angled triangles ; but if the angle be given in degrees, how are we to 
know its sine or cosine, for that is the quantity which enters into the for- 
mula ; and how are we to know the numerical value of r ? For the 
present the student must be satisfied with the reply, that he can find the 
numerical value of any trigonometrical line corresponding to an angle of 
any given number of d^rees, in a table at the end of the work. This is 
Table XXIV.* of Natural Sines. The degrees for angles or arcs of every 
magnitude within the quadrant will be found at the top of the columns 
of the table, and the minutes in the column marked m on the left, if the 
given angle or arc be less than 45^ ; but if it be greater than 45^, the 
d^rees will be found at the bottom of the page, and the minutes on the 
right ; the length of the sine or cosine will be found in the colunm under 
or over the degrees, as the case may be, and on the same horizontal line 
with the minutes. The title of the column must be looked for at top if 
the arc be less than 45^, and at bottom if the arc be greater.f The other 
trigonometrical lines may be easily calculated from the sines and cosines, 
as will be seen in the examples. 

The trigonometrical lines of this table are computed, by a rule which 
will be hereafter demonstrated, for a circle whose radius is 1. So far as 
the principles for the solution of triangles are concerned, the length of the 
radius is entirely immaterial, as it will be recollected that the arc in the 
last diagram was described with any radius at pleasure. 

When, in cases of the solution of right angled triangles, the hypo- 
thenuse and one of the acute angles are either given or required by the 
problem, one of the above f<»rmulas is always employed. 

* The tables are selected and printed from the stereotype plates of a very largis 
collection. 

t A decinul point nmst be imdentood at the left of all the namberB in the columns 
of the tshle entitled v. line snd «. eoe. 
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89. Let US take an example by which to iHostrate thdr application, and 
as upon a former occasion, one which shall at the same time exhibit the 
practical utility of Trigonometry. 

A roof 18 to have a height of 15 
feet in the interior at the centra, and 
an inclination of 35^. 

Required the length of the inner 
line of the rafters. ^^^ j| 

A right angled triangle will be 
formed in which the angle at the 
base will be 35^, and the side oppo- 
site 15 feet, and of which the hypothenuse is required. Formula (1) of 
the last article applied to this case gives* 

1 : sin 850 : : a : 15 

Multiplpng the extremes and dividing by the first mean the value of 
the other mean which is a, the hypothenuse required, will be obtained 




a = - 



1 X 15 
nn 85^ 



Or formula (2) by a simple transformation gives the same thing. 

15 



a = 



sin 85^ 



Looking out the sine of 35^ in the tables and performing the operar 
tions indicated in the last equation, the value of a will be known, which 
will be the length of the rafters required. The answer will be in feet 

Sin 35^ is found from the tables to be *57358. 

thus 

15 



ass 



►57368 



= 26.1 feet 



If (to vary the problem) half the interior breadth of the roof had been 
given, say 20 feet, and the angle of inclination, instead of 85^ as in the 
last example, had been 15^, then to find the length of the rafters, it would 



* Since in the demonstration of the formulas, the sides and angles of the triangle 
were supposed to have no {uirticalar values, it follows that any numbers, or aay odfeir 
letters compatible with the properties of a triangle, may be put in the place of thoee 
employed, and the formulas will still be true. This most be borne in mind through- 
out the work. 
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be iMcwanr U> fiod fint the aogle oj'po^ite the ^ven side 20 feel ; idiicli 
k rkuM by soTAnding the given angle 15^ from 90^, nnoe the two Mnte 
angl^ of a right angled triangle are complements of eadi other. Tlie 
remainder i^ 75*. 

Applying the same formola as before, there results the proportioii 

1 : sin 75- : : a : 20 
or the equation 

20-" a sin 76° 
whence, 

_—— — -??— — 20*7 
** "sin 75^ ""•96600 "" 

Tlie same result might be obtained by using the given angle 16^, and 
employing formula (3) above, which contains the cosine of one of Uie 
acute angles. The proportion would stand thus 



or its equivalent (4) 
whence, 



1 : cos 15^ : : a : 20 
20»=aco6 16 
20 



cos 16^ 



20*7 



the same as before. In fact cos 15^ =» sin 75°. (See Art 23.) 

40. Had the height and half the breadth of the intorior of the roof 
been given, the length of the rafters might have been obtained, by 
employing the property of the right angled triangle demonstrated at 
TheoHfm 20, of Plane Geometry, that the square on the hy]K>thenu5e is 
e^juivalfjnt trj the sum of the squares upon the other two sides. Let the 
height of the roof bo 12 feet, and the semi-breadth 16 feet, then 

a' = 12* + 16' = 400 
whence, 

a =20 

If tlie length of the rafters had been given equal to 20 feet, and the 
height of the roof equal to 12 feet, then the semi-breadth would baye 
boon expressed thus 

6« = 20* — 12* = (20+12) (20 — 12)* = 82X8 = 266 

whence, 

6= 16 

* See Algebra, p. 16, ez. 2, and note. 
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41. Had the semi-breadth or base of the triangle and the inclination 
of the roof been given, and the height of the roof or perpendicular of 
the triangle been required, the hypothenuse not entering into the prob- 
lem, neither of the above formulas, all of which contain the hypothenuse, 
would serve to find the side required in a direct manner. It might, how- 
ever, be found indirectly by first finding the hypothenuse, using one of the 
above proportions, and then by means of the hypothenuse, using the 
same proportion, the required side might be obt^uned. 

It is, however, objectionable to find one of the required parts in terms 
of the part which has itself been calculated from the given parts ; because in 
the use of the tables which give the trigonometrical lines of the different 
angles not with perfect accuracy, but truly for as many decimal places as 
the table employs, a small error arises from the decimals neglected beyond 
the last place, and this, though so small as to be unimportant, becomes 
magnified by repetition, as in the case where one part of a triangle itself 
not perfectly accurate, is employed to calculate another. It is therefore 
desirable to find each of the required parts, in terms of the given parts ; 
and this may always be done in right angled triangles. We proceed, 
therefore, to demonstrate a formula for the direct solution of the last case, 
supposed above. 

Let ABC be a right angled 
triangle. With any radius at 
pleasure describe an arc ml 
which shall be the measure of 
the angle c. At the point l 
draw a perpendicular lt to the 
Hne CL, terminating at the line 
CT. LT is evidently the tan- 
gent of the arc ml, since it > 
is a perpendicular to the radius at one extremity of the arc,i^d is termi- 
nated by the radius which passes through the other extremity, according 
to definition of Art 10. It is also the tangent of the angle c. 

The equiangular and similar triangles clt and gab give the proportion 




or. 



CL : LT : : CA : AB 



R : tan c: : 5 : c 



Ifw^l this proportion gives 

cm^b tan 



(1) 



(8) 
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c 
tan "" r /A\ 

h (3) 

Let the angle of the roof in the above problem be 20° and the Mmi- 

breadth 25 feet, then 

1 : tan 20° : : 26 : c 
whence, 

tan 20°X2g 

£_ I 

Had the angle b been used instead of c, the resulting prop ortion woold 

have been 

B : tan B : : e : 5 (4) 

Both proportions may be expressed together in common language thus : 
Radiiu : the tangent of one of the acute angles of a right angled tri- 
angle : : the side adjacent that angle : the side opposite. 

This last rule applied to the problem at Art. 1 1, gives 

1 : tan 30° : : 200 : c 
whence,* 

c — tan 30° X 200 — •bll^b X 200 — 1 15»4Y000 

c is the height of the tower. 

The same rule will evidently serve to determine either of the acute 
angles of a triangle when the two perpendicular sides are given. 

If the side c were given and the angle b, the side h might be found id 
the same manner, using the proportion (4) which contains the angle b. 

42. We have now exliibited all the cases which can possibly occur in 
the solution of right angled triangles, with sonic specimens of their appli- 
cation. The right angle of the triangle is fixed ; and any two of the fire 
remaining parts being given, the other three may be found. Let the 
student select at pleasure any two of the five parts, the two selected to be 
considered as given, and he will find the ca«e for solution with which he 
will then be presented, solvable by some one of the formulas above. 

Hie operations in the ca.<vos already exhibited, though of the meet mm- 
pie kind, nevertlieless involve multiplications and divisions, which, from 
the number of ])laces of figures, are somewhat tedious. Tn more compli- 
cated cases this evil would be much increased. 

* The tangent is found from Table XX [V. by di¥iding the sine by the cosine. (ArL 
33.) Should the cotangent be required, divide the cosine by thenne. (Art 34.) To 
find the secant divide 1 by the cosine. (Art. 33.) For the cosecant divide one bjr 
the sine. (Art. 3ft.) 
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On tnis account it is customary to employ in trigonometrical calcula- 
tions, that ingenious invention of Lord Napier's for facilitating numerical 
calculations, the table of logarithms ;* before explaining the use of which 
we shall give some exposition of the 
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43. The logarithm of any given number is the exponent of the power 
to which it is necessary to raise some particular number in order to pro- 
duce the given number. Thus, let 10 be the number raised to the power ; 
then 2 is the logarithm of 100, because 10' = 100 and 3 is the logarithm 
of 1000, because 10' = 1000. Every given number will have a corres- 
ponding logarithm or exponent of the power to which it is necessary to 
raise 10 in order to produce the given number. 

The number 10, which is the only number that does not change in the 
above equalities, is called a constant. 

Should the constant number which has been employed be changed for v> 
another, the logarithms of numbers would be different from those derived 
by the use of the first constant. Logarithms derived from different con- 
stants are said to belong to different systems of logarithms, and the 
constant number belonging to each system is called the base of that 
system. The system most in use has the number 10 for a base, and is 
called the common system. The relation which this number sustains to 
the decimal system of notation will readily suggest some reasons for its 
selection ; it will be found, as we proceed, to have many advantages. 

44. If 6 be the base of a system, n a number, and I its logarithm, then 
by the definition 

V = n 

V we put b in the place of tk, this equation becomes 

b'=b 

Here I is evidently equal to 1. Hence the logarithm (f the base of 
every system is 1. 

* Table XXVI. at the end. The tables most in repute are the French tables of 
Callet. 

N. B. The tables in this volame having been printed from the accurate stereotjrpe 
plates of Bowditch's tables, by penniseion of the proprietor, are numbered as iu 
Bowditch's edition, and as but a part of his tables are necessary to the present work, 
the Noe. of the table must not be expected to occur in regular order. 

3 
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If in the equation 
«i be made equal to 1, we have 

Here I is evidently equal to zero. (Algebra, Art 17.) Henoe tn every 
tysUm^ log, of I =^0. 

45. Suppose now the system be the common system ; h w31 be equal 
to 10. If we substitute for n all possible numbers sucoenively, we shall 
have a series of equations like the following, 

10* = 1 

10*= 2 

10* = 8 

dbc. 

In the 6rst Z is the common logarithm of 1, in the second of 2, in the 
third of 3, <fec If / be made the unknown quantity, and these equations 
be puccessively resolved, we shall have the common logarithms of all num- 
bers.* If now a table be formed having the series of natural numbers 
1, 2, 3, 4, <fec, in one column, and their logarithms calculated as above 
placed in a second column agtunst them, this would be a table of 
logarithms. The tables in actual use do not differ from such an one in 
principle, though some arrangements are adopted in them to avoid unne- 
cessary rtipetitions.f 

In the common system the logarithm of 10 is 1, the logarithm of 100 
is 2 ; and tlie logarithms of all numbers between 10 and 100 are between 

1 and 2, that i». they are 1 and a fraction. The logarithm of 1000 is 8, 
and the logarithms of all numbers between 100 and 1000 are between 

2 and 3, that is, they are 2 and a fraction. In the same manner it may 
be shown that the logaritlims of all numbers l)etween 1 000 and 1 0,000 
are 3 and a fraction; of all numbers between 10,000 and 100,000, 4 and 
a fraction, and so on. The logarithms of most numbers, tlierefore, aie 
mixed numbers. The fractional part is written in the tables ; the wliole 
number part, which is called tlie characteristic, is not written, nor is it 
necessary that it should be ; for numbers between 10 and 100, or those 
composed of two figures, have 1 for a characteristic, as has just been 

* The method of resolving them is given in An. 325, Alg. 

t For a more full exposition of the theory of logarithms, see Algebra, Art. SlO, 
page 258, et seq. 
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seen; numbers between 100 and 1000, or those containing three 
figures, have 2 for a characteristic ; numbers containing four figures have 
3 for a characteristic, and so on. Whence it appears that the characteris- 
tic is always 1 less than the number of digits in the number to which the 
logarithm belongs. So that if against any given number, the decimal 
part of its logarithm be found in the tables, the entire part or characteris- 
tic may be supplied by counting the figures in the given number, and 
making the characteristic, one less. 

In proceeding to explain the tables, we will premise that the logarithms 
of several consecutive numbers, if the numbers be somewhat large, will 
differ so little as to have several of their first figures the same. Henoe, 
by a proper arrangement of Uie tables, the first figures of the logarithm 
may be written but once for several numbers, provided all be designated 
to which they refer, and thus much repetition be avoided. 

The manner in which this is accomplished will be shown in the 



EXPLANATION OF THE TABLES. 
PROBLEM I. 

46. To find from the tables the logarithm nf any given number. 
Case I. — When the number is between 100 and 10,000, if it be com- 
posed of three figures, find it in Table XXVI. at the end of the volume, 
and in the column at the left entitled No. ; in the next column marked 
at top and on the same horizontal line you will find the decimal part of 
the logarithm required. This contains fivo places.* K the given number 
contain fourf figures, find the first three of it in the column No. as before, 
and the fourth in one of the columns marked 0, 1, 2, 3, &c., at top ; 
under the latter, and on the same horizontal line with the first three, yon 
will find tlie decimal part J of the logarithm sought 

N. B. The characteristic is always one less than the number of figures 
in the given number. 

* In the tables of Callet eeven places, the first three of which being the same for 
several numbers are not repeated, but must be underatood before those which follow 
the number that has them expressed until you come again to seven places. 

t In the tables of Callet substitute the word five for four in the above rule, and 
the word four for three. 

t In the tables of Callet you find only the last four placos, the first three to be 
prefixed to them must be taken from the numbers prqjeoting to the left in the column 
marked at top. 
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1. Required the logarithm of 217. 

In the column entitled No. on page 111 of Table XXVL I find 217 ; in 
the next column marked at top, and on the same horizontal line, I find 
33646 for the decimal part of the logarithm required. The characteristic 
it 2, since 217 contains three figures, and the whole logarithm 2*33646. 

2. Required the logarithm of 1122 

On page 170 and in the column No. I find 112 ; in the column haying 
the last figure 2 of the given number at top, and on the same horizontal 
line with the 112 before found, I find 04999 or with the proper charao- 
teristic 3*04999.* 

3. Required the logarithm of 2188. 
Afu, 3*34005. 

47. We proceed now to show the use of logarithms in nomericai 
calculations. 

MULTIPLICAnOH. 

Let 5 be the base of the system of logarithms, n any number, and / 
its logarithm. Then by the definition 

Let n' be another number, and I' its logarithm, we have also 

Multiplying these two equations, member by member, and observing 

the rule for exponents in multiplication, which is to add them together, we 

have 

V"' = nil' 

From this last expression, it appears that l+V is the exponent of the 
power to which it is necessary to raise the base a, in order to produce the 
number nni^. But nn' is the product of n and n'. Hence the logarithm 
of the product is equal to the sum of the logarithms of the multiplier and 
multiplicand. 

* At the tops of the pages in the table will be found catch nnmberi for the eye, la 
tnmiDg over the leaves, to show what nnmben and logarithms are contained on th« 

page. 



TABLB8 OF LOGARITBIIB. 87 



EXAMPLE. 



Multiply 2421 by 1613. 

The logarithm of 2421 is 8*38899 

The logarithm of 1613 is 3*20763 

The logarithm of 2421X1613 or 3905073 is* 6*59162, or the sum of 
the logarithms. 

48. If in addition to the numbers n and n^above, wesuppose a third num- 
ber n" of which the logarithm is V we shall have in a nmilar nuinner 

and so on. 

Or, in general, the lo^rithm of a product of teverai facton is equal to 
the sum of the logarithms of those factors separately. 

DIVISIOK. 

49. Dividing the equation, 
by the equation 

we have, observing the rule of division, to subtract the exponent of 
the divisor from that of the dividend in order to obtain that of the 
quotient 

n' 

Since I — T is the exponent of the power to which it is necessary to 

raise h the base, in order to produce _ it follows that I — T is the loga- 

n ^' 

rithm of — i. e. the logarithm of the quotient is equal to the difference 

n 
between the logarithms of the divisor and dividend, 

EXAMPLE. 

Divide 3905073 by 2421 

The logarithm of 3905073 is 6*59162 
" « «« 2421 is 3*38399 

The logarithm of — = 1613 is 3*20763 diff. of logs. 

* As the number 3905073 is too largo to be fouDd in the tables, the method of 
finding its logarithm from the tables must be postponed till the explanation of snob 
casesj farther in ad¥anoe. 
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Before explaining other o))erations by means of logarithms, we ■hali 
exhibit some principles derived from those just demonstrated. 

50. The base of the common system Ix.'ing 10, the common logarithm 
of 10 is 1. (Art 44.) Hence if any number be multiplied or divided 
by any number of times 10, the logarithm of the result will be 
equal to the logarithm of the given number increased or diminished hj 
the same number of times 1. This 1 being an entire number^ the 
decimal part of the logarithm of the given number will not be altered 
by this addition or diminution, but only the characteristic 

Thus 39794, which is the decimal part of the logarithm of 2500, is abo 
of 25000, and of 250000, or of 250, or of 25. 

The characteristics belonging to these different numbers are difierent 
That of the log. of 2500 is 3 ; that of the log. of 25000 is 4 ; that of 
the log of 25 is 1. (See Art 47.) 

Any number is divided by a multiple of 10, by pointing off from the 
right as many places for decimals, as the divisor is times 10. 

Thus 2348 divided by 10, by 10 twice, by 10 three times, bcoomes 
successively 234*8, 23*48, 2*348. The decimal part of the logarithms 
of these last three numbers, will be the same, viz. 37070, the characteris- 
tic being one less each time that we divide by 10 or remove the decimal 
point one place to the left Because to divide by 10 it is necessary (see 
the last Art) to subtract 1, which is the log. of 10, from tlie log. of 
the diridend. The characteristic of the first, 234*8, which is between 
100 = 10* and 1000 = 10', is 2. Tlie characteristic of the second is 1 ; 
and the characteristic of the last is 0, since 2*348 is less than 10, or 10*. 

The decimal part of tlie logarithm of a number consisting of signifi- 
cant figures, either followed or preceded by ciphers, will be the same as if 
the ciphers were absent Thus the decimal part of the logarithm of 
482000 or of *00482 is the same as the decimal part of the logarithm of 482. 

The following table illustrates the theory of the characteristic 

The characteristic of the log. of 482000 is 5 

of 482 is 2 



of 


4*82 is 


of 


*482is-l 


of 


*0482is-2 


of 


•00482 is- 3 



From the above, it appears that the characteristic of the logarithm of m 
decimal fraction is negative ; the decimal part of the same logarithm is, 
however, positive. The actual value of the whole logarithm wiW be there- 
fore a negative quantity somewhat less than the characteristic That the 
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logarithms of proper fractions ought to be negative, appears from the &ct, 
that since a fraction expresses the quotient of the numerator divided by 
the denominator, applying the rule for division by logarithuis, the greater 
logarithm would have to be subtracted from the leaser, and the remainder 
would of course be negative. 

From the above princij)led are derived the following rules : 

1. To find the logarithm of a number consisting of significant figures 
with any number of ciphers annexed, find the logarithm of the eit/nificant 
figures, and make the characteristic one less than the number of figures 
in the given number including the ciphers. 

2. To find the logarithm of a decimal or mixed number, consider the 
num^ as entire ; find the decimal part of its logarithm^ and make the 
characteristic one less than the number of figures in the entire part 
of the given number. 

3. To find the logarithm of a decimal number having ciphers at the 
left ; lock for the logarithm of the significant figures, and make the 
chara/:teristic negative* and one more than the number of ciphers at the 
left of the given decimal. 

EXAICPLBS. 

The logarithm of 8266000 is 6*51402 

of 114*1 ^ is 2-05729 

of •001684 '\ is 3-22634 

51. Cask II. — We proceed now to the method of determmiiig the loga- 
rithm of a number beyond the limits of the table. This method is by a 
simple calculation from the logarithms of numbers which the table contains, 
and depends upon the fact that the difference of any two numbers bears the 
same proportion to the difference of their logarithms, that the difference 
of two other numbers does to the difference of their logarithms, which 
is nearly true. (See Algebra, p. 284, note.) 

Take two numbers in the table differing from each other by 100, as the 
numbers 843*700 and 843800, and a third number 843742 differing from 
the first of these by 42. The logarithm of the first number 843700, 
being the same as that of 8437, is given by the tables, and 

is 5.92619 

The logarithm of the second number 843800 is 5-92624 



Their difference is 5 

* It is customary to write the negative sign over the characteristic, thu9, 2*1756348. 
It affects the characteristic alone and not the decimal part of the logarithm, which 
must be considered as -|~* 
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which may be found by rabtnction, but to save this trouble the aubtrac- 
tion is performed, and the difference is written in the margin (in the tabka 
of Callct in the right hand column marked dif.) Then on the principle 
that the differeneo of uumbeis is proportional to the difference of 
logarithms, we have 

dllC of BQinben. dUC ot Ia|{i. dilC of nun. dlft at 

100 : 'OOOOS : : 42 : x 

lience, •00005X42 

ar= — = •0000210 

100 

adding this to the logarithm of 843700 which is 5*92619 

•0000210 



the sum, rejecting the two last places 10 which 

go beyond the usual number is 5*92621 

which is the loofaritbm of 843742. 

Had Uie first two numbers differed by 1000 instead of 100 the divisor 
in the value of x would have been 1000, and the quotient would have 
extended three places beyond the usual. Had they differed by 10, the 
quotient would have extended one place beyond. 

The inaccuracy of this method increases with the number of additioiiml 
figures beyond four, in the number the logarithm of which is to be found.* 

From the above process may be observed the following rule : 

To find the logariikm of a number beyond the limits of the iabie. 
Enter the table with the first four figures of the given number, and find 
the corresponding logarithm. From the right hand margin take out the 
difference between this logarithm and the next in order in the table, and 
multiply it by the remaining figures of the pro])Osed number, reject from 
the product as many figures to the right as there are in the multiplier, 
and add the rest of the product to the logarithm already found. 

EXAMPLE. 

1. Required the logarithm of 739245. 

The decimal part of the 1(^. of 7392 is 86876. 

* The bome process applies to most other tables as well as tables of logarithniB. 
In all tables the column corresponding to the column of numbers here is called tho 
column of argument». The other columns contain functions depending on these 
arguments. 
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The number in the margin is 6 

Multiplying this by the remaining figures of the 

given number 45 

Product, 210 
From this product reject as many figures to the right as are 
contained in the multiplier, that is two in this case, and add the 
rest to the logarithm before found, namely, 86876 

The sum is 86879* 
which is the decimal part of the log of 739245 required. Prefixing the 
proper characteristic, we have 5*86879. 

EXAUPLS n. 

Required the log. of 8193217 

log. of 8193 = 91344 217 

1 dif.= 5 



log. of 8193217 = 6.91345 1-085 

To facilitate the above calculations several smaUer tables will be found 
in the right hand margin of the page, the use of which may be explained 
from an example. Suppose it be required to find the logarithm of 
276738. After cutting off 38 on the right, I find the logarithm of the 
first four figures, 2767, to be 44201. The difference between this loga- 
rithm and the next is 16. In the left hand cojumn of the little table in 
the margin headed 16, I find the first of the two figures cut off^ 3, and 
against it the number 5, which I place under the logarithm already found, 
as seen in the scheme below. Again I find in the same way the second 
of tlie two figures cut off", 8, and against it 13, which I place as in the 
scheme below one place to the right. Adding these numbers taken firom 
the little table to the first logarithm found, the sum 44207 is the logarithm 

sought 

44201 

5 

13 

44207 or with the characteristic 5-44207 

The right hand figure 3 of the 13, which would carry the decimal 

places beyond five, is rejected. If it were any figure greater than 5, we 

should add 1 to the last figure of the result, 7. 

The following example is worked with the tables of Callet in the same 

manner. 

* We add 1 for the £ rejected which is more than ^ 
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Find the logarithm of 6193217. 

log. of 81932 = 9134536 

6 

37 

6*9134545 

Hie 7 n^lected in adding up the ahove numberH being niore than ff, 
or ^ of the preceding place, 1 is added to that place. 

For the theory of the above see Algebra, at the end of Art 214. 

PROBLEM II. 

To find the number eorrespondinp to any given logarithm. 
52. By referring to the proportion of Art. 51, and putting the value of 
X for the fourth term, we have 

diff. of nam. diif. of \o^, diff. of nam. diif. of logB. 

100 : 00005 : : 42 : 000021 

Instead of the 42 being given and the 000021 required as before, the 
000021 is now given and the 42 rcHjuired. 

The first term of the proportion is 100 or 1000, <kc., and the second 
term is diff. in tlie margin, to find the third term multiply the extremes 
and divide by the second term 

_ 000021 X 100 
"" 00005 
Hence the following 

Rule. — To find the number corresponding to any given logarithm. 

Seek for the decimal part of the given logarithm. If we find a loga- 
rithm exactly agreeing with that given, then the number, which the table 
shows us to belong to the logarithm found, will be the required number. 
It however, as is mwt likely, we do not find the proposed logarithm 
exactly, then we are to take out tlie numl)er corresponding to the next 
less logarithm ; tliis number will of course fell short of that required, but 
the deficiency may l>e supplied as follows. Subtract the tabular logarithm 
firom the given one, annex ciphers to the remainder at pleasure, and 
divide it by the diff. number in the margin, and annex the quotient to the 
number already taken from the table. 

N. B. Should there be a quotient figure iivithout annexing a cipher to 
the dividend, this quotient figure must be added to the last figure of the 
number taken from the table. Should it be necessary to annex two 
ciphers before oUaiiiing a quotient figure, a cipher must be placed in the 
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quotient, and annexed with the figures that oome after, to the number 
taken from the table. 

The logarithm next greater than th^ given may be taken from the 
tables, and the latter subtracted from tlie former, in which case you would 
subtract tlio quotient obtained by dividing the difference as above, instead 
of adding it. 

SXAMPLXS. 

1. Fmd the number the log. of which is 5-86879 
The decimal part of the next less log. is that of 7392 = •86876 

Their difference is S 

Annex ciphers to this diff and divide by the diff. number in the mar- 
gm, which is 6. 

Annex the quotient 50 to the number 7392 before found, and you have 
the number required corresponding to the given logarithm, namely* 
739250. This number contains six figures, one more than the characteristic 
of the given logarithm. In every case a sufficient number of ciphers 
musf be annexed to obtain quotient figures enough, when appended, to 
make the whole of the number which thus results contain one more figure 
at least than is expressed by the characteristic of the given logarithm. If 
more quotient figures still be obtained, they will occupy the place of 
decimals. 

2. Find the number of which the log. is 2*91345 

Next less log. that of 8193 = 91344 
iSumber required is 819*32 6)10 



53. To find the number corresponding to any given logarithm by the table? of Callet, 
seek the nearest logarithm in the tables, and subtract it from the given as directed 
above, then seek the remainder in the right hand column of the little table nearest, 
and if it be found, or a number not differing more than unity from it, the figure on 
the left of this number will express the sixth figure of the number required. 

BXAMPLB. 

2-5386717 
The nearest log. is •5386617 its number is 34567 

Subtract and 100 is the remainder. 

The nearest number in the right hand column of the little table adjoining 
is 101, against which on the left is the figure 8, and the number sought is 345*678 



44 PLANE TRIGONOMETIT. 

If the diir. (100 above) is not found exactly in the little table, take the 
Dumber to it» and take the difference between thera again, and annex to it a cipher, 
seek this result again in the right hand column of the little table, the figures on the 
left of the two numbers taken out of me right hand column of the little table will be 
the sixth and seventh figures of the number required A third remainder might bt? 
found in the same manner, and an eighth figure of the required number be found. 

XXAMTLX. 

0-4971499 
The nearest log. is 4971371 

Diff. 128 

nearest to which in the little table is 124 number on its left is 9. 

4iff. with cipher annexed 40 

neaieet to this in the little table is 41 number on its left is 3. 

The last two figures of the number sought are 93, and the number itself is 3*141593. 
The same method is applicable to our tables, though not with the same degree 
ef accuracy. 

EXAMFLS. 

4*90835 
Nearest log. 90832 corresponding number 8097 

Difference 3 on its left in the marginal table ia 5. 

Hie nimiber requued is 80975. 

EXAXFLX. 

0*06180 
Nearest log. 06145 corresponding No. 1152. 

Diff. 45 

The nearest No. to which in the little table is 34 which subtract ; on its left is 9. 

The rem is. 11 on left of which in the marginal 

table is 3. 
The number required is therefore 1*15293. 

EXAMPLES IN MULTIPLICATION AND DIVIBION BT LOGARITHMS. 

54. 1. Required the product of 26784 and 7*865. 

log. of 26784* is 4»42787 

log. of 7»865 is 0-89570 

Their sum is 5-32357 
5*828574 is the log. of 210656, which last number is, therefore, the pro- 
duct required. 

* In lookhig for the log. of this number, look first for that of 2678, multiply the 
tab. diff bj 4, the last figure of the given number, and cut off one figure from the 
prodnet. 



OPERATIONS OF LOGARITHMS. 45 

2. Required the product of 3»586, 2»1046, •83'72, and •0294. 

log. of 3»586 is 0»65461 

of 2M046 is 0»32317 

of -8372 is 1-92283 

of '0294 is 2»4e835 



Product •18576 1»26896 

Instead of using negative characteristics, a method is sometimes 
employed of taking the difference between the negative characteristic and 
10, which is really adding 10 to the negative characteristic, and writing 
this difference as a positive characteristic ; thus, in the above example, 



3»586 


log. 


0-55461 


2-1046 


log. 


0-32317 


•8372 


log. 


9-92283 


•0294 


log. 


9-46835 


186764 


log. 


9-26896 



twice 10 must be rejected from the sum. That is a 10 for each posi- 
tive characteristic employed in the place of a negative. 

The result thus obtained 1-26896 is written 9-26896, 10 being added 
again to avoid the negative characteristic. 
3. Divide 28-654 by 127-34. 

log. of 28-654 is 1-45718 

of 127-34 is 2-10496 



difference 1-35222 
1-35222 is, therefore, the log. of the quotient which from the tables, 
observing the converse rule for pointing off decimals according to the 
characteristic (3 Art. 50), is -225019. 
Divide -06314 by -007241. 

log. of -06314 is 2-80030 

of -007241 is 3-85980 



Quotient 8-7197 0-94050 

55. We shall now demonstrate rules for raising numbers to powers, 
and for extracting the roots of numbers, by means of logarithms. 
Resume the equation, 

raising both members to the m*^ power, we have, observing the rule of 
Algebra, which is to multiply the exponent by the degree of the power, 

From this last equatioii| it appears that Im is the power to which it 
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18 neceasaTj to raise the base b in order to produce n*; benoe tihe 
following 

Rule. — ^To raise a number to any power, by means of logarithms, 
multiply the logarithm of the given number by the exjfonent of the powevy 
and the product will be the logarithm of the power, 

EXAMPLES. 

1. Required the 4th power of *00163 

log. of •00163 is 2-96204 
Multiply by 4 

Product 6*84816 

5*84816 is the log of •000070494, which last number is the pow^r 
required. 

2. Required the tenth power of *64. 

log, of'64 r-80618 

10 



Power •0116293 2*06180 

In multiplying the first decimal place by 10, the product is 80, then 10 
times I is 10, and 8 to carry is 2. 

The same example, with positive characteristics, according to the method 
pointed out on p. 45 would stand thus 

9-80618 
10 



8-06180 

The 10 added to the 1 is repeated 10 times and therefore 100 must be 
rejected from the product, which loaves 2 for the characl^ristic to be writ- 
ten 8. The rule for placing tlie decimal i»oiiit in th«* nuinbor correspond- 
ing to the logarithm will be to ])lace one le«;^ cipher after the decimal 
point than is expressed by the difference between the characteristic and 10. 

56. To find a rule for extracting the root of a number by means of 
logarithms, assume again the equation 

b' = n 

Take the m** root of both members, applying in tlie first member the 
rule to divide the exponent by the number expressing the degree of the 
root, and there results 

1 m 

— is here plainly the logarithm of \^ n ; hence the following 
m 
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Rule. — ^To extract the root of a number by means of logarithms, 
divide the logarithm of the given number, by the index of the root, and 
the quotient wHl be the logarithm of the root 

KXAMPLBS. 

1. Required the 4th root of •434296. 

log. of '434296 T-68'?79 

^ of this logarithm is obtained by observing that the index, which alone 
is negative, must be divided separately, as we should divide a minus 
term, followed by a plus term in Algebra ; the 1 can be rendered divi- 
sible by borrowing 3, and afterwards carrying + 3 before the 6, ren- 
dering it 36 ; that is, the proposed logarithm is viewed under the form 
4 + 3-63779. 

The quotient is r»90946* which is the logarithm of •8118, the 
fourth root required. 

2. Required the 10th root of 2. 

log. of 2 0»80108 

Divide this by 10 0*03010 quotient 

which is the log. of 1*07177, the root required. 

3. Required the cube root of •00048. 

log. of -00048 4*68124 

J of it 2^89375 = log. of -078297, the root 

TABLES OF LOGARITHMIC SINKS, TANGENTS, dtC. 

67. Tliis is Table XXVIL It contains the logarithm of the sine, tan- 
gent, cosine and cotangent, secant and cosecant, corresponding to every 
degree and minute in the quadrantf 

These logarithms are those of the trigonometrical lines in a circle, the 
radius of which is 10000000000, or the tenth power of 10, the common 
logarithm of which is 10. As the sine is never greater than radius, its 
logarithm will always be less than 10, except for the arc 90^, the loga- 
rithmic sine of which is equal to 10. 

* The last quotient figure is nearer 5 than 4. 

t Without this table we should have been obliged to employ the other two tables 
which have been already described, as follows. First we must have found the natoral 
sine, tangent, &c., of the given arc or angle in Table XXIV. then with this have 
entered Table XXVI. and found its logarithm. The tables of Callet do not contain 
the columns of secants and cosecants. 
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PROBLBM. 

68. To find from the table the logarithm of the sine, tangent^ or 
of tlio number expreftfting any arc. 

Case I. If the given number be oomiKtsed of degrees and minutes, 
seek first for the number of degrees among thofie which are written at the 
top or bottom of the pages ; at the top and on the left of the page if it 
he less than 45^ ; at the bottom and on the right of the p£^e if it be 
greater. Run the eye down the first column which goes on increasing 
from top to bottom, if the number of degrees is found at the top of tbe 
page ; or up the last column, which goes on increasing from the bottom 
upwards, if the number of degrees is found at the bottom ; run the eye, I 
say, through one or the other of these columns in the direction in which 
it increases until you have found the number of minutes given ; upon the 
same horizontid line with the minutes thus found you will find the logar 
rithm of the sine, cosine, tangent, or cotangent which you seek. In order 
not to mistake the column, it is necessary to consult the title at the head 
of the column, if the nwnber of degrees given is at the top of the page, 
but if it is at the bottom, the inferior title must be consulted.* 

EXAMPLES. 

1. Required the logarithmic sine, tangent, secant, cosine, cotangent^ and 
cosecant of 19° 65'. 

I find 19° at the top of page 204, 1 descend the first column at the 
lefl marked m, which goes on increasing downwards till I find 65'; upoQ 
the same horizontal line, and in the column entitled sine at top, I find 
9*63231, in tlie column entitled cosine 9*97322, in the column of tan- 
gents 9*55910, and in that of cotangents 10*44090, that of secants 
10*02678, that of cosecants 10*46769; and these numbers are therefore 
the numbers required. 

2. Required the logarithmic sine and tangent of 70° 10'. 

I find 70° at the bottom of p. 204f ; I ascend the last column marked ic 
at bottom which goes on increasing upwards; I find 10' in that column ; 
upon the same horizontal line I find in the column marked sine at bottom 
9*97344, and in the column marked tangent at bottom 10*44288, which 
are the logarithms sought 

* Tbe colamiit marked Hour A. M. and P. M. are connected with Nautical and 
Practical Astronomy, and will be explained under the proper bead. 

t For the reason mentioned in note p. 33, the paging of the tables will bo found 
to exhibit gaps. 



TABLES OF SINES, «bO< tf 

8. Required tile logarithmic sine of 159® 20'. 

This will be the same with tliat of its supplement 20° 40'. For con- 
venience the supplements of arcs in the Ist quadrant are placed on the 
right of the page in the tables at top, and on the left at bottom. By 
looking therefore for 159^ at top on the right, and immediately under 
for 20 in the column m, on the range w*ith this in the column entitled 
sine at top I find 9*54769, the same that would have been found for 
20O 40'. 

59. Case II. If the given number be composed of degrees, minutes, and 
seconds, find the logarithm of the degrees and minutes as above, and then 
to know how much this should be increased for the given number of 
seconds, in case of the sine or tangent, or diminished in case of the cosine 
or cotangent, observe that the number in the column marked Diffl is the 
increase of the logarithm for the number of seconds in the column headed 
M, against which it stands, and will be the quantity to add to the loga- 
rithmic sine or tangent before found, or to subtract from the logarithmic 
cosine or cotangent 

The number in the column Diff. is calculated by subtracting one of two 
consecutive logarithms in the table, which difier by 1 ', from the other,* and 
dividing the remainder by 60, the number of seconds in a minute ; the 
quotient is the difference of logarithms corresponding to a difference of 
1" in the numbers to which they belong, or is the increase of the loga- 
rithm for 1" increase of arc This quotient, multiplied by any number of 
seconds, will give the increase of the logarithm for tliat number of 
seconds. This calculation depends upon the principle mentioned at Art 
61, that the differences of logarithms are proportional to the differences 
of their corresponding numbers. See also Art. 23 App. I. 

60. The logarithmic sines and cosecants, cosines and secants, tangents 
and cotangents, have each pair but one column of differences between 
them, the reason of which will appear from the following demonstration. 

The secant and cosecant may be easily computed from the cosines and 
sines. Thus (Art 33) : 

BCv. ^— ^^^ 

cos 
hence, 

log. sec = 20 — log. cos 

for log. of the quotient = difference of logs. (Art 49) ; and log. of the 

* This diff. is given in the first five pages of the table bo that the seconds most be 
calculated ae here described when the given arc is 4^ or less, and any number of 
minates. 

4 
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square of a number equal to twice the log. of the number (Art 56), and 
log of R = 10. 

To obtain the log. secant^ therefore, we have this 

Rule. — Subtmct log, cosine from 20. 

Also (Art 35), 

r' 
oosec =-r- 
am 

hence, 

log. OO06C =20 — log. sine 

whence this 

RuLB. — To obtain log, eosec, subtract log, sine frrom 20. 
From the above it appears that as the log. cos decreases with the 
increase of arc the log. sec increases by the same amount, and as the log. 
sin increases the log. cosec decreases by the same amount 
Again, by Art 37, we have 

tan X cot = R* 
applying logarithms to this equation, since the log. of a product = the 
sum of the logs, of the Actors, and the log. of a power = log. of the 
number raised to the power multiplied by the index of the power, we have 

log. tan + log. cot = 2 log r = 20 

log. R being 10. Therefore having two arcs a and 5, since log. tan + log- 
cot in both is 20 we have 
log. tan a + log. cot a = log. tan b + log. cot 6, or transposing, 

log. tan a /^ log. tan b = log. cot a '^ log. cot 6, 
that is, the difference of the logarithmic tangents of two arcs is equal to 
the difference of their logarithmic cotangents, 

EXAMPLES. 

1. Required the logarithmic sine of 40° 26' 28". 
I find the log. sine of 40° 26' to be 9*81195 ; in the column m, at 
the left, I find the given number of seconds 28, and on the same horizon- 
tal line in the column of di£ I find 7, which added to the log. before found 

9*81195 
1 



gives 9*81202* 

The logarithmic tangent of any given number of degrees, minutes, and 
seconds, is found in a similar nmnner from the column entitled tangent 

* A similar arrangement for finding the diflbrence corresponding to any nomber 
of seconds will be found in the table of natural sines and cosines, for the fonner <m 
the left and for the latter on the right of the page. 
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2. Required the logarithmic cosine of 8^ 40' 40''. 

I find the cosine of 8^ 40' to be 9*99501 ; the tabular difference in 
the adjoining column against the seconds 40" is 1; subtracting* this' 
result fix>m 9*99501, the remainder is 9*99500, the logarithmic cosine 
sought 

The difference for the seconds may be calculated as fi^owa. 

8. Required the log. sme of 32^ 10' 23". 

820 10' log.sm 9*72622 
320 11' u a 9.72648 



Diff. 


21 




28 




68 




42 




60)488 


Diff. for 23" 


8 


82O40'log.sin 


9*72622 


32° 10' 23" log. sin 


9*72630 



61. In the tables of Callet are found the logarithmic sines, tangents, 
cosines, and cotangents for every 10" in the quadrant ; and the columSs 
of differences contain the differences of the consecutive logarithms, or the 
increase of the logarithm for 10" at that part of the quadrant To take 
out therefore a logarithmic sine, <fec, from these tables, take out for the 
degrees, minutes, and tens of seconds, and take out also the number from 
the column of diff. ; cut off one figure on the right of the latter, which is 
equivalent to dividing by 10, and multiply it by the number of seconds 
by which the given arc differs from an exact number of tens of seconds. 
The product will be the number by which to increase or diminish the 
logarithm already taken out, according as the trigonometrical line to which 
it corresponds is an increasing or decreasing function of the arc 

BXAlfPLBS OF THE APPLICATION OF THE TABLES OF OALLET. 

1. To find the log. tan of 49^ 12' 26"*8 

Of 49^ 12' 20" log. tan is 10*0689854f 
Tab. diff: 425X5*8 246*5 

10*0640100 log. required. 

* It will be recollected that as the arc increases in the fiist qnadrmnt the cosine 

t The characteristic in the colamn of tangents and cotangents when 10» is printed 
0. sad when 11, is printed 1., hi the tables of Callet. 
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2. To find the log. cot of 101© 26' 43" = log. cot of »8o 84' IT' 
Of 78° 84' 10" log. cot is »*8057605 
Difi: fiar 10" or 1084 X 1 768*8 

9*3056846 log. required. 

In the tables of Callet are to be found the logarithms of trigononietri- 
cal lines of arcs given in grades, Ac, of the centesimal division of the 
circle. The following is<an example of the use of the table. 
To find the log. sine of 02' 75' 84'' 

of 92» 76' the log. sin is 9»997l776 

tab. di£ 78X84= 66*62 

log. required is 9*9971 842 

The first 4 figures of the log. 9*997 are taken from the top or bottom 
of the column, the former when the logarithm is above a black horizontal 
line drawn across the column, the latter when below. 

As the difil 78 is the diff. of two consecutive logarithms corresponding to 
100*' two figures must be pdnted off to the right after multiplying hj 
the 84." 

PBOBUEM. 

62. To find the degrees^ minutes^ and seconds cLMwering to any ffiwm 
logarithmic sine, cosine, tangent, or cotangent. 

The method is, of course, exactly the reverse of that just given. Look 
for the given logarithm in the proper column, which you will know from 
its title, either at the top or bottom, and if you find it exactly, the 
degrees will be found at the top of the page, and the minutes on the 
same horizontal lino with yuur logarithm, in the first column at the left^ 
if the title of the column be at top, but the degrees will be found at the 
bottom of the page, and the minutes in the column at the right, if the 
title of the column which contains ypur logarithm be at the bottom. 

If the given logarithm cannot be found, take the next less logarithm 
contained in the tables, subtract it from the given, and seek the remainder 
in the column marked diff^ ; tlie number on the same horizontal lino in 
the column M is seconds, which add to the degrees and minutes belonging 
to the logarithm found in the tables, if your given logarithm be that of a 
sine or tangent, but which subtract from the degrees and minutes, if a 
cosine or cotangent. 

Or more accurately, to find the seo(»d8 multiply the remainder abov« 
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mentioned, by 60, and divide the product by the difierenee beiwecBi two 
consecutive logarithms in the table.* 



1. Required the number of degrees, minutes, and seconds, <^ which the 
logarithmic sine is 9*88005. 

I find the next less logarithm in the column marked sine at bottom, to 
be 0*87996, which subtracted from the given lojgarithm, leaves 9 ; this 
Ibund in the column diff. adjoining, against it in the column u is 50, 
which is seconds. Taking the degrees from the bottom of the page, and 
the minutes from the column at the right, and in the aame horizontal line 
with the logaitiuD ^•87986, I have 49^ 20' 50'' for the number 
neqvired. 

Or more accurately, since the di£ 9 corresponds to any number of 
seconds fiom 48'' to 52'' calculate as follows : 

Given log. 9*88005 9*67996 

Nearest log. 9*87996 consec log. 9*88007 

Diffi 9 Diff; a 

9 
60 



11 )540 
49 
2. Required the number of d^;rees, minutes, and seconds, of which the 
log. cotangent is 10*00869. 

I find the next less logarithm in the table to be 10*00859, that of 44o 
26', whidi subtracted from the given logarithm, leaves 10, corresponding 
to which in the colunm m is either 23" or 24" ; more accurately 

10 

60 



25)600(24" 

50 

100 
100 

and the required number is 44° 26'— -24" or 44° 25' 36". 

* This last rule is on the priDcipIe that the difl^rence of the lo^rithmic functioiis 
is proportional to the difierence of their arguments, the difierence of the arguments 
in this caM being 69". 
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8. Bequbed the log. seo of 48^ 36' 27". 

BT TABLB XXYII. 

48^ 35' log. 860 10*17945 

Diffi for 27" 6 



480 35' 27" log. sec 10*1 7951 

Tlie tables of Callet not containiDg the logarithmic BOcantB and 
cants, the calculation of this example from his tables would be as foUoiwBi 
by the rule at Art 60. 

log. cos 48« 85' 27" = 9*82049 

log. sec 48° 85' 27" = (20 — 9*82049) = 10*17951 

4. Required log. cosec 35° 27' 24". Ans. by Tab. XXVIL, 10*28651 
or log. sin 85° 27' 24" = 9*76349 
log. cosec 35° 27' 24" = 20-9*76349 = 10*23651 

A method of finding with greater accuracy the sine and tangent of a 
?ery small arc, or the cosine and cotangent of one near 90°, is pointed 
out at Art 8 App. I. 

To find the trigonometrical lines of arcs greater than 90o, observe the 
role at Art 17. 



SOLUTION OV BIGHT ANOLED TRIANGLES, WITH THE AID OF LOGABITHIIB. 

EXAMPLE. 

68. Referring to the example of Art 39, where the hypothenuse 

10" X 15 



ass- 



sin 85° 



employing 10" as r, instead of 1, because the tables which we are about 
to use are constructed with that value of r, we have, by the rules for 
multiplication and division of logarithms 

log. of 10" = 10*00000 
add log. 15 = 1*17609 

11*17609 
Subtract log. sin 35° = 9*75859 

Remainder 1*41750 = log. of 26*15 =: the hyp. 
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9U0r«et 



Referring to Art 41 where the height of the tower c is 

c = tan 80o X 200* 

Tirhich becomes, when the radius 1 in the first term of the proportion 18 
changed into 10** 



c = 



tan 300X200 



10 



1* 



we have, by applying logarithms 



log. tan 30^ = 9-76144 
add log. 200 = 2-30103 

12-06247 
Subtract log. 10" = 10 

2-06247 =log. 116-4 

64. I. Another definition besides that given at Art 14 for the sine of 
an angle, is the ratio of the hypothenuse to the side opposite the angle in 
any right angled triangle of which the angle forms one of the elements. 

For from formulas (1) Art. 38 may be obtained. 



* . c 

sin B =-. and sin o = - 

a^ a 



(1) 



n. A corresponding definition for the cosine of an angle is the ratio 
of the hypothenuse to the side adjacent the angle in any right angled 
triangle of which it forms an element. For, form. (3) Art 38 



cos B = -iind cos = J 
a a 



(2) 



* It is efvident that radios must be underBtood in the second member of this ezpies- 
flion, because a line e cannot be equal to the rectangle of two lines. (Art. 31.) 

t The hypothenuse, which is- the greater side, is eridently the denominator of the 
ratio, as the sine and cosine to radius unity are always fractions. 
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in. In a Bimilar manner the tangent of an angle is th$ ratio ^ ih$ 
mde adjacent to the side opposite the angle in any right angled triangle of 
which the «n^ forms an element For Art 41, (3) and (4) 

tan B =s-. and tan c = -- (3) 

e h 

From these definitions the following oonsequcnoes flow. 
IV. The hypothenuse multiplied by the sine of one of the acute angles 
of a right angled triangle will give the side opposite to the angle. 
For from (1) ahove clearing of fractions we have 

a sin B = 6 and a sin o = c (4) 

v. 7%« hypothenuse multiplied by the eosine of the angle tfitt ^im 
the side adjacent. For from (2) above 

a 006 B = c and a cos o =6* (5) 

VI. The side adjacent multiplied by the tcmgent will give the md0 
opposite. For from (3) above 

c tan B = ^ and 6 tan c = c (6) 

Vn. To find the hypothenuse when a side and 071^/0 are given^ we 
must still use the sine and cosine of the angle, but as a divisor ; the sine 
when the side opposite is given aud serves for a dividend, the cosine when 
the side adjacent For ftom formulas (4) and (5) above may be obtained 

a = -., ,a=-;i— ,a=_f_,and a= (7) 

sin B sm COS b cos c 

VIII. When one of the perpendicular sides is given with an angle to 
find the other, the tangent of the angle is the multiplier of the side 
adjacent the angle to find the side opposite, and is the divisor of the side 
opposite^ to find the side adjacent. See (6) above from which also may 
be obtained 

* ymdfc— -i- (8) 



tan B tan o 

* When the hjrpothenuBO is given with an acute angle it will be neceseary alwajrs 
to multiply the hypothenuse by either the sine or cosine of the acute angle to obtain 
the other side ; by the sine when it is the side opposite which is required, and by the 
cosine when it is the side adjacent. The memory will be aided by observing that for 
radius unity the sine and cosine are always fractions, and therefore the hypothenaWt 
which is the larger sade^ mnat evidently be multiplied by these in order to obtain the 
other sides. 
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IX. Radius unity has no effect cither as a multiplier or divisor, never- 
theless when using the tables in which radius is 10^' or lOOOOpOOpOO, it 
is necessary to know how the radius enters into the products or quotients 
formed by the above rules. And the following consideration will always 
show, viz. that two equal quantities must be homogeneous. A line can- 
not be equal to a surface or the rectangle of two lines. Therefore all the 
products formed by the above rules must be understood to be divided by 
xadius. Neither can a line be equal to the ratio or quotient of two lines, 
for this is an abstract number. Therefore all the quotieMis formed bj the 
above rules must be understood to be multiplied by radius. 

In the use of logarithms, therefore, for the solution of right angled 
plane triangles, in every case two logarithms only will have to be 
employed, and their sum or difference taken according as the rule which 
applies to the case requires multiplication or division. 

When the sum of the two logarithms is taken, 10 must be rejected 
^m the characteristic, which is in effect dividing by radius, and when the 
difference is taken, 10 must be added to the characteristic of the minuend, 
which is in effect multiplying by radius. All this will be easily compre- 
hended from the following examples. 

KZAICPLS I. 

In the right angled triangle abo right 
angled at a, given the hypothenuse a = 49d*7> 
and the angle o = 65^ 40' to find the side e. 

By Rule IV. above, observing that addition 
of logarithms corresponds to multiplication 
of the corresponding numbers, and rejecting C 
10 from the sum, according to IX., the cal- 
culation will be as follows : 

a 493*7 log. 2*69346 
65° 40' log. sin 9*95960 

c 449*8 log. 2*65306 

The sum of the logarithms 2*69346 and 9*95960 which is 12*65306 
after rejecting 10 from index will be the logarithm of 449*8 as may be 
seen by inspecting the tables, and this number is the value of the required 
ddec. 
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XXAMPUE n. 

The same thingB being given to find the side b. By Rule V. above 

a 498*7 log. 2*69346 
c 66® 40' log. COB 9*61494 

b 203*4 log. 2*30840 

Both the above operations may be conveniently connected together by 
prepazing first a blank form thus : 

a log. log. 

log. sin log. COS 

c log. 



a 493*7 

■ 65° 40' 

€ 449*8 

b 203*4 



log. 2*69346 
log. 006 9*61494 



b log. 

in which the arguments or elements of the triangle occupy the first 
column, the trigonometrical functions of these arguments necessary for 
the calculation of the side c tlie second, and those necessary for the cal- 
culation of the side b the third. This form is then to be filled up aa 
follows 

log. 2*69346 
log. sin 9*95960 
log. 2*65306 

log. 2*30840 

The log. of 493 when found in the tables is written in two columns, 
and the log. sin and log. cos of 65^ 40' can be taken out at one opening 
of the tables. 

EXAMPLE III. 

Let 6 — 73*94, c — 67° 20', to find a by VII., subtracting the logsr 
rithms for division, adding 10 to the index of the minuend (see EL) 
before subtracting, the calculation will be as follows : 

b 73*94 log. 1*86888 

67° 20' log. cos 9*73219 

a 136*9 log. 2*13669 

EXAMPLE rv. 

Let c — 116*3, o «67o 20', to find a 

e 115*3 log. 2*06183 

67o 20' log. sin 9*92522 

a 136*9 log. 2*13661 
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V. 

Given b = 67*84, o = 41<^ 4' 36", to find c and a. By VIL Vm. 
and IX. 

b 67-84 log. 1-8314858* log. 1-8314868 

410 4' 36'' log. 006 9*8772740 log. tan 9*9403365 

a 89*993 1*9542118 



c 59*132 1*7718228 

EXAMPLE VI. 

Given a = 84*9, b = 53*4, to find b, o, and e. 
For the rule applicable see I. 

a 84*9 log. 1*92891 

b 53*4 log. 1*72754 

B 38® 58' 28" log. sin 9*79863 

a+b 138*3 log. 2*14082 

ar^b 31*5 log. 1*49831 

<*=a*.-/fc*t % 3*63913 + 2 

e 66*0035 log. 1*81957 

c — 90°— 8—51° or 32" 



EXERCISES IN THE SOLUTION OF RIGHT ANGLED PLANE TRIANGLES. 

1. Given a = 49*63, 6 = 25*42, to find c, b, and o. 

^7W. c = 42*124, B =59° 11' 39", o — 30° 48' 21". 

2. " a = 723*1, c = 95*4, to find 6, c, and b. 

Ans. 6=716*75, c = 82° 25' 2", b — 7° 34' 58''. 
8. " a = 853, B = 490 31' 22", to find the remaining parts. 
^7W. 6 = 048*8463, c 553*725. 

4. « a = 940, c = 30"=^ 20' 10", to find the other elements. 

Ans. c = 474*760, b 811*32. 

5. " 5 = 25, c =17, to resolve the triangle. 

Ans. c 34« 12^ 27" a 30*2372, b 55° 47' 83". 

* The logarithms in this example are taken from the tables of Callet, and extend 
to seven places of decimals. 

f The product of a -f- 6 and a — 6 which ia obtained by adding this logarithm, is 
eqoal to a» — 6*. (See Alg. Art. 13.) 
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6. Given 6 — 421 T3, — 40° 20'. 

Ans. a = 55329, c 868*91, b 49^ 40'. 

7. " 6— 328, B — 74° 25' 18"*7. 

Ans. a 340*5025, e 91-436. 

8. " c — 8-76213, c — 89°. 

Aru, a 87644, b 15294, b l^. 

9. " c = 82*94, B = 40° 50' 20"*6. 

Atu. a 109*612, b 71*6914, c 49° 9' 89''*4. 
10. " 6 — 81*5, c— 92*19. 

Am. b 41° 28' 42'', c 48° 31' 18", a 123*33. 

65. We shall finish the subject of right angled triangles by presenting 
M case of their practical applicatioo which is likely often to occur. 



77?JflL 




At the top of a mouiiUiin wiiuse height war known by the barometer 
or otherwise to be 1000 feet above the level of the sea, a ship was 
observed through the tube of the instrument described at Art 10, and 
the number of degrees between the tube and a plumb line from the centre 
of the circle was found to be 77° 30' ; required the distance of the 
ship. 

A right angled triangle is here formed, in which are given the perpen- 
dicular and angle at the vertex, and the base is required. 

Referring to Rule VI. 

tan 77° 30'X1000 = dist. required. 

1000 log. 3-00000 

77® 80' log. ton 10-65424 

3-65424 = log. of 4510-71 feet. 

Therefore the distance of the ship is 4510*71 feet, or a little over f of 
a mile. 

EXERCISES. 

An upright post being 90 feet high, and its horizontal shadow 117 feet, to find the 
altitude of the sun. Am. 37° 34' 7". 

The alt. of the aim being 48<^ 10' and the length of a horizontal Bhadow ss SOl, 
to find the height of the tower which casta it. Atu, 224*54. 
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To find the horisonul* parallax of the moon 
(angle m), iu distance mc being 340,000 railes, and 
the rad. of the earth bc 3956. 

Am, 56' 40". 
The lat. of a place d being given, dca a= 38^ 14' 
and the radius do of the earth 3956 miles, to find the 
radios of the parallel dx. 

Afu. 3107-43. 
To find the side of a regular inscribed figure of 
13 sides, when the radius of the circle is 6*7. 

Ant. 3*206. 

The side of an inscribed regular heptagon being 5*73, find the rad. of the circnxD' 
scribing circle. Aru. 6*6033. 

66. It is customary where the subtraction of logarithms, correfiponding 
to the division of numbera, is to be performed, to change this operation 
into addition by means of what is called the arithmetical complement of 
each subtractive logarithm. The arithmetical complement of a logarithm 
is. the remainder after taking the logarithm from 10 ; thus the arithmeti- 
cal complement of the logarithm 2«32245, is 1*611&5. 

10-00000 
2*32246 



7-67765 



It may be formed most conveniently, instead of beginning at the right 
and subtracting each figure from 10 and carrying one each time through- 
out, by beginning at the left and subtracting each figure from 9 till you 
come to the last figure, which subtract from 10. 

When we have a logarithm to subtract, we shall obtain the same 
result by adding its arithmetical complement, and afterwards subtracting 
10. Which may be proved as follows : 

By the definition arith. comp. log. b »=■ 10 — log. ft. 

Now add this arith. comp. to some other log. as log. a, the result 

will be 

log. a+ 10 — log. b 

subtract 10 and there remains 

log. a — log. A 

The same result as would have been obtained by subtmetiiig log. i 
from log. a. 

Henoe to perform operations containing a number of multiplkatioDs 
and divisions, by means of logarithms, we have the following 
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Rule. — ^Write the logarithms of all the multipliers, and the arith. com- 
plements of those of the divisors in a column. Add up the whole, and 
reject as many times 10 from the charactenstic of the sum as there have 
been arith. complements employed. 

^* Hiis use of the arithmetical complement is not expedient in the solntioD 
of right angled triangles, but in the solution of oblique angled triani^ 
it jdwajs saves one line of numerical work." 

BOLUnON OF PLANS TBIAKOLB8 IN GSNSRAL. 




67. Let ABC be any triangle. 
From the vertex of one of the 
angles a, let fall upon the side 
opposite, the perpendicular ad ; the 
given triangle will be divided into 
two right angled triangles abd and 

ACD. 

In the first of these (Art 64, IV.) we have 

AD = A BXsins 
Again, in the right angled triangle a c d, we have 

AD = AcXsinc 

The first members of the two equations above being the same, the 
second members are equal, hence 

sinsXA B:=sincXA o 

Turmng this equation into a proportion, by making the first product 
the extremes, and the second the means, we have 

sin B : sin c : : A c : A B 



That is, the sines of the angles of any plane triangle^ hear the 
proportion to each other as the opposite sides.* 

From the nature of the above demonstration the selection of the vertex 
fi'om which to let M\ the perpendicular being entirely unrestricted, it b 
plain that this rule applies to all the angles and sides alike. 



The same demonstraUon will apply when the perpendicQltr from the 
of the angles falls upon the aide opposite produoed. 



vertex of 
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When therefore two of the three given elements of a triangle, are a 
nde and its opposite angle, the element opposite to the third given 
element may be found by the proportion which has just been established. 

We shall according to our custom suppose a practical problem which 
introduces the case of solution in question. 

Let it be re- 
quired to ascer- 
tain accurately the 
distance from the 
town in the figure, 
across an impas- 
sable marsh, for 
the purpose of es- 
timating the ex- 
pense of a causeway. 

Plant two staves with small flags, the one at the border of the nuunsh 
opposite the town where the causeway is to terminate, and the other at 
some convenient point from which the firet and the town may both be 
seen. Measure the distance between the staves, and let it be 1000 yards ; 
observe also the angle at the second staff by turning the tin tube of the 
instrument for taking angles first to the staff on the border of the marsh 
and then to the town ; let this angle be 102^ ; observe also the angle at 
the town subtended by the Hne of the two staves, and let this last be 30^. 
A triangle will be formed in which are known an angle 30°, the side 
opposite 1000 yards, and another angle 102°, the side opposite to which 
18 required. Then applying the above proportion 

sm 30° : sin 102° : : 1000 : length of causeway required. 

Arith. comp. log. sin. 30° = 0*30103 
(Art 15) log. sin 102° = log. sin 78° = 0'99040 

log. 1000 = 3-00000 

3*29143= log. of 1966 
The length of the causeway must be 1956 yards. 

EXERCISE. 

In in oblique angled triangle given 

A a BOO 20' 10'', B = 40O 10' 30", a = 9754, to find c, h, and e. 

Ana. c = 1090 29' 20", 6 ^ 12458*75, e a 18S05«71. 

67. This proportion is elso applicable to the case where two anglei 
and the inteijacent side of a triangle are given. Such is the case in the 
problem at ArL 10. 
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One of tlie angles of that triangle being 
given equal to 47^, and the other equal to 
105° 30', it will be easy to find the third 
angle, bj recollecting that the sum of the 
three angles of a triangle is equal to two 
right angles (Geom. Theorem 15), or 180® ; 
thorcfore subtracting the siun of the two 
given, 47° + 106° 30 — l62o 30 from 
180°, the remainder 27° 30' is the third 
angle of the triangle, and is opposite the 
given side 500 jaids. Thus by the pro- 
portion 

sin 27° 30' : sin 47o : : 500 : dist. from It house to fort 
arith. comp. log. sin 27° 30' = 0*33659 
log. sin 47o = 9*86413 
log. 500 2= 2*60897 

2*89869 = log. of 791*9 

The distance from the light-house to the fort is 791*9 yards. 

The importance, where any considerable degree of accuracy is required, 
of the method of solution by calculation, instead of that by constmctiOD, 
will appear from the fact that with tolerably accurate instruments, and some 
care in the construction, we made the required side, which we here find to 
be 791*9 yards, to be 800 yards upon the scale; thus committing an 
error in the construction of about 8 yards. 



EXERCISE. 

Given in an oblique angled triangle, 

A = 750 30' 18''«5, 8=450 16', c SB 1145*3, to find the other parts of the 
triangle. 

An9. c s 590 13' AV'*S, a = 1290*55, h = 946-949. 

We add another practical 

EXAMPLE 



Involving the same case of solution combined with the Bolntion of a 
right angled triangle. 

An observer upon a plain desires to find the height of a neighboring 
hill above the level of the plain. 

Near the foot of the hill let him take the angle of elevation to the top, 
and suppose it to be 55° 54' ; tlien let him measure back a distanee, ai^ 
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100 jardB, and again take the angle 

of elevation, which let be 33^ 20'. 

Then in the triangle of which 100 

yards is the base, and 33^ 20 is one 

of the angles at the base, we may 

have the angle at the vertex, and snoyim 

opposite to the given base, by 

observing that the exterior angle of a triangle being equal to the two 

interior and opposite (Geom. Theorem 13), one of the interior is equal to 

the exterior, minus the other interior, and therefore the angle at the vertex 

here is equal to 55^ 54 '—33^ 20' = 22° 34' ; then say, as in the last 

example, 

sin 22-^ 84' : sin 33o 20' : : 100 : side opp. to 33o 20' ; 

but in the right angled triangle of which 55° 54' is the angle at the base, 
and the height of the hill one of the perpendicular sides, we have the 
proportion 

10" : sin 55° 54' : : hypoth. : height required. 

from which, multiplying means and dividing by the first term, 

sin 55° 54' X hypoth 
height req. = :^. 

but from the preceding proportion 

L .1. .J o«o n^' «»* 33° 20' X 100 
hypoth. or side op. 33° 20 — ^.^ ^^^ ^^, 

■abstituting this value in the last equation, we have 

, . , ^ . , sin 55° 54' X sinSSo 20' X 100 
height required -,——.— 

arith. comp log. 10" «= 0*00000 

arith. comp. log. sin 22° 34' = 0«41594 

log. sin 55° 54' = 9*91806 

log. sin 33° 20' -= 9*7399T 

log. 100 — 2 

sum rejecting twice 10 — 2*07397 —log. of 118 6. 
118*6 yards, or 355*8 feet is the height of the hill. 

* To this result the height of the eye or of the mstnimeDt ahoold be added. 
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68. Let there be a street A 2 1&i/^et 

in which the front of a tri- 
angular block 18 216 feet, 
and another street making 
an angle of 22^ 31' with 
the first ; under what angle b 
must a third street be laid 
out from the extremity a of the first, so that the front of a complete row 
of buildings upon it shall be 1 1 7 feet in length ? 

BOLUnON. 

117 : sin 22^ 37' : : 216 : sin of the angle b 

117 arith comp. of log. — 7.93181 

220 37' log. sin — 9*58407 

216 log. — 2*33445 

45"^ 13 55" log. sin —9.85123 

.-. B=^45^ 13' 65'' and 180<^ — b — c — 112^ 9' 6 ' — angle A 
required. 

It must be observed that 9*85123 is also the log. sine of the supple- 
ment of 45^ 13' 55", because the sine of an arc is equal to the sine of 
its supplement. (Art 15.) Hence 134^ 46' 5'' is also a value of the 
angle B, and there are two solutions to the problem, \^'hich are both exhi- 
bited in the diagram. This case corresponds to Problem 8, Geom. 

If the given angle were right or obtuse, there could be but one solu- 
tion, and the required angle must be acute. 

Tlie same is the case if the given side opposite the given angle be 
greater than the other given side, because in every plane triangle the 
greater angle is opposite the greater side. 

69. We shall next derive a formula for the solution of a triangle when 
the three sides are given, and one or all of the angles required. 

Let ABC be any triangle ; from j^ 

the vertex of one of the angles a^ 
let &11 a perpendicular a d upon the 
side opposite. This perpendicular 
may fall either within or without 
the triangle. First suppose that it 
falls within ; then (GeonL Tb. 29.) 
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AO' — A b' + B o' — 2 B O X B D 



whence b d — 



A B* + B 0* — A O" 
2 B 



AIbo in the right angled'triangle a b d, we have 

B : «Q8 B : : A B : B D (Ait 38) 
whence multiplying the extremes and dividing by the third term 



COS B — 



rX B D 
A B 



Bubstitating in this expreuion finr b d its value obtained above, we have 



cos B — rX 



A B* + B C* — A C* 
2 A BX B O 



an expression for the cosine of an angle in terms of the three sides of a 
triangle. 

Suppose now that the perpendicular falls without the triangle. 



Then (Geom. Theorem 28) 



AO'««AB*+BO'+2 BDXBC 



hence 



— bd — 



A B* 4- B C* — AC* 



2 B O 




Again, in the right angled triangle a b d 



b:cosabd::ab:bd 



benoei 



cos A B D 



R X B D 
AB 



But A B D is the supplement of the angle b of the triangle a b o, 

cos A B D— cos B 

sobslifeoting— COS b for cos a b d above, and changing the signs we have 

— bX bd 



cosb — 



A B 
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subetitating hr — b d in the second member of this equation ite tbIim 
found above, we have as before 

A b* + B 0* AC* 

006 b — b X 

2 A b X B ^ 

or employing the small letters to represent the sides opposite the angles 
which are expressed by the large letters of the same name 

a« + c» — 6« 

cos B— B 

2 ac 

That IB to say, the eanne of either angle of a triangle it equal to the 
sum cf t?ie squares of the two sides which contain it, minus the square q^ 
the side opposite, divided by twice the rectangle of the containing sides. 

Let us apply this formula to an 

BZAMPLB. 

Suppose the three sides of a triangular plat of ground are to be 50, 
60, and 70 yards, under what angle must the first two be laid out f 

. ^ , 2600 4- 3600 — 4000 , 

cos reqmred anirle «— » b X ■" i 

^ ^ 2X60X60 • 

if we make b «— i ; hence \ or *20000 is the nat cosine of the angle 
required. This angle will be (bund from the table of sines and cosines, 
to be 780 27' 47" * 

This case might also be solved with the table of log. sines, d^c, by sub- 
tracting the log. of the whole denominator from that of the whole nume- 
rator, and adding 10 the log. of r, or adding at once the arith. comp. of 
the denominator, the logs, of the numerator and k, rejecting 10 from the 
sum ; in either case the result would be log. cosine of the angle required. 
The solution is left as an exercise for the student 

70. We now proceed to demonstrate some formulas which express rela- 
tions between the difierent trigonometrical lines of the same arc, and 

* The seconds are found as follows : Take the difference between the two cosines 
next greater and next leee than yours, and also the difierence between yours ^and the 
next greater, multiply the latter difference by 60 and divide the product by the former 
difierence ; the quotient will be the seconds sought. The reason appears from the 
following proportion. 

difT of cosines. diflf. of numbers. diff. of cosines. diff. of numben. 

in the tab. 60" yours and the tab. : seconds required. 
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between the trigonometrical lines of two different arcs. They are intro- 
duced here because necessary for the solution of the few cases of plane 
triangles which remain. We shall first derive formulas by means of 
which, when the sines and cosines of two arcs are known, the sine and 
cosine of their sum or difference may be found. Thus if the sine and 
cosine of 30°, and also those of 20° be given, those of 50° — 30o -f 20o 
or of lOo — 30° — 20° may be found. 

Let A Ma»a in the diagram 
be one of the given arcs, and 
BM— s6, be the other. Then 
M p — s sin a, B I a- sin 6, since 
it 18 the perpendicular let fall 
from one extremity of the arc 6, 
upon the radius which passes 
through the other extremity, 
c p HBCOB a and o i the distance 
from the foot of the sine to the 
oentre b-bco6 6. ab-bam + 

M Bmmaa + b, B E «» siu (tt -|- 5) 

and E c — bcos (a + b). 
In the triangle o k i we have (Art 64, IV.) 




OR 



I K = sin c X I 

B L —B sin a 006 ft 
and in the triangle b i l (Art 64, V.) 



0) 



B Lbbb b I COS B 



or since b ^bs c their sides being respectively perpendicular 

BL — sin 6 cos a (2) 

Adding equations (1) and (2) and observing that b l + b l— b b 
■Msin A B we have 

sin (a + 6)B«sin a cos 6 4-sin ft cos a (3) 

The second member must be understood to be divided by r-* 1, for a 

fine cannot be equal to the sum of two surfaces (See Art. 64, IX.). 
Formula (3) is read thus : the sine of the sum of any two arcs is equal to 

the sine vf the first into the cosine of the second plus the sine of the second 

into the cosine of the first, divided by radius. 

Again, 

K=»cos,c X i=»coe a cos ft (4) 

B K -aa I L a- sin B X B I *— sin a sin ft (5) 
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Subtracting (5) from (4), and observing tliat ok — ■Kr=oBssoot 
A B (Art 24)y we have 

ooB (a + ^) = COB a ooB 6 — ain a sin 5 (6) 

The second member of (6) must be understood to be divided by r (h* 
the first member to be multiplied bj r to produce homogeneity. 

Formula (6) is read thus : tfie cosine of the turn of any two are$ is 
equal to the rectangle of their cosines minus the rectangle of their sines 
divided ly raditu. 

In formula (3) let a = 60^ and 6 = 20^ then by the fint 

^ sin 60O cos 20° + sin 20° cos 60<^ 

sin 80^ = — r-ri; -r r 

1 or 10' as the case may be 

Performing the operations by the aid of logarithms 

log. sm 60° = 9,93'r53 

log. 008 20° = 9,97299 

log. sin 20° = 9.63405 

log. cos 60° 9-69897 9-91062* log. of •81380 

9-26302 log. of -17101 

sin 80° = -98481 
By formula (6) 

cos 60° cos 20° — sin 60° sin 20 



cos 80° = 



1 or 10*" or whatever r may be f 



We shall derive expressions for sin (a — 5) and cos (a — h) or the sine 
and cosine of the difference of two arcs in terms of the arcs themselves, 
by making, in the formulas just derived, for sin (a +b) and cos (a +6) ; 
6 = — 6, observing that cos ( — 6) = cos 6 and sin ( — ^) = — sin 6 
(Art 27). By this substitution there results 

* From each of the logs. 9*91052 and 9*25302, 10 must be rejected in order to 
pass from the table of logarithmic sines, &,c., in which the radius is 10000000000. 
the logarithm of which is 10, to the table of natural sines, Slc., in which the radius 
is 1. The characteristics of these logarithms would thus become 1, but they may be 
read so as they stand according to Art. 54, Ex. 2. 

t The student may develope this as an cxorci£«, and compare the result with cob 
80^ as given by the table of natural sines and cosines. 
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nn (a — b) = Bm a ca&b — sin 6 cos a (1) 

Mid 

008 (ao^6) = ooe a ooB & + sin a flin 6 (8) 

r 

EXERCISES. 

Find the sine of 57o from mn of 15^ a •25883, and coss •9659Z, and sin 
430 a •66913, and cosine =z •74314. 

find the cosine of 9^ from sine and cosine of 24^ s •40674 and •91355 and sine 
and codne 15^ a •25882 and ^96593. 

These four foimulas for the sine and cosine of the sum and differ- 
ence of two arcs should be committed to memory, as they are constantly 
recurring in trigonometry, and in the higher analysis. .. The four may be 
expressed in two by the use of the double sign, thus 

sin (a +6) = sin a cos 6 ± sin 6 cos a 

cos (a + 6) = cos a cos 6 :{p sin a sin 6 

1l. From formula (3) sin (a-f 5) = Ac, we derive one much used 
in the higher analysis for expressing twice an arc in terms of the arc 
itself, by simply making b =a the result is 

sin 2a = 2 sin a cos a (1) 

the two terms of the second member becoming the same. 

We also get an analogous expression for the cosine of twice an arc by 
making 6 = a in formula (6) of the last article cos (a + 6) = &Q. This 
expression is 

cos 2 a = cos* a — sin* a (2) 

Thus knowing the sine and cosine of 20^, these last two formulas would 
give us the sine and cosine of 40°. 

These two formulas may be modified so as to express the sine and 
oosine of an arc in terms of half the arc, under which last form they are 
much used. This is accomplished by making 0=^0, which is legiti- 
mate, since a is supposed to have no particular value ; then 2 a becomes a 
and we have from (1) 

sin a = 2 sin ^ a cos ^ a (8) 

and from (2) 

cos a = cos* ^ a — sin* ^ a (4) 
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8XBR0IBX8. 

Find the ime of 39^ from the ime and codne of 16^, the foimer being •37564 
and the latter •96126. Find alao the coMne of 33^ from the same data. 

Mote. — This last is best done by obaeiring that the product of the sum and diflbr- 
ence is equal to the difierence of the squares. 

72. By means of this last, and a very simple formula depending upon 
the well-known property of the right angled triangle, that the square of 
the hypothenuse jb equal to the sum of the squares of the other two 
sides, a formula expressing the value of the sine of half an arc in terms 
of the arc itself may be obtained. 

The formula depending upon the property €^ the r^ht angled trian^e, 
will be found by referring to the last diagram, in which the triangle o p m 
is right angled at p, whence (Geom. Th. 26). 

o p* + P M* = o M* 
or calling a m ^ a 

cos' i a -f sm' i a = r' (5) 

Introducing b into equation (4) according to the rule for homogendty 
at Art 31, and changing the order of the members it becomes 

cos* i a — sin* •)■ a = r cos a (6) 

Subtracting (6) from (5) we have 

2 sin* io = R* — Rcosa 

IKviding by 2 and taking the square root of both members of this last 
equation, we have the formula required, 

sin i a = ViK^ — ^Kco^a C^) 

making r = 1 

8inia = ^/^_^ cos a (8) 

73. We resume the solution of triangles, having now a formula, by 
means of which we shall be able to derive an expression for one of the 
angles of a triangle in terms of the three sides ; an expression which will 
be found much more convenient for the application of logarithms than 
that contained in Art 69. 

By Art 69, making r = 1 

a* + c*-ft* ... 

OOBB = \ (Ij 

2ac 
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pnttiiig B in the place of a in the formula for sin ^ a (formula (8) of the 
last article) we have 

Bill i B = ^i—i C08B 

anbBtitating for cos b in this, its value in (1), we have 



• a* + e* — b' 
8iniB= Vi-i 2~a"^ 



reducing the terms under the radical to a common denominator, there 
reaulta 



sin 



^ /2a c — a^—c^ + b* 

iB= V 7 ^^- 

* 4 a c 



but (Alg. Art. 13, Note 2) 

2 ac — a" — c* = — (a — c)* 
hence 



^ /b* — (a — cy 

sin i B = V T- - 

4 a c 



but the difference of the squares of two quantities is equal to the product 
of their sum and difference (Alg. Art 13, Note 2), hence 

b'' — {a — cy=z{b + a — c){b — a + e) 

substituting the second member of this in place of the first in the pre- 
ceding equation, and separating the 4 of the denominator into two factors 
2 X 2, we have 

1(6 + a — c) {b -{- c — a) 
^ ^ 
a c 
but 

h-^-a — e b + a-{-c ,^ + c — ® b + e + a 

z= c and — —T = T a 

2 2 2 2 

representing b -{- a-\'CihQ sum of the three sides of the triangle by 4, 
the second members of the two last equalities become 

i 8 — c and J 8 — a 
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substituting these for their equals in the preceding equation it beoomet 



iniB— y/IIiEHZES (2) 



the formula sought* 

As the angles have each the same relations to the coi responding sides 
of a triangle, the same formula by a proper modification will furnish the 
values of the angles a and c. 

It may be expressed in ordinary language thus, the sine of half either 
tmgle of a triofngU is equal to radius into ih^ square root of haXf ike 
sum of the thfee sides minus one of the adjacent sides, into half the sum 
minus the other adjacent side, divided by the rectangle of the adjacent 
sides. 

To apply this to an 



EXAMPLE. 



Let there be three places at distances from each other respectively of 50, 
60, and 70 miles. Required the angle under which two roads must depart 
from that which is 60 and 70 distant from the other two, in the direction 
of these last. 60 and 70 will be the sides of a triangle adjacent the 
required angle, and 50 the side opposite ; then 



sin i the angle = r ^ / (i^—'^^) (h ^ — 60) 



60 X 70 

X5 = l!2 = 90,i« — 70=20 
2 

and^* — 60 = 30 

log. of 20— 1-30103 

log. of 30 — 1 -47712 

ar. comp. of log. of 60 =-= 8*22185 

ar. comp. of log. of 70 — 8*15490 

sum rejecting twice 10=a 1*15490 
Divide this sum by 2 for y/, quot — — 0*5 + *07745 
Add 10 to multiply by r sum — 9*57745 — log. sin of ^ the required 
angie. 

* Radius most be underBtood as a factor of the second member for the sake of 
homogeneity, since the quantity under the radical is the ratio of a sur&ce to a sor- 
fiuie, and therefore an abstract number. 
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From the tables we find ^ the angle to be 22^ 12' 28". 
The whole angle required will be double this or 

44° 24' 66" 

The other two angles may be found in a similar manner ; the one is 
07° 01' 18", the other 78° 21' 40". 

If R in the above formula should be made to pass (by squaring it) under 
the radical sign, it would be necessary to add twice 10 in order to effect 
the multiplication by this &ctor r* before taking the square root But as 
on the other hand twice 10 must be rejected for the arithmetical comple- 
ments used, these two operations exactly counterbalance each other, and 
neither of them need be performed. By adding together the four loga- 
rithms, therefore, and dividing by 2, the same result will be obtained. The 
operation in the above example would be as follows : 

log. of 20=- 1*30103 

log. of 30 — 1-4Y712 
ar. comp. of log. of 60 = 8*22185 
ar. comp. of log. of 70 = 8*15490 

2 )19*15490 
log. sin. of 22° 12' 28"= 9*57745 

The best mode of proceeding in the solution of a plane triangle when 
three sides are given, Is to prepare a blank form similar to that on p. 58, 
by ruling four columns, the first for the arguments, and each of the other 
three for the trigonometrical functions of those arguments necessary to be 
employed in the calculation of one of the three angles. Thus, 
a, 6, c, denoting the given sides, s their sum, and a, b, c the required angles, 



Colimm of ArgnOMOta. 


Colnmn for calculation uf a. 


Colnmn for ealcnlatioa of B. 


Column for ealcoUtion of c 


a 
b 
e 

t 

i* 

it-a 
J.-6 
i*-e 


ar. CO. log. 
ar. CO. log. 

log. 
log. 


ar. CO. log. 
ar. CO. log. 

log. 
log. 


ar. CO log. 
ar. CO. log. 

log. 
log. 




2) 
log. am 




i* 


2) 






log. sin 


2) 

log. SID 
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To show how this form is filled up take tlio following example. 
Given a — 33, 6 — 42»6, c — 53»6, roquiri'd A, B, c. 



Goluna of ArgoBMBti. 



i 



33 

42*6 

53*6 
129.2 

64*6 
• a 31*6 
6 33 
e 11 



i A 180 59' 56"-5 
iB26oi8'53".3 
4 c 440 41' 10" 



Colaam far caleolalinn of a. 



ur.co.log. 8-3705904 
ar. CO. log. 8*3708352 



log. 1-3434337 
log. 1*0413937 



3 )19'035241p 
log. Bin 9*5136305 



ColuDn &C ealealalioii of ». 



ar.co.log. 8*4814861 
ar.co.log. 8*3708353 



log. 1*4996871 
log. 1-0413937 



Colamn fi>r eakolatka of c. 



ar. CO. log. 8*4814861 
ar. CO. log. 8*3705904 



log. 1*4996871 
log. 1*3434337 



3)19*3934011 



log. am. 9-6467005 



2) 19*6941863 
log. sin 9*8470931 



A — 3Y° 69' 53", B — 620 37' 46"-6, c— 89** 22' 20". 

There are other forms which have some advantages over the above, and which mmj 
be derived in an analogous manner. They are as follows. 



3» , 

6c 



COB ^ 






-c)t 



tan 



Ja = rV ^9 {is — a) 



rs) 



W 



W 



The Btadeot may write the blank forms for these formulas as an exercise. 



SZAXTLES. 



1. Given in a plane triangle the three sides 130, 113*65, and 113, to find the three 

angles. 

^ 570 27' 

Ant. ) 570 58' 39" 
( 640 34' 31" 

• Derived from (5) and (6) of Art. 73, and (1) of Art 73. A convenient form. 

t By dividing the formula sm ^ a = v^J — ^ cos a by the formula cos ^ a =s 

sin A 

V i + i cos A is found tan ^ a =: j"t \ fro™ which (4) above may.be derived ; 

or at once dividing (3) by (4). In a similar manner may be found cot ^ a = 

r^^^^. »c J .= ^/I^Z. «id co.ec i « = v/i^Z. 
1 — CO.. V ,eoo+l V »ca— 1 
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8. GiTeo a s 6876, h =m 4331, e =i 8913*24, to find ▲, b, and c. 



A= 48^2442" 
i4iM.<Bs 27 24 6 
c s 104 11 18 



-\ 



74. Before treating of the only remaining case in the solntion of tri- 
angles, it will be convenient to demonstrate some additional general for- 
mulas which shall present certain important relations of the trigonometrical 
lines of two different arcs ; which formulas are of frequent use in the 
higher analysis, are employed in the subsequent parts of the work, and 
will be immediately of ser\nce in deriving a formula for the last case of 
plane trigonometry which we have to consider. 

Add together equations (3) and (7) of (Art 70) which express the 
values of sin (a + b) and sin {a — b) and the resulting equation, cancel- 
ling the second terms of the second members which are similar with con- 
trary signs, is 

sin (a+b) + sin (a — 6) => 2 sin a cos b (l) 

make 

a + 6 — jp and a — 6 — g 

add these last two equations ; there results 

2a'=Bp + q whence C''^i {p + g) 

subtracting the same equation, the second from the first, 

26«BjE> — q whence 6 — -J- (^ — q) 

substituting in equation (1) the values of a + b^a — 6, a and b in terms 
of p and q^ that equation becomes 

sin 7? -f- sin ^ •— 2 sin -J- (/) + </) cos -J^ (p — g) * (2) 

Which may be translated into ordinary language thus : tke sum of the 
sines of two arcs is equal to twice the sine of half the sum into the cosine 
of half the difference of those arcs. 

By subtracting the latter of the same equations (3) and (7) of (Art 09) 
from the former, and reducing similar terms, there results 

sin {a+ b) — sin (a — 6) »- 2 sin & cos a (8) 

* R most be nnderatood either as a divisor of the second member or multiplier of the 
first, because th^simi of two lines cannot be equal to a rectangle* 
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making the same sabstitatioiiB as abofe la equatioa (1) this last eqnatioii 
becomes 

mnp — sin 9 —i 2 sin •)• (^ — ?) «» -J- (^ + 5^) (4) 

or, the difference of ike dnet (/ two arcs it equal to twice the eime of half 
their dijfferenee into the eoeine nf half their eumJ' 
Divide equation (2) by eqnatioo (4) 



bat 



sin /? -H sin q 
sinjE? — sin q 



sin i(;? + g)coei(j>— rt /^v 
cos i (/> + ?) sin J (/>—sr) 



sin "J- ( p + 7^ 



sm 

cos 

oi inverting this last 



ini(p — y) . lp—q\ 



sin iip^q) tani(/? — g) 



substituting m (6) the values of "^t^^t^! a^^ ^H^ — ?) 

cos ^ ( j9 4- gf) sin ^ ( jt? — j) 

the equation becomes 

sinp + sin g ^^ tan ^ (/? + y) /^v 

8in/> — sin^ tan i(p~q) 

which may be expressed in a proportion thus : the mm cf the sines qf any 
tvH) arcs is to the difference of their sines as the tangent of half their sum 
is to the tangent of half their difference, 

JL 

75. Let A B o be any triangle ; 

then (Art. 67) 

a:6::sinA:sinB 

or by composition, (Alg. Art 188, 
IX., Geom. Theorem 47), B 

o + ft : a — b : : sin A + sin B : sin a — sin b 
* Tbs MBM Miiiafk applies to this foim ss to (9). 
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but by equation (6) Art 74. 



sin A -H sin B : sin ▲ — sin b : : tan ^ (a -f- b) : tan -J^ (a — b) 



benoe, 



a + b :a — 6::tan^(A + B):tan^(A — b) 



That is to say, the sum of two of the tides ofapkme triangle is to their 
difference as the tangent of half the sum of the opposite angles is to the 
tangent of half their difference, 

76 This proportion is employed when two sides and the included angle of 
a triangle are given to find the other parts. Since the three angles of 
every triangle are together equal to two right angles or 180o, subtracting 
the given included angle from 180^, the remainder is the sum of the two 
angles opposite the given sid^ ; then substituting for a and h in the above 
proportion the two given sides, three terms of it are known and the fourth 
may be found. After which, having half the sum and half the difference 
of the unknown angles, these angles themselves can be found by adding 
half the sum to half tlie difference for the greater, and subtracting half 
the difference from half the sum from the lesser ; when all the parts of 
the triangle will be known, except one side, which may be found by the 
proportion the sines of the angles are as the opposite sides. (Art. 67.) 



EXAMPLE. 

An observer wishing to know the length of 
a small lake, measured two lines from the same 
point to the two extremities of the lake, which 
he found to be re^ctively 153 and 137 
yards ; he also observed with an instrument for 
taking angles the angle subtended from this 
point by the lake to be 40^ 33' 12". 
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SOLUTION. 
L 

To find the two other anglet. 
As sum of the given sides 290 »- arith. 

oomp. of log.-** I'bSlOO 

: diff. of the sides 16 — log.-* 1*20412 

: : tan of ^ sum op. angs. — ^ ( 1 80 — 

40° 33' 12") = 69° 43' 24" — 

log.-* 10»48246 

: tan of ^ diff. of op. angs. log. of 

which is sum rejec 10 — 9*17417 — log. tan 8° 29' 87 

Add and suht with i sum of angs. 69° 43' 24 



// 
// 



sum — > greater angle 78o 13' 1" 
di$^ — lesser angle 61° IS' 47" 



II. 



To find the remaining 9ide,\ 

As sin 78° 13' 1" — arith comp. log.-* 0*00925 

: opp. side 153t — Ic^.-* 2*18469 

: : sin 40° 33' 12 ' — log.-* 9*81302 

: side opp. 40° 30' 12" — 

log.-* sum rejec 10 =- 2*00696 log of 101*616. 
The length of the lake is 101*616 yards. 
The blank form for this case would be as follows : 



a 




log. 


h 


ar. CO log. 




a^h 




a — * 


log. 




c 




log. Bin 


A-T-B 






4(A+B) 


log. tan 




i(A-B) 


log. tan 




▲ 




ar. CO. log. Bin 


B 






C 


log. 



* This notation " log.-i" signifies the number tohote log. is. 

t A more direct mode of finding this side when it is the only part required, is given 
at Art. 77. 

t 153 is known to be the side opposite 78^ 13' 1'' because the greater angle of a 
triangle is always opposite the greater eide. (Geom. Theorem 9.) 
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The same form filled up with the given example above is ^ven below. 



a 153 
6 137 

a + 6 290 

a — 6 16 

c 40C 33' 12" 

A + B 1390 26' 48" 
i(A + B) 690 43' 24" 
i(A — B) 80 29'37" 

A 780 13' 1" 
B 160 13' 47" 
e 101*616 



ar. CO. log. 7.53760 
log. 1-20412 



log. tan 10*43245* 
log. tan 9*17417 



log. 2«18469 



log. Bin 9*81302 



ar. CO. log. sin 0*00925 



log. 2*00696 



77. GiTCQ two sides and the incladed angle of a plane triangle to determine the 
thiid side, without finding the remaining angles. 

The general expression for the side c, in terms of the two sides a, b, and the 
included angle c, is (Art. 69) on the supposition of r » 1, 

c* SB a« + 6« — 2 ab cos c 
= (a_6)« + 2 ab (1 — cos c) 
= (0 — *)*+2c6*2sin«ic 



( ^ (a — 6)« S 



(1) 



Assume the second term within the brackets equal to tan *B, then, since 1 -^ tan *9 
1 



■Bsec'tfss 



cos »tf* 



we have 



c = (a — i) 



rad 
cos B 



(9) 



Hence e is determined by these two formulas, viz., 



log. tan 9 = log. 2 4- i log. a -f- ^ log. 6 -f- log. sin ^ c — log (a — b) 
log. e = log. (fl — 6) -4" 10 — log. cos B.f 

* Log. cot ^ c might be used instead of log. tan | (a -|- b) since 180^ — c sa 
A 4- B and .-. 90O — ^ c =s ^ (a + b) and tan (90^ — | c) =s cot i c. But nothing 
would be gained, since i (a -4* b) must be employed to add and subtract with 
iU-B) 

t When b is nearly equal to a, the following formulas will give e with greater 
exactness. For demonstration see App. I. Art. 23. 

sin f ss cos 1^ (3) 



a+b 

c s (a -4* ^) cos f 
6 



(4) 
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Oi?«n «■■ 56a, 6 adSO, and c a 138o 4', to find «. 

log. 3 (h30103 

i log. 563 1*37487 

) log. 330 1'35357 

log. IUI640 3' 9*95378 

w. eomp. log. 343 7-61618 log. 348 +10 

log. Un B 

log. e 800*01 



10^843 .-. log. cof ■■ 9.48079 



3*90310 



Gifea • 5891, b 4563*34, c 30^ 30' 10"*3 to find the other parts of the tiiin^ 

An». A 990 57' 5"*35, b 49^ 43' 44*45, e 3030*833. 



Given a 40o 55' 31", h 83*35, e 100, to find a. 



Ant. • 65*9574. 



Tbis case of the solution of a triangle oombined with that exhibited at 
Art. 67, serves to determine the horizontal distance between two ii 
ble objects. 

Let the distance between two towns which are in sight be required. 

Measure a hne upon the 
ground (which is called the base 
line) of 2 miles. Take tlie 
angles at each extremity formed 
by this base line and a line to 
each of the towns. Two tri- 
angles will be formed, in each 
of which a side, viz. the base 
liuc, and two adjacent angles 
will be given. Let the angles 
in the triangle of which the 
upper town is the vertex be 
159° and 14°; and those in 
that of which the lower town is 
the vertex be 25° and 149° 
Calculate the distance from one 
extremity of the base line, say 
the upper extremity, to each of 
the towns, as in Art. 67. Then 
you will know two sides of a triangle the third ride of which is the dia- 
tance between the towns required. 
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The indaded angle between these two sides is 169^ — 26^ — 134<>. 
' Having then two sides and the included angle, the Mnainder of the 
solution is the same as in the last case. 
We ieav« it as an exerdse for the learner. Ans. 18*08 milea. 



msciLLAnoui bzamtlu. 
(I.) FVom the eqoation nii< a + 5 cos* a ■■ 3 to find the Taloe of sin a. 



An». mskm 



(3.) If Bii> « as m 001 «— R to deCeimine cos a. 



Am. cos a bs — h^dny/ \^ + n + 1. 
(3.) Ghren iuiasam8in&, tanasntanftto find sin a and cos 6. 

An». sin ii-^/^lE^coe6= »^/IlH^ 

(4.) ProTC iin {a'^h'\'e) t^wx a tas h cos e-f-sin 6 cos a cos e-f-ain c 
eoa « COB h — sinasinftBine. 
(5.) Given tan* a 4* 4 sin- a s= 6 to find a. 

AnM. aa60o. 

(6.) Sin a a sin 2a to find sin a. 

ilnt. sin a s= \/ — 

(7.) Given the base of a triangle 87*75, the vertical angle 73^ 20', and the dif- 
fiarance of the angles at the base 13^ 4^ to find the other parts. 

' } 79-2194, 66.7721. 
(8.) Given the base 117*3, the vertical angle 19^ 18', and the ratio of the other 
two sides 8 : 11 to solve the triangle. 

Aw, 1230 13' 23«"7, 37© 28' 36"-3, 215*94, 296*89. 
(9.) Find into what two parts the perpendicular from the vertex of the angle c, 
divides the side c of a triangle when a = 33^, c t= 75^, and a ss 2134. 

Am, 3125*2 and 659*44. 
(10.) The side of a regular polygon of 41 sides is 0*736. What is the ratio of the 

radii of the inscribed and circumscribed circles 7 

Am, •99708. 

(11.) Find the extent of the circle of vision, viz. the arc to, firom the 
top of a mountain m, whose height is 5460 ieet, supposing the radius 3^ 
of the earth to be 3956*1 miles. 

Am. 91 miles, 1558*88 feet. 
(12.) When the sun's altitude is 19^ 16', the peak of a mountain 
casts its shadow at a certain point, and at another point when the sun's altitude is 
20^ 42', distant from the former point 937 ft Now supposing the sun to be vertical 
on the top of the mountain at nooo, what is its heightt 

Am, 4369.1 ft. 
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(13.) Two foieee, one of 410, the other of 320 poundi, act under in angle of Sl^^ 

37', required the direction and intensity of their resultant.* 

f The resultant makes an angle of 29^ 13' 46"*7, with 

Am. } the less force, and 32o 33' 13"*3 with the greater. 

( Intensity 702*39838 pounds. 

(14.) From the edge of a ditch, the width of which was 36 feet, the angle of 

elevation to the top of an opposite wall was 62^ 40' ; to find the height of the wall 

and the length of a ladder which would reach obliquely across the ditch to the top 

of the wall 

^^ ( Height of waU, e9«64. 

' i Ladder, 78*4 feet. 
(15.) To find the length of a shoar, which, projecting 11 feet from the perpendicu> 
lar face of a building, will support a jamb 23 feet 10 inches above the ground t 

Ana. 26 feet 3 mehes. | 

(16.) Suppose that a ladder, 40 feet long, will reach a window 33 feet from the 

ground on one side of a street, and on being turned over, without moving the foot, it 

will reach a window 21 feet high on the other aide ; to find the breadth of the street ? 

Ana. 56*649 feet. 
(17.) A liberty-pole whose top was broken off strikes the ground at 15 feet dis- 
tance from the foot of the pole ; to find the height of the whole if the broken piaoe 

measures 39 feet in length 7 

Ana, 75 feet 

(18.) At 170 feet distance from the bottom of a tower> suppose the angle of eleva- 
tion to be 52^ 30' ; to find the altitude of the tower 1 

Ana. 221 feet. 

(19.) From the top of a tower by the sea-shore, 143 feet high, the angle of depres- 
sion of a ship was observed to be 35^ ; to find the distance of the ship fi-om the bot- 
tom of the tower 1 

Ana. 204*22 feet 

(20.) To find the height of a hill, the angle of elevation at the bottom being 46^, 

and 200 yards distant from the bottom 31^ 7 

Ana. 286*28 yards. 

(21.) To find the height and distance of an inaccessible tower, on a horizontal 

plane, the angle of elevation being 58^, and at a point 300 feet more di£tant, the 

angle being only 32^ 7 

^^ ( Height, 307*53. 

' ) Distance, 192*15. 

(22.) To find the height of a tower on the top of an inaccessible hill, the angle 

of elevation to the top of the hill being 40<^, the top of the tower 51<^, and 200 feet 

further back the angle to the top of the tower being 33° 45' 7 

Ana. 93*33148 feet. 

(23.) From a window on a level with the bottom of a steeple, the angle of eleva- 
tion of the top of the steeple being 40<^ ; and from another window, 18 feet directly 
above the former, the angle was 37^ 30 ' ; to find the height and distance of the steeple 7 

^^ { Height, 210*44. 
' i Distance, 250*79. 

* The resultant of two forces is a single force equivalent to them, and is the dia- 
gonal of a parallelogram of which the two forces given are sides. 
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(94.) A balloon being directly OTer one of two towns whose distance apart was 8 

nuHes, the angle of depression of the second was obsenred to be KP. Required the 

height of the balloon ? 

An». 1*41 of a mile. 

(25.) The horizontal angles were observed from each of two stations, 3000 feet 
apart, by first sighting to the other station, and then to a balloon, and the angle of 
elevation at one, as follows : 

ist StaUon. \ «°'- "^'O' "o 35' ) ^i 64° 30' 

( Angle of elev. 18° ^ t 

Required the height and horizontal distance of the balloon from the first station. 

^^ i Distance, 4205 feet. 
' ( Height, 1366 feet. 

(26.) Two vesseb of war anxious to cannonade a fort, are so remote from it that 
their guns cannot reach it with effect. In order to find the distance they move a 
quarter of a mile apart, then each vessel observes and measures the angles which the 
other and the fort subtend; the angles being 83^ 45', and 85^ 15', required the dis- 
tance between each vessel and the fort 7 

An., \ 2292-26 ^^ 
I 2298-05 

(27.) Wishing to know the distance to an object on the other side of a river, I 
measured a base line of 400 feet in a right line by the side of the river, and found 
that the two angles, one at each end of this line, subtended by the other end and the 
object, were 68^ 2' and 73<^ 15'. Required the distance between each station and 
the object 7 

( 612*38 
(28.) WanUng to know the breadth of a river, I measured a base line of 500 feet 
in a right line close by its bank ; the angles subtended by lines connecting each 
extremity of this line and an object on the opposite bank, were 53^ and 79^ 12'. 
Required the perpendicular breadth of the river ? 

Afu, 529*48 feet. 

(29.) Suppose it be required to find the distance between two headlands, measure 
from each of them to any point inland, and supposing the distances respectively 
to be 735 feet and 840 feet, also the horizontal angle subtended between these two 
lines to be 55^ 40', what was the required distance 7 

Atu. 741*2 feet. 

(30.) Wishing to know the distance between a church and tower, situated at a 
distance on the other side of a river, I measured a base line along the side where I 
was, of 600 feet, and at each end of it took the angles subtended by the other end 
and the church and tower ; at one end the angles were 58^ 20' and 95^ 20', and at 
the other end the angles were 53^ 30', apd 98^ 45'. Required the distance 1 

An: 959*5866 feet 

(31.) To determine the intensity and direction of a force which, combined with 
another force expressed by 128, shall produce a resultant of 200, which shall make 
an angle with the direction of the given force of 18^ 24'. 

Ans, Intensity, 88*32714. Angle> 27^ 13' 16"*6. 
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(39.) To dateniiine the foroe with which a body weighing 5|6 pomdi maivMdowB 
a plane inelined to the hoinoa under an angle of 14^' 10'.* 

ilM. 196-988 tt& 
(39.) The angle of incidence of a ray of light falling upon a Bariaoe being 46^* 
and the angle of lefraotion bemg 35^ 11', to find the index of refraction. 

Nor. — ^The index of lefraetioa is the ratio of the ihie of the angle of im^ 
denee to the one of the angle of refraction. 

Jn9. •%. 

^ The foroe down an inelined plane if to the feree of gnTitjrt •■ the hdffiA of 1km 
plane is to tta length. 
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^^^^^/'^^^^^^>^^*^^^^0» 



1. W« hxn pottponed to diiB place the kfwitigRtioii of a few fbmnilaB nqainlo 
for tha etndy of Analytical Goometiy, with other matters of interest 
By resmBingthe ezpnarion for the tangent (Art. 39), and patting m^h int a, w 



sin (a ± 6) 
^(•^*)-coe(a±6) 
Bothy Art 70 

flin (a ± 6) SB sin a cos 6 ^ cos « sin 6 

and 

cos (a ± 6) ss cos a cos 6 ^ sin a sin ( 

aofastitating these valnes the first equation beoomea 

(sin a cos 6 ^ sin 6 eos a) 

tan To -t 6) =3 , — , . : — r~ 

^ -= ' cos a cos 6 7 am a sm 

dhriBng both numerator and denominator of the aeoond member of this equation by 
«oa a cos iipaiiava 



(sin a , sin j\ 
cos a cos 6/ 
tan (a :t ^) « — 



I ^sin a sin 6 
eos a cost 

adbstituting for — and ?^ their values (Art 32) tan a and tan 6, the last ezprea- 

oos a cos6 

sion becomes 

A t I L\ (t<u> a ^ tan 6) 

tan (o +6) = 2 = L ,•. 

1 :?: tan o tan 6 0) 

i. e., f As fangsnt o/ f A« sum w diference of two are* is equal to rad, tquare mto 
f As mim or diference of their tangents divided 6y rod. tquare minue or plus the 
rectangle of their tangents,* 



* The mode in which ft* antaa ia denred firom the prinaiple of homogeneity. 
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If a represent the tangent of « and a' the tangent of a', thoD 



tin ( •— «0 



! + ««' • 
Using the npper linea and making 6 sa a in equation (1), we have 

. A Stan a ^ 
tan 5{a a ♦ 

1 — tan*a 



w 



Tan 3a, tan 4a, 6lg., may be found by making 6 auccesBiTely equal to 2a, 3a, &«. 



Prove tan (a -f- & 4* 0= 



tana-{-tanft«-^tanc — tanatanfttane 
I — tanatan6 — tanatane — tan6 taae 



2. The sine and cosine of 45^ are equal, since the oomplement of 45^ is 45^. 
These two lines fonn two sides of a right-angled triangle of which radius is the 
hypotiienuse. 

.-. 8in450sscos450BJL a 4 ns/S 

3. The nne of ^ an tare it equal to ^ the chord of the ore. 

For let mr be the arc ; draw the diame- 
ter Bk perpendicular to the chord mn of 
this arc ; this perpendicular bisects the 
chord, and also the arc subtended by it 
(Geom. Theorem 34), but mp half the 
chord is the sine of ha half the arc, since -g 

MT is a perpendicular from one extremity 
M to the diameter which passes through 
the other extremity a. 

Corollary.— The chord of 60°, or } of 

the circumference, which is the side of the 

regular hexagon, is equal to R (Geom. 

Prob. 31), hence the sine of 30^ is equal 

to ^ K. 

Again, 

cos 30O = ^ji _ gi^, 3QO 

^ 2 
8in30o 




Alao, 



tan30o 



cos30o 
1 



V3 



eot30o 



tan 30O 
* The fonn employed in Analytical Geometry. 
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4. Re&RJng to Ait. 33, it will be observed that . 



COS 



but. 



cos 60O = dn 30O ss I r. 



eoo -3 ** = 2 R =: ^Ae diameter of the eirele. 

iR 



To find the nmnerical yaloe of the sine, cosine, dLo. of 6(K^. 

sin 60O = cos (90o — 60O) 
B cos BOO 



Agiin, 



= ^, by last art. 
2 



cos 60O = sin (90^ — 60O) 
»8in30o 
_ 1 
*" 2 



Also, 



tan 60O = v^3 
cot 60O _ _i 

5. Making a = 45^ in equation (1) of Art. 1, App. I., we have 

1 :i: tan 6 

tan (46** ± 6) = • 

1 q= tan 6 

6. Our demonstration for the sine and cosine of the sum of two arcs at Art. 70, 
might seem to want generality, since the arcs a and 6 are there supposed to be less 
than 90^. That these arcs may extend to the other quadrants, can bo shown as 
follows: 

Let a = 90^ -J- m, then will the formula 

sin {a -{- b) = sin a cos 6 -|- sin 6 cos a (1) 

still be true, for substituting 90^ -|- m for a, we have sin (90^ -j" ''^ "t* ^) Jn the place 
of the first member, which is equal to cos (m -f- ^)t ; for the second member by the 
same substitution we have 

sin (90O ^m) cos 6 -f am 6 cos (90^ 4.111) 

• Tan 450 = cot 450 r= R = 1. 

t By referring to either of the diagrams in which a sine is drawn, it will be evident 
that sin (9(P •\'a), a being any arc less than a quadrant, is equal in length to on 
(9(P — a) ea cos a. Also that cos (90^ -)- a) =s — cos (90^ —a) aa^sin a. 
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bat an (SO^^ -^ m) a coe m and eo« (90^ -(- m) ■■ — cui m, kaaei ^qutdmk (1) 
becomes 

COS (1114-&) a COB meet 6 — an M fill h 

which, linoe m and 6 are leas than 90<^, we know to be true, by Art. 70 ; henee 
(1), from which it is derived, k true alto. 

Aflsumiog (1) to be true with a ^ 90^, which we have joat proved, make h csSO^ 
-(-m, and in a similar manner the truth of the formula may be established on the 
supposition of both a and b ^ 90O. 

Afterwards make a = I8O0 -f m and obaenre that am (I8OO 4. m 4. 6) =sin 
m+b and cos (I8O0 4. m) =— oos m, aad yo« will show that liw fofmola «ztaiida 
to the third quadrant, and so oo. 

7. Not having been sufficiently advanced in the theory of tiigonometrieal lines to 
explain the constraction of the tables of sines, tangents, dtc, at Art. 38, the explana- 
tion is here given. 

The diameter of a circle be*ng multiplied by v^ 3*141 5926 the product is the 
length of its circumference ; this divided by 8G0 gives as the length of one degree, 
and this by 60 the length of one minute of the circumference. So small an arc as 
1' may be considered as equal to its sine, without sensible error. Having thus found 
the sine of 1' the sines of other arcs may be found by a formula which will now be 
deduced. 

To determine the eine of (n«-^ 1) a, tn term9 of na,(i^ — I) a mmd m 

By formulas (8) and (7) of Art. 70. 

sin (ft -(" ^) = ''^^^ <!<>* a -)- >in a cos ( (a) 

sin (6 — a) = sin 6 cos a — sin a cos 6 (6) 

Adding these two equations there results 
sin (6 4' <>) "h ^ (^ — a) =2 sin 6 cos a (g) 

Sobtracting sin (6 — a) from each member there remains 
mn (Jb^a) = 3 sin 6 cos a — sin (6 — a) 

Let bziizna, then the above becomes 

sin(n-(-l)0 = 2sinna cos a — sin (n — I) a (Q 

In the last expression let n = 1 ; then n-f-l3B2, n — l=rO 

.*. 8m3a = 2sinacosa — sinO , {m) 

= 2 sin a cos a the same result as in (|r)*if nas^. 

Let»ss3; then n-f 1=3, n — 1 = 1; 

and ain3a = 2Bin2a cos a — sin a 

= 2 X 2 sin a cos a X cosa— 8m« 

=5 4 sin a cos* a — sin a 

s= 4 sin a (1 — sin>a)—- sina 

:= 3 sin a •— 4 sin> a • (») 
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LeC»ss3; tbenn-{-la4, if 1«3; 
And by fonnuU (m) : 

8ui4as 2Xnn3«XooBa — tan Urn 

s= 2 (3 sin a — 4 nn^ a) cofl a — 2 sin a eos a 
^ (8 co0> a — 4 cos a) sin a. 

Continmng the same process, we find soeoessiyely sin 5 a, sin 6 a, dtc. 

2b determine the conns of {n -{- 1) a» tJi terme of na,{H — 1) a, and a. 

Bf fonnolas (6) and (8) of Art 70. 

cos (b + a) = cos b cos a — sin 6 an a (c) 

cos (6 — a) SB cos 6 cos a -|- sin 6 sin a (4) 

Adding these two equations, we have 
eos (b -{- a) -{- COB (b — a) = 2 cos 6 coe a 

Subtracting cos (6 — a) from each member there results 
cos (6 -|- o) = 2 cos 6 cos a — cos (b — a) 

If 6 SB n a, this becomes 

cos {n+ I) a s 2 cos n a coe a — eos (n — 1) a (•) 

ik the formula (o) let n as 1 ; .*. n -{- ^ = 3* *> — 1 sb ; 
Then, cos 2 a ss 2 cos a cos a — cos 

ss 2 COS* a — 1 

Let»»2, then n-f-l ss3, n— Is 1; 

and cos 3 a s 2 cos 2 a cos a — cos a 

= 2 (2 cos* a — 1) cos a — cos a 

= 4 GoS^ a — 3 cos a (p) 

Let n xs 3 ; then n4-l=>4, n— l=s2; 

and cos 4 a = 2 cos 3 a cos a — coe 2 a 

=5 2(4co8>a — 3 cos a) cos a — (2 cosi* a — 1) 
g- 8 co8< a — 8 COS* a + 1 

Continuing the same process, we may find, successiyely, coe 5 a, cos 6 a. See. 

Making a equal to 1' (m) becomes 

sin 2' rs 2 sin 1' cos 1' 



obser?ing that cos 1' s y/ I — 8in«T ' (Art 72) ; we have thus the value of the iiii 
2'. Firom (n) 

■in 3' » 3 sin l'^4ai]^ 1' 

and so on. The cosinee are calculated in the nine auuiB«r fixmi (o) or from the 

by the formula 

cos a ^ 1 — Stt?* 
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the tangents by the fonnnla (Art. 32)» 

B sin 

tans 

cos 

the cotangents by (Art 34), 

Ecoe 

sin 

It is manifest that by continuing the above processes the numerieal falues of the 
sines and cosines, &c., of all angles from 1' np to 90^ will be obtained. 

The above arithmetical operations are laborious. It is evident that ao error in the 
sine or cosine of the first arcs found will involve errors in the sines, cosines, &c. of all 
succeeding arcs. Hence the necessity of some check on the computation. For this 
purpose formulas are employed, called formulas of verification. 

Sin* a 4- cos* a = 1 
And 2 sin a cos a = sm 52 a 

Hence, sin a = J v'I + md 2 a ± iv'l — sin 3 a 

cos a=^ \^1 -f sin 2 a ^ i \/l — sin 2 a 
Now if we suppose a = 12 "^ 30' 

sin 120 30' = k V^l-fsin250± ^ v^l— Bin25o 

cos 120 30' = i v'l-f8in25^ q= i v/l— 8in25o 

If the values of the sine and cosine of 12^ 30', and of the sine of 25^ obtained by 
the method previously explained, when substituted in these equations, render the two 
members identical, the results are supposed correct. 

The values of the sine and cosine of 30^, 45^, 60^, &,c., may be used as fom.ilas 
of verification. 

The following is known as Eulefs formula of verification, which we give without 
demonstration. 

sin a -f sin (360 — a)-f sin (72© 4-0)= sin (36o + a) + sin (72^ — a) 
The following is Legendre's formula. 

cos a = sin (540 -f a) + sin (54° — a) — em (18° -f- c) — sm (IS© — a) 
To exemplify the latter, make a = 13^, then 

cos 130 = sin 670 + sin 410 — sin 31° — ain 5«> 

Subetitatixig for these their values from tab. nat. sines 

97436 = 92050 + 65606 — 51504 — 08716 
8. Tbb tbofOBp oosmes, &rO.» may be calculated by series. 
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2b develop ein z and eoe z in a eeriee containing the ascending powere of x, by the 

method of undetermined co-efficiente. 

The series for sin x must vanish when x ss 0, therefore it can contain no term 
independent of x, nor can the even powers of x enter into the series ; for sappose, 

Sinx = kX-\'BX*-\-CX^-\'DX*'{-EX^-\- 

sabstitute ( — x) for x and the above becomes 

sin (— *) «=B — A*-fBx2 — cap^ + D x* — b x* -f 
but sin ( — x)s3 — 8inje=« — ax — bx« — cx^ — dx* — bx» — 

.*. B BB — B. i> s= — D, &c., absurd unless b =s 0, d ss 0, &c. 
.*. sin X SB A x-|- cx3-|- E x»-fo x'4- (1) 

Again, the series for cos x must =s 1 when x = 0, its first term must be 1 ; and it 
can contain no uneven powers of x, for suppose 

cos X =l + AX-|-BX*4-Cx94-DX*-f 

then cos ( — x)= 1 — aj'-I-bx — cx^-j-Dx^ — 
but cos ( — x) = cos X 

= l-|-Ax-fBx«-fcx'» + Da:< + 

••• A = A, Cc= — C, .*. AasO, C»0 

.'. COS X = 1 -f B X'-' -|- D X* + (2) 

Adding and subtracting (1) and (2) 
cos x + sinx = l-|-Ax-|-Bx«-f-cx3-f-Dx<-f-Ex»+ (3) 

cos X — 8inx=l — AX + BX« — CX9-|-DX« — EX*+ W 

In equation (3) substituting x -f- A for x, it becomes 

cos (X -f A) -f Bin (X -h A) == 1 -f A (X + A) -f B (X -f A)« + c (X + A)» -f (5) 
but cos (x -{- h) -^^ sin (x -|~ A) = ^^^^ ^ ^os h — sin x sin A -f- ^ ^ cos A -f- cos x sin A 

s= cos A (cos X -|- sin ') H" <^'^ A (cos x — sin x) 
= (14-BA«-f dA<+ ) (l + Ax4-BX«-f 0X8+) 
-f (aA+cA3+E A»+ )(1-.AX + BX«— cx»4-) 
esl + AX+EX' + CXS +'^ 

+ A A — A«rA+ ABX«A+ I 

+ B A« + A B xA« + V r6) 



Comparing (5) and (6) we have 

l-fAX-fBX«-fCX3 -f 

+ A A-f 2bxA+3cx9A 




1 -f A X -f B X« +0X9 +^ 
+ aA AAXA+AB X«A I 

+ B A* + 3c xA« + ^ = + B A» + A B xA« + ^ 

+ cA5 — 

+ 



+ cA3 + 



and equating the coefficients of the terms containing the same powers of x h. 
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2b=: — A A ; .-. B:= -= 

3 1*2 

9 ABA' 

3C= AB C= = — 



1*2*3 



A A C , A< 

4d= — AG D = =-f- 



4 1«3*3*4 

c AD , A» 

5b= ad B=: --. = + 



5 • l*9-3*4-5 

A« A-* A* 

co8* = l -jr^^+ T2=3^''- 1.9*3^-5-6** + 
It remainf now to determine the Ttloe of a. For this purpose we hafe 

A» A» 

1»2*3 ' 1»2»3»4»5 



^^'l^-^T^'^+nsWs''"") 



If s be very small, the first member sin x = x and the terms in the pamillwBiB 
after the first yaniah. Hence x=:a x .-. a= 1, and 

sin X = * — y;^;^ + i.2.3.4»5 " l*2*3*4*5*6-7 "^ ^^^ 

^^"~^~Tr'+T2^3T"r2^*4^+ (2) 

Now, the length of an arc of one degree is so small that if x be equal to this, the 
third term of the above series will contain no significant figure in the first ten places 
of decimals. 

Retaining therefore only the first two terms of (1) we have, when x is small. 



on X 



that is, the quantity within the brackets being = cos x, by (2) 

sin x = X cos I X ; 
therefore introducing radhis to render the expression homogeneous, we hare 

log. sin X =s log. X — i (10 -^ log. cos x) (3) 

Snpiioae the aio x to contain n seconds, thea 

n*9 



x^- 



180 X 60 X60 

* Dividing (1) by (2) we have tan x ssx -f I ** • • • 



SMALL ARCS, 
iidfaii and a|iplyiiig logiiiUiiiis 



log. X = log. n + log. 3*14159, &c. + 10^ log. 180 X 60> 
= log. n+ 4*68558; 

■ibBtitiitiDg due Talne of log. x in (3) it becomet 

log. idn X = log. n + 4*68558 — | ar. eomp. log. cos x. (4) 

Hence tlui role. To Ae logarithm of the are redaced into aeeonda add the con- 
atant 4*68558, and from the anm sobtract one-third of the arithmetical complement 
of the log. cosine ; the remainder will be the logarithmic sine of the given arc. 

9. 2b Jhtd the logmriUmric tangent of a verff tmaU are, 

Bjr the last article 

ain X M 

sin X = X cos I X .*. = tan x ^ 



COB X cos I » 

Introdaeing the radios and applying logs. 

log. tan X = log. X -{- 1 (10 — log. cos x) 

The second member of this equation may be formed from the second member of 
(3) in the last article, by adding the arithmetical complement of the log. cos x ; 
therelbre from (4) 

log. tan X = log. » -f 4*68556 + 1 arith. comp. log. cos x (5) 

hence this rule. Add the logarithm of the arc redaced to seconds, the constant 
4*68558, and two-thirds of the arithmetical complement of the log. cosine, the 
aom is the log. tangent required. 

10. To Jind a small are from its log. tine. 

From (4) Art. 8, Appendix I., 

log. n r= log. sin X — 4*68558 + 1 arith. comp. log. cos x 

= log. sin X 4" 5*31442 -|- i arith comp. log. cos x — 10 

Hence the rule is this. Add the log. sine of the arc, the constant 5*31442, and 
i of the arithmetical complement of the log. cosine ; subtract 10 from the index of 
the sum, and the remainder will be the logarithm of the number of seconds in the 
aiv. 

To find a email are from ito log, tangent. 

Wiam (5) last art. 

log. n = log. tan x — 4*68558 — | arith. comp. log. cos x 

= log. tan X -f- 5*31442 — | arith. comp. log. cos x «^ 10 ; 

RiTLi. — Add the log. tangent of the arc, the constant 5*31442, and subtract | of 
the arithmetical complement of the log. cosine, reject 10 from the index* and the 
reanlt will be the logarithm of the arc in seconds. 

* If we ■obstitQte for cos x in the last fi«ction its raloe — we may 

^/l -f tan* » 

•aaly dedoca x = tan x — ^ un) x, &c. 
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11. The values of a, which satisfy the equation sin a = are 0, ± v,* ^ Sv, :l: 8* 
. . . . -t- l> ar 

Consequently the series which is the development of sin a must ba divisible by «, 
a __ », fl -^ ir, a — 2», a + 2». ... (Alg. Art. 238, Prop. II.) 

If tliercf'ore ^ be a constant whose valae is afterwards to be determined, we have 

ein a=z±ka{w—'a) (ir + o) (2» — o) (2)r + a) . . . 

= _tljair(l-?.)»(l+".)2ir(l-") 2,(1 + 4)... 

WW 2w Hw 

= ±A:ar«-2«»f3«»t. .(i_^) (1--^) . . . 

.-. ^^= ± t,..2....3. .• . . (1 - ^) (1 — ^) . . . 

Ifa=0,-?^=1 .-. l = ±lr,«»2«ir«*3«««... 
a 

In a similar manner may be derived 

co.a = (l-^) (l-g^) (1-^)... (?) 

If a = ^ xr, (1) becomes 

= ' ?!z:l llzi ^*~'^ ®*~^ 

2 2* * 4« * 6s ' 8« 

_» (2-1) (2+1) (4 — 1) (4+1) (6 — 1) (6+1) 
""2 2i 4i 6^ 

2« 4« 6« 8« 
1»3 3-5 5«7 7»9 

Applying logarithms to (1) we have, making a = - — 

n 2 



log.sin':?l = log. (^^) +log. (1-^) +log. (\ !!!!-) 



* ir being 180^, or the seHii-circumference whose radius is 1. 
t This is the theorem of Wallis for determining w. Its successive factors appTozi« 
mate each more and more to 1. 



SMALL ARCS. 



m 



n^ 



Defdophig log. (l -, -^r^), log. (l — -^^) &c. Alg. Art 234 



tn r 



m w 



log. «. — 3 = log. - 2 + log. ( y^ ) 



— M 






But, 



^^ !»• m* m« ^ 



m T 



And 



log. f — ~^ = log. m + log. » — log. n — log. 2 

^ ft <* ^ 

log. — gi-jr- =^08 \ (2n+ w) (2n-.in)-.log. 2* «• 

= log. (2n + m) + log. (2fi — m) — 2 (log. 2 + log. n) 

.-. log. sin — - = log. m -4- log. (2n + "*) + log. (2n — m) + log » 
n 2 



— 3 (log. n + log. 2.) 



— M*<; 



, 1 _1_ 1 



■■)-A 



m< 






4- &c. 



The above fonn serves to compute a logarithmic sine at once, without first com> 
puting the natural sine, f 

From (2) in a similar manner may be derived the following formula for calculating 
logarithmic cosines. 



— M < 






log. cos ( — J) = log. (n+ m) -I- log. (n — m) — 2 log. n 
^ n 2^ 

,11 1 N m* ^ 

V a'' "^ 5^ "^ tT • V "? 

+ i V37 + 57 + 74" • *• / 
,^11 1 N m« 

, +dtc. 
^ M Is the modulus of the sjrstem, equal for the common to •43429448. 

MA 

t — ezDrenes what finotlon of a quadrant the an ia. 
« 7 
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13. Adding tod sabtractmg (3) and (7) of Art. 70, and adding and nbCraetittg 
(6) and (8) of the same article, the following fonnulas are obtained. 



sin (a -|- 6) -|- on (a ~ 6) = 2 sin a cos 6 

sin (a -j" ^) — sin (a — b) = 2 sin 6 cos a 

cos (a -|- 6) + C08(a — 6) s 2 cos a cos 6 

cos (a 4-^) — cos (a — b) sm — 3 sin a sin 6 



The following two are identical equations 



+ 6 a — 6 



a-^b a — h 



'. sin a as sm 



'"i-2-+-2-5 



Bin — -— COS 



sin b ^ sin 



2 2 ' 2 2 



{ a-|-6 a — 6 



! 



coaa = c08j-^- -h -^ ] 



ia + b a-6> 
cos 6 = COS J — ^ J 



= cos — ± — cos ^ , ^ - 

2 



W 



« + 6 a — b , . a — b «-f-4 fix 

• — + Bin — jr— coe — ^^ — v*J 



a+b a — 6 . a — b a + 6 /o^ 

= 8m— ^cos—^ Bin-^coe— ^ W 



a4-6 a — 6 .fl + 6.a — b ,q^ 

= cos-i-co6-^ "°-2~""°~^ 



a+6 a — 6,.a-f6.a — b ^ax 

— - ^8m— rr- Bin — - — W 



Adding together (1) and (2) there results 

sina + 8in6e=28in — ^J — cos — — — W 

Subtracting (2) from (1), 

a — b a -4- & /fiv 

sina — sin 6=2Bin — ~- cos — ^ {p) 

Add together (3) and (4), 

cosa4-cos6s 2coB — ^— cos W 
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Sobtraot (4) from (3), 

cos a — cos 6 =s — 3 sin ' 



flm 



(8) 



2 2 

These formulas might have been immediately dedaoed from the group (q), by 



changing a-{-h into a, a — b into 6, a into 



a + b 



6 into 



2 -— 2 

13. The following are various forms of expressing the principles deduced from 
Art. 14 to Art. 31 inclusive. 

8in(180o + a) a— sin a 
cos (180° + a) = — cos • 
tan (180O + a) = tan a . 
cot(180o+a) ==cot« 
sec (180O 4- a) c= — seca 
cosec (180O+ a) = — coseo a 
■n (270O— .fl) B— .cosa 
cos(270O — o) t= — aina 
tan (270O — a) «=s cot • 
cot (270^ — a) as tan a 
sec (270° — a) =» — cosec a 
cosec (270<> — a) = — seo a 



sinO 




:>=0 


cosO 




s I 


tanO 




b1» 


cotO 




=s 00 


■ecO 




B.1 


cosec 




= 00 


■n (90O — 


a) 


« cosa 


cos (90O — 


a) 


=s sin a 


ttn(90O — 


•) 


sas cot a 


cot (90O — 


«) 


== tan a 


sec (90O — 


a) 


t=s cosec a 


cosec (90O- 


-a) 


= sec a 


Bin90o 




e: 1 


CO8 90O 




= 


tan90o 




^ 00 


cot90o 




= 


sec90O 




-sQO 


cosec 90° 




= 1 


SLQ (90O + 


a) 


= cos a 


cos (9(P + 


«) 


= — sin a 


tan (90O + 


«) 


= — cot a 


cot (90O + 


a) 


= — tan a 


sec (90O 4- 


a) 


= — cosec a 


cosec (90O -f- a) 


= sec a 


an (180O — 


a) 


= sin a 


COS (180O - 


-fl) 


= — cos a 


tan (180O - 


-«) 


= — tan a 


cot (180O - 


-fl) 


= — cot a 


sec (180O - 


-a) 


= — sec a 


cosec (180O. 


-a) 


=s cosec a 


sin 180O 




= 


cosieoo 




= — 1 


tan 180O 




= 


cot 180O 




= 00 


8ecl80o 




=: — 1 


cosec 180O 




»0 



sin 270O 


s= — 1 


COS270O 


aO 


tan 270O 


=: 00 


cot 270O 


= 


sec 270O 


BS — 00 


coseo 270° 


= •>— 1 



sin (270O -f a) = — cos a 
cos (270^3 + a) = sin a 
tan (270O -\-a) = — cot a 
cot (270O +a) = — Un a 
sec (270O -j- a) = cosec a 
cosec (2700-f.fl) = — gee a 
sin (360O — a) =— sina 
cos (360^ — a) = cos a 
tan (360O — a) = —tan a 
cot (360O — a) = — . cot a 
sec (360O — a) = sec a 
cosec (360O — a) = — coseo a 



sin 360C 


«0 


coe360o 


= 1 


tan360O 


= 


cot 360O 


ssOC 


•ec360o 


zs 1 


cosec 360O 


BOD* 



* All the infinities in the above table diould peihaps Hiictly have the doubtful aigB, 
■noe they are the traiMition value. 
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aba a (amfi3G(K>4-a) = fin (SnlSOO + a) 
■ma» 11111(9114-1)1800—0 1 

■hi a a — lin I (dn+l) 180O + « I 
tin a a — lin (Sir 180^ — a) 

cos as coB(3ii*180O + a)or— ooaj (3fi + l) ISOO— a ( 
or — coe j (9ii -f. 1) ISQo + a\ or cob (3ii*18(K>— a) 

tana » tan (SiflSOo + a) or — tan j (3»-|-l) ISOO — a| 

or tan | (2n+ 1) 180© + a |or— tan (2ji.180O — «) 
ieca B 860 (2n*180O4.a) or — sec j (2n + 1) ISQo — a | 

or— sec j (3fi + l) 180o +a| or sec (2fi*18(K> — a) 

14* The following are the most usefiil general relations of arcs or angles dedaoed 
in the preceding pages, or dedndble from the formulas which they contaia 



TABLB n. 



(1.) sin (a :!: 6) = sin a cos 6 J; sin 6 cos a 
(S.) cos (a if: 6) = cos a cos 6 ^ sin a sin 6 

tan a 4- tan b 

(3.) Un (a±h) = 1-^^.-= 1 

^' v^/ i:^tanotan6 

(4.)8in2fl = 2 sin a cos a also = -?J5?!L!._ = ^^/^IzZTrr 

1 + Un* a sec' a 

2cota ^ ^^^^;;^rjz:T 

l + cot«a cose^il 

(5.) cos 2 a = cos* a — sin* a =2 co8< a— 1 =: 1 — 2 sin* a = 

1 — tan« a 2 — eec« a cot« a — 1 

1 + tan« a sec* a cot« a -|- 1 

coaec* a — 2 



(6.) tan 2 a 



coaec* a 

2 tan a 

I — tan* a 



1 — 2 (2 vers a — ver** a) 



(7.)«inj - -y/T 



— COS a 



2 



(8.) cos I a Y^<L±£21iL 

ootanj a4./iz:fg!,i;a^"'^^*« "^^ 

3 Vi^coaa «"« l+cosa 
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(10.)ifaic cs3an-co8- 

(11.) ma* a =» — ^ (cos 3« — 1) (See Art. 18> App. L) 

1 
(13.) sin' a ss — ^ (sin da — 3 sin a) 

1 4*3 

(13.) sin* a = — x^ (cos4a— 4 cos2a + i j;^ 

1 5*4 

(14.) sin* a ^04 (^ ^ — 5 un 3a '}- ^^ma a) 

1 ^ 6-5 ^ 6-5-4 

(15.) sin<a «= — ^^(cos 6a — 6 cos 4fl + j;^ cos 2«— lj;j;3-) 

(16.) coi? a = J (cos 2a + 1) 

(17.) oo<^ a sa ^ (cos 3a 4- 3 cos a) 

1 ^ 4*3 

(18.) coi« a =» ^ (^^ 4a + 4 cos 2a + 1 j;;^ 

1 ^ . 5*4 

(19.) cos» a ==04 (^*^ 5a + 5 cos 3a + j^g cos a) 

1 6*5 6*5*4 

(20.)cos«a = 2;(cos6a+ 6 cos4a+ p2C082a + Jj;2;|-) 

(21.) sin(fi4-l)a =2Binfia cos a — sin (it — 1) a 
(22.) cos (n + 1) a =2 cos na cos a — cos (n — 1) a 

a-U h a — b 
(23.) aina + sini =28in — g— cos — g— 

a^h m+b 
(24.) aina — sini =s2sin ^ cos — ^ — 

a + b a — b 
(25.) cos a+ cos 6 =2 cos — ^ cos — 5 — 

a4- 6 . a — 6 
(26.) cos a — cosi = — 2 sin — g— sin — ^ — 

a+6 

tan — - 

sin a -f Bill ^ _ 2 

'•^aina — sinfr a — b 

(98.) '^''=fc'^* = tan i (« ± *) 
COS a -f" cos b 

(39.) '^ " =fc "° * = cot H« T t) 

COS 6 — cos a 
(30.) sin (a -f- 6) -p dn (a — 6) = 2 sin a cos 6 

(31.) sin (a — b) — sin (a — b) ss 2 sin 6 cos a 

(32.) cos (a-f- &) + cos (a — 6) =2 cos a cos b 

(33.) co8(a-f-&) — cos (a — b) ss — 2 sin a sin 6 

450 

(34.) 2 cos — — =y/2 -/2~7^ ^- to fi + 1 ndicali 
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(35.) eot3Go » lin 540 = 1 (1 4. V5) 

4 

1 
(36.) lin 450 _. cos 45^ ss 



(37.) Un 450 s cot 450 = 1 

(38.) sn 30O = cos 6O0 = 1 

(39.) eos30o =» nn 6O0 r=:2^ 

1 
(40.) Uii30o 3= cot60Os= 



n/3 
(41.) cot 30^ B tan 6O0 s ^3 

The formulas of Trigonometry may be varied to almost any extent, and the 
qaantity expressed in many different ways. 

15. The following, of less frequent occurrence, may be readily deduced from tba 
above. 
(42) \^ (450 ± a) > =3 cos g :i: Bin g 
(cos(45o::Fg > = ^9" 

1 + tan g 
(43.) ttn (450 ± «) = YWTin 

a 1 + sin g 

(44.) tan. (450 ± ^) - ^^^^ 



(45.) tan (45° ± ^ ) 

(46.) 

(47.) 



1 :f: sin g cos a 



~" 00s g "" 1 ^ sin g 

sin (g + *) tan g -f tan b cot b'{- col a 

sin (o — b) tau a — tan b col b — col a 

(cos a -\- b) cot b — tan o cot a — tan b 



cos (a — b) cot 6 4- tan a cot a -\- tan a 



(48.) sin a 



S* —6 



2%/ — 1 
ay/ — 1 — g ^/ 



(49.) cos g = -5 ^— 



a 



(50.) «^^ — ^ = co8g4->/— lam 

(51.) — aV — 1 s= cosg — V — 1 in • 

cos a -f- cos b a'{- b a — b 

^ ' cos g — cos b 2 2 

sin (g -|- 6) 

(53.) tan g + tan 6 = —-^—T 

^ cos a cos 6 

sin (a + 6) 

(54.) cot g + cot 6 e= — : : — r- 

^ '^ sin a sin 6 

* « is the base of the Naperian system of logarithms. For the demonstration ok 
the first two of these four formulas see next article. 
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(55.) tan a — tan 6 = 1 

^ ' COS a cos 6 

an (a — 6) 

(56.) cot a — cot 6 = — — : : — r 

^ ' Bin a am 6 



(57.) cos a'{-maa = Vl -j^mnU a 
(58.) cos a — sin a = ^/TZTsin 2 a 
If a be leas than 45^ then 
(59.) £ cos a = i j ^T+7in2i+ y/l—anfia] 



I 
) i 



(60.) f mna =i 1%/ l+sinSa -V 1 — sin 2a} 

tan a + tan 6 sin (a 4- 6) 

'5X ) := — ^ — ■ — - 

^ '' tana — tan 6 sin (a — b) 

cos a + sin a 

(62.) : = sec2a + tan2« 

^ cos a — sin a ' 

(63.) sin (a -^ 6) sin (a — b) =z sin* a — sin* b = co8« b — cos" a 

(64.) cos (a 4- b) cos (a — b) = cos* a — sin" b = cos* b — sin* a 

(65.) sin 3a = 3 sin a — 4 sinS a 

(66.) cos 3a =4 cos^ a — 3 cos a 

(67.) cos 2 a = r-r- — ^5"- 

^ 1 -f- tan 2 a tan a 

sin (a 4- 6) sin (a — b) 

(68.) Un» a — un« 6 = ^ , .\ 

^ ' cos« a COST b 

sin (a 4- 6) sin (a — b) 

(69.) cot* a — cot* 6 = l-.-r_i«.^^ 

^ ' sur a sm* 6 

1 — cos a 

(70.) ,—; = Un« i a 

^ ' 1 + cos a 

sin a 

(71.) r-r = tan i a 

^ 1 4" cos a 

1 4- cos a 

(72.) '-^. =cotia 

^ ' sm a 

sin a 

(73.) Y = cot J a 

V ' 1 — cos a 

1 — cos a 

(74.) — : = tan la 

^ ' sm a 

(75.) »ina=a-^j;2;3+ j.2.3.4.5 -i.2.3.4-5-6-7+^- 

a* a< «• . 

(76.)cosa = l r-s — f- , r> «> ^ ' — . ^ o ^ e g + o^« 

^ ' 1«2 • l-2»3»4 1»2»3*4*5*6 ' 

1 2 17 . . 

(77.) tana=a4-g a3+ — a» + 2jj-ga'-f-&c. 

-1 1 3 . . 

(78.) xp= arc (sin =y) or sin y* = y -f g V^ + ^q y* + ows« 

(79.)* ^cos" r=(l-x)+^(l-*3) + l(l-x«)+&c. 

-1 1 1 

(80.) z =tan « = t — g- <» + ^ <* &c. 

15. The following will be found a useful table of reference. 

-1 
* Arc (ain say) or lin y are read the arc whose sin is y. 
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TABLE OF THE MOST USEFUL ANALYTICAL VALUES OF 

SIN a, COS a. TAN a. 



▼ALUXS 07 SIN a. 



1. COS a tan a 



▼ALUIS 07 008 a. 



16. 



9. 



COS a 



cot a 



3. y^l— coi^ a 

1 
4. 



\/ 1 + cot« a 



tan a 



\/ 1 + tan« a 



6. 3 an- cot - 
3 3 



7. >/\ — cos 3 a 



3un* 



8. 



3 

a 
3 



1 -f tans 



cot _ + tan _ 
3 3 



10. 



(sin 30O + a)— »i n (■'WP— a ) 
>/3 



11. 3ain«(450 + -) — 1 



13. 1— 3Bin«(450 — h) 



13. 



1— tan*(450 — ^ 

8 

1 + tan« (450 -|) 



tan(45o+|.)-tan(450-|) 



14. 



laa (450+-)+ tan (450--) 
15. Bin(60O+a)-8in(60O-a) 



Bin a 



tana 



17. ain a cot a 



18. y/ 1 — Bin'a 
1 



19. 



30. 



V 1 + tan* a 

cot a 
>/ 1 -|- cot* a 



3L 00^ •—tin'? 
9 3 

33. l~3Bn*^ 
3 



33. 3 cos" i — 1 
3 



24. 'sA 



-|- COS 3 a 



25. 



36. 



37. 



1— Un« ?. 



1 -f tan" i 
3 



cot _ — tan _ 



cot — + tan _ 
3 3 



1 4- tan a tan 



38. 



3L 



33. 



▼ALUn 07 TAH A. 

dna 
000 a 

1 
cot a 



'^ n/iS?7 



■m a 



34. 



35. 



36. 



tan (450+ |)+cot (45°+ \) 



39. 2co«(450+J)co8(45Q-2-) 

St SI 



30. cos (60o+a)+co8 (60^a) 



37. 



n/1— Bin* 



Vl — co^ 

cos a 



3 tan • 



1— tan«? 
3 

3 cot i 
9 

cot*-— 1 



3 

38. ^ n 
cot — — tan — 

3 3 

39. cot a — 3 cot 3 a 



40. 



41. 



1 •— cos 3 a 
sin 3 a 

sm 3a 

1 -f cos 3 a 



"sA 



— cos 3 a 



4^008 3 a 



43. tan (450+|.) -tan (450-1) 
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16. 7b develop A* in a urita of temu arranged aeeording to the aseending 
powero of x. 

a> S3S I 1 -f- (a — 1) > a by the binomial theorem 
l + *(a-l) + x^(a-l)t+xi^:zil ^i=l^ (a-l)3+... 

Repreeenting the coefficient of x, which is (a — 1) — i (a — 1)' + i (a — 1)* . . . 
bf A, those of x^, x' . . . by b, c, &.c. the above becomes 

a» = l+AX+BX«-|-CX«-|-... (1) 

/. a' es 1 -f- AX 4- BX« -|- CX* + . . . 

«+« 

.-.a =(1 + Ax-|-Bx«.. .) (1+Ax+Bx*. . .) =by (1) 1 + A (x + «) 

4-B(x+x)«4.... 

ESqnating the coefficients of xz, x*x, x^x, dec. 

A« 

Sb SB A A .*. B s= — 

3 

A» 

3C = B B .*. C s= 



1-2-3 
&>c. 

But by Alg. Art. 222, a = Nap. logarithm of a. Denoting a Napierian log. by I 
(1) becomes 

a.=l + Jax+i'J%.+ Ig^+... (9) 

Making a s= c the base of the Napierian system this becomes 

From the above may be deduced remarkable expressions for the sine, cosine, and 
tangent of an arc. 
From (3) 

ay/^ 



s 



a* a) 



= i + aN/-i-,^- -^^/zrr+ 



6 



1-2 1-2-3 ' 1-2-3-4 

1-2 ^ l»2-3 l-2-3»4 



a V— 1 -cn/— 1 

.-.f +s =2(1 — -?!. + _?! — — ...)= 3 COS • 

1-2 ^ l-2*3-4 

(App. L Art. 8.) 



« — « =2>/"=T(a— il_ + ...)-2^/HTrfn 

l-2'3 
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,.«>/— 1 , — a V--T (4) 



-ina=^^^(,«^-^-g-«^-l) (5) 



Dmding (5) and (4) and multiplying numerator and denominator by g 
we have 



2av'— 1 , 

1 « — 1 

tan a =s 



v'— 1 2aN/— 1 

17. Squaring the expression 

N cos a 4" Bin a ^ — 1 (^) 

there results 

coB« a — sin* a + 2 cos a sin a %/ — 1 = cos2a + sin 2a n/ — 1 j Art. 71, (1) (2) { 
Multiplying by (1) we get, applying the forms for sin and cos of (a + &} 



(cos a-\-emay/ — 1)> = cos Sa-^- tanSay/ — 1 
finally, proceeding in the same way would be obtained 

(cos a + sin a %/ — 1 )»= cos na -f- sin na V — 1 (2) 

Making a negative (2) becomes 

(cos a — an a V — !)»=: cos na — sinnav — l (8) 

18. To find the vf^ power of the tine and eotine. 

Assume 

cos a-\- an a>/ — 1 =« 
cos a — sin on/ — 1 =u 



(1) 



By addition. 



2 cos a = z •{- u 



«. . *""* , «(" — !) """^ .. «(n—l)(n — 2)*"^,, 

•-« n(n — l) •"* . fi(n — l)(n — 2)*~® 
= «« + nflf gtt+ \.2 ^ z2u« + ~i j-;^^^ z ir8tt»+. 

But i; u= 1 .'. ;e< u* = 1 Jdc. .-. these factors will disappear. 
AJao by the preceding article, form. (2) 



ar* = cos na 4~ sin na %/ — 1 
«• — « = cos (n — 2) a 4- sin (n — 2) a V — 1 
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ICaldDg these sobetitatioiii 

n(n— 1) « (n— 1) (»-«) 
9»eotf»a = co8ii4i + fico8(fi — 2) aH j^ coe(n — 4)aH ^ , g , j 

coe(ii— 6)a4- ... , (2) 



+1 



«(n — 1) w(ii-l)(tt-2> 



smnfl + nein (n — 2)a4- -j-^^ sin (n — 4) a H fT2"T 3 



wm(n — 6)a+-*- [^ 



S^flin* a = 



When n is a positive whole number, the second part of the series vanishes, and 
the first part extends only as far as a term containing the factor (« — n). The 
reason why the second part vanishes will be seen by considering that the arcs in the 
terms preceding that which with the following terms contains n — n will be negatives of 
the first, second, &.c. terms ; their sines will be equal therefore with contrary signs, 
and the coeflicicnts are ul-^o evidoutly equal at equal distances from the centre, and 
if n be even, the arc in the middle tcnn, and consequently its sme, will be zero. . 

Again, take the difierence of equations (1) and multiply it by - >/ — 1 

2 sin a=(« — u) (— -/— 1) 
and the binominal formula proceeding as above gives 

cos fi a — fi cos (n — 2) a -f _2?_ZL_^ cos (n — 4) a — ... 

1.2 

+ jsinfia — nsin(n — 2)a+^l^Zll^sin(fi— 4)0 | \/^ 

(- V^H)- (3) 

If n be even the second part of the series vanishes. If also n be of the form 4m, 

( — \/— 1)" =1. But if M = 4iii 4- 2, then ( — y/—iy = — 1, and our formula 
becomes 

2" sin" fl=± J cos na — n cos (n — 2) a -f- !!li^JZ_' cos (n — 4) a — . . . > 

The upper sign applying when n =3 4m, the lower when n =3 4m -f" ^^ 
If fi be an odd number, tlie first part of (3) vanishes, and the formula becomeSf 
y/ — 1 outside and inside the parenthesis uniting, 

2 ' sin" a = ± ) •'''" ^^ — *» sin (n — 2) a -J- " ^" - sin (n — 4) a . . . > 

the upper sign of which is to be used when n = 4m -}- 1 and the lower sign wheo 
« = 4m + 3. 

For examples of the applications of these forms see page 101. 

FSOBLKM I. 

19. To determine the area of a plane triangle when any three parts except the 
three angles are given. 

1. Let two sides, a, c, and the included angle B bo given. (See fig. Art. 67.) 
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The area of the triangle is expressed by ) bc.ad ; but ad = ab sin b ; heooe the 
expression iox the area, in terms of the given quantities, is, 

area = J a £ sin b (1) 

3. Let two angles, b, a, and the inteijacent side £, oe given 
Then, since 

sin c : sin A : : e : a 
we have 

sin A sin A sin B 

a = e .*. oe sin B = : e* 

sm c sine 

iieoce the expression for the area is by (1) 

sin A sin B 

area = A : «• 

'' Bin c 

3. Let the three sides be given. 
By Art. 73, (2) 



siniB=v/<^^-"n|t-c) 

V ae 

Also, by (4) of the same article 

cos i B = \/ >H — IT : 

V ae 



.*. 2 sin i B cos ) B, or (Art. 71) sin b = — ^ i • (i • — 6) (is — «) (i • — «) 



ae 



Consequently, by substituting this value of sin b in (1) we have 



area =>/ is (is — a) (is — 6) (is — 

which formula furnishes the well known rule, given in all books on mensuration, for 
(he area of a triangle when the three sides are given. 

These expressions for the area of a plane triangle are all adapted to logarithmic 
computation. 

20. In the solution of certain astronomical problems involving the case of solu- 
tion of triangles at Art. 76, the logarithms of a and b are given, but not the 

A — B 

themselves ; we can very easily calcmlate — ^ — without knowing the sides. 

A — b a — 6 

a c 
= -cot 3 

l + i 

a 

h , 

jrstan^' 

*.^ A — b 1 — tan d 
tan ^ s— iLqqx — 

« 1 + tan^ a 
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= tan (450 — f) cot _ 

.\ log. tan in? =log. Un (45° — f ) + log. cot £. — log. R. 
Tfafi angle ^ is known from the equation 

' t 



Whence 

The angle iZl! 



log. tan ^ = log. R + log. b — log. a 
thus becomes known from the logs, of a and b, without ealeu' 



lating a and b. In the same way we may have 



cot t - = tan (450 + *) tan ^ 



And .'. log. cot 



A — B 



= log. tan. (45<^ + ^) + log- tan £ — log. r. 



21. A persoQ on one side of a river 
observes a building on on the opposite 
side, aud takes the angle of elevation 
B = 550 54', at the place where he 
stands, then going back the distance 
BA = 100 feet, he again takes the angle 
of elevation a, and finds it to be a = 
3do 20'. The height of the builduig is 
required. 

The problem may be solved as follows. 

Taking cd for radius, db will be the tangent of the angle dgb, and da, the tangent 
of DCA, therefore, ab is the difierence of those tangents. By the table of natural sinea 
and cosines,* 

nat. Un 56o 40' = 1-520426 
nat. tan 34° 6' = •677091 




differences •843335 



.-. -843335 : 1 : : 100 : 118^57 Atu. 



PROBLEM U. 

From the top of a mountain three miles high, the angle of depression of a line 
tangent to the earth's surface is taken, and found to be 2^ 13' 27" ; it is required 
thence to determine the diameter of the earth, supposing it to be a perfect 
sphere. 

* A table of natural tangents which some collections of tablet contain is ofkeD 
oonveoient. 
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Let o be the centre of the earth, ba the moantAin, 
AC the visual ray or line touching the earth's sur- 
iiace at c. Draw the tangent bd, and join on, oc ; 
Chen the angle of dcpres£»ion eac being given, we 
have also the angle bad, the complement of it, 
equal to 87<^ 46' 33". Also since the tangents 
BD, CD, are equal (Gcom. p. 83), we have the angle 
BOD ss DOC = ^ comp. A = lo 6' 43^", and, there- 
fore, BDO = 880 53' 16i". 

Now in the right-angled triangle abo we have 

BD s= AB tan A ; 

and in the right-angled triangle obd, 

OB s db tan BDO ; 

hence, by sabatitatioDy 

OB s AB tan A tan bdo ; 

the computation is, therefore, as follows : 

A B 3 log. 

A 870 46' 33" log. tan 

BDO 88<^ 53' 16i" log. tan 

OB 3979*15 log. 

hence the diameter is 7958*3 miles. 




0-47712 
11*41074 
11-71193 

3*59979 



PROBLEM ni. 

Given the distances between three objects, a, b, c, and the angles subtended by 
iheae distances at a point d in the same plane with thorn ; to determine the dlBtance 
of D from each object. 

Let a circle be described about the triangle 
ADB, and join ae, eb, then will the angles abe, 
BAE, be respectively equal to the given angles ade, 
bde (Geom. p. 44), thus all the angles of the 
triangle aeb are known, as also the side ab ; we 
may find, therefore, the remaining ndes ae, eb. 
Again, the sides of the triangle abc being known, 
we may find the angle bag ; hence the angle 
CAE becomes known, so that in the triangle cae 
we shall have the two sides ae, ac, and the 
included angle given, from which we may find 
the angle ajec in fig. 1, or the angle acb in fig. 2, 
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and thence its Bupplement aed or acd ; this with 
the given side as and angle ade, in the first figure, 
or with the given side ac, and angle adc in the 
second, will enable us to find ad, one of the 
required lines, and thence dc and db the other 
two. 

Or the solution may be conducted more analy- 
tically as follows : 

Put X for the angle dac, and x' for the angle 
DBC ; also call the given angles adc, bdo s and 
«' then a, 6, e, representing as usual the sidet 



opponte to A, B, c, we have 



sin a h 


tan a' a 


a) 

(8) 


mix DC 
sin a sin x' 6 . 


sin x' DC 

a sin a8inx' = 6sina'sinx 


sin a' sin X a 



This is one equation between the unknown quantities x, x'. Another is easily 
obtained ; for since the four angles of tbo quadrilateral abcd make up four right angles 
or 360O, we have x + x' -f- o + o' + acd -f boo = 360° ; the sum of the two lat- 
ter angles may become known, since in the triangle abc the angle c is determinable 
from the three given sides ; therefore all the terms in the first member of this equa* 
tion are known except x and x'. Call the sum of the known quantities $, and 
we shall thus have x'=/9 — x, and, consequently by substitution, equation (3) 
becomes 



or dividing by sin x 



a sin a sin {3 — x) = 6 sin a' sin x 
= a sin a (sin /? cos x — cos /9 sin x) ; 

6 sin a' = a sin a (sin cot x — cos $) 



/*f\t <l* — — - 


b sin a' 




+ 


COS 

sin 





• CUl * -^ 


a sin a sin 


/? 


fi 


b sin a' 


_L. rt\t R 










a sin a sin 


^ + cot ^ 





The firet term of this second member may be easily calculated by loganthms, and 
this added to the natural cotangent of gives the nat. cot. of x, and thence x' is 
known from the equation x' = /? — x, and cd from either of the equations (1). 

This problem has a useful application in the survey of harbors. 

Let the angles be taken with a sextant, from a boat, at a point where a soonding 
is made, to three stations on the shore. Afler having drawn upon a map the tri- 
angle, of which tliese three stations are the vertices, the following simple and elegant 
construction will determine the point where the sounding was made. 

Upon the line joining two of the stations, on the map, make a segment, capable of 
containing the angle observed from the place of sounding, and subtended by this 
line (Plane Geom., Prob. 21) ; upon a line joining one of these two stations and the 
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third, make another segment that will contain the angle obeenred to be sabtended 
by this last line, and the intersection of the arcs of these two segments will deter- 
mine the point on the map, corresponding to that at which the sounding was made. 

PROBLEM nr. 

Given the angles of elevation of an object taken at three places on the same hori- 
zontal straight line, together with the distances between the stations ; to find the 
height of the object and its distance from either station. 

Let AB be the object, and c, c', c", the three 
stations, then the triangles bca, bc'a, bc"a, will all 
be right angled at a ; and, therefore, to radias ba, 
Ao, AC', Ac", will be the tangents of the angles at 
b, or the cotangents of the angles of elevation ; 
hence, putting a, a', a", for the angled of elevation, 
X for the height of the object, and a, 6, for the dis- 
tances go', c'c",we shall have 



ff 




AC = X cot a, Ac' = X cot «', Ac" = X cot a 

Now, if a perpendicular ap be drawn from a to 
cc", we shall have(Greom., p. 34,) from the triangle 
ago' 

Ac" = Ac'« -|- c'c« — 2c'c.c'p; 

and from the triangle ac'c" 

Ac"« = AC'* 4- c"o'« + 2 c"c' • c'p ; 
that is, we shall have the two equations 

j;« cot« o 5= x« cot« a' -{-a* — 2a • c'p 
x^ cot* tt" = x« cot« a' 4- 6« -1- 26 . c'p 

in order to eliminate c'p, multiply the first by 6, the second by a, and add, and we 
shall have 

jc« (6 cot« a -». o cot* a") c= (a -f- 6) x« cot* a' -f «6 (o + b) 



.'. X 



V. 



ah (a + h) 



h cot« a-\- a cot« a" — (a + h) cot' a 



« -f 



If the three stations are equidistant, then a = 6, and the expression becomes 



* = - 



y/^ cot« « 4- i cot2 a" — cot* o' 

The height a b being thus determined, the distances of the stations from the object 
are found by multiplying this height by the cotangents of the angles of elevation. 
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22 Given the hypothenuse a = 6512*4 yards, h=z 6510*6, to find o 
By Art. 64 

log. cos c = log. s -f" los* ^ — log. m 
Now log.s= 10 

log. 6= 3*8136210 

13*8136210 
log.a= 3*8137411 

log. cos c = 9.9998799 
c= 10 20'50" 

Upon inspecting the tables that are calculated to seven places of decimals only, it 
will be Been that, when the angles become very small, the cosines difier very little 
from each other. The same remark applies, of coarse, to the sines of angles nearly 
90O. In cases, therefore, where great accuracy is required, we may commit an 
important error by calculating a small angle from its cosine, or a large one from its 
sine. We must consequently endeavor to avoid this, by transforming the expression 
employed. 

In the example before us, c is a small angle which has been calculated from its 
cosine ; we must, therefore, if possible, calculate this angle by means of its sine, or 
some other trigonometrical function. 

Now, by formula (8), Art. 72, we have generally 



, , / 1 — cos c 
Bm^c=^ 2 



6 
In the present case, cos c = — substituting this in the above equation, 



log. sin i c = i log. (ft — a) — 1 log. 2a + log. tu 

From which we find 

^ = 40' 24" 

And .-. c = lo 20' 48" 

Instead of 1^ 20' 50", as obtained by the former process. 

Or e might first be calculated from a and b, and then c by means of its sine. 

No angle which is nearly 90<3 ought to be calculated frt>m its tangent, for the 
tangents of large angles increase with so much rapidity, that the results, derived firom 
the column of proportional parts found in the tables, cannot be depended on as 
accurate. 

8 
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93. The foUowing k the demonstntioii of fonnolu (3) and (4) oi Ait. 77. 
By Art. 69 

e> =0" + ft^— 3a6 COS = 0*+ 6i— 3ai (9 00^ i — 1) 
==(at4.6i-f-2a*)— 4aicoiP|o==(a+6)«| 1— /__^!^coelo V | 

Making 

■in ^ = _i^j!* coe 1 c « 

whave 

e« = (tf + 6)i (1 — «n» ^) = (tf -j. 6)« coei ^ 

e = (a + b)coBf (9) 

Th^ foima (1) and (3) are more anitable than (1) and (9) of Ah. 77, if i be 

9^AX 

iiearly equal to a, because then tan ^, which, in Art 77, was eqoal to _JLl_iin | e 

•vi very large, or ^ is near 90^, unlesB c is Tery amall, and when snoh is the ease the 
Wereaae of the tangent is not proportioned to the increase of the are, so that the 
ordinary mode of calctdating logarithms not exactly found in the tables wo«ld be 
■laKbnrate. 

USE 07 SUBSIDIAST UTOUB. 

94. Formulas not adapted to logarithmic computation may often be rondered so 
by the use of subsidiary angles. Specimens have been given in the last Art and 
Art. 77. The following is another example. 

To adapt 

sin a = cos I cos d cos a-^-mn d ml 

to logarithmic computation. 
It may be written 

cos d cos a 

sin a =su) d (sin I 4- cos I : — -z — ) 

' sm a ' 

cos d cos a 

Put the fractional part : — -j — = tan 6 (1) 

sm a ^ 



Onr form thus becomes 



sm ^ 

sin a = sin a (sin 1 4- cos I ) 

^ ' cos f ' 

sin d 

= . (sin Z cos ^ 4- cos 2 sin «) 

cos f ^ ^ * ^' 

ami 

= sm(/+^) 

eosf V 1 r/ 



sin ajeor* 



QUADBATIC BacTATioira 1|6 

^ may be computed from (1) by logarithms, aad then 1 + ^ tnm (9)» and from ^ 
and I -f- f » 2 becomea kaown. 

96. 2b teiohte a quadraHe equation 6y (Ae aid of DrigtmmMirf, 
The general fonn of such an equation is 

and the Talnes of x (see Alg. Ait. 18S) are 



-l± v^T+^-^^ lbr=^V?F'| 



Pot l! as tan* ^ (1) .*. X 



-^-j»L.:F5AanM±jj 
^* (tanf ^ tanf J 

-i::FBec^ .cos^:^:! 

■"'^^ tan^ ^""-^^ "STT" 



fiat 



and 



cos^+1 




2 cos* ^ f 


ainf 
cos ^ — 1 


3 sin ^ f cos i f 
— 2 Bin' ) 


sin f 


2 sin ^ f cos i f 



00* 4 # 



— tanit 



The two Talnes of s therefore will be 

'«=tirrr^^'''"''^^'"*^ ^ 

Logarithms may be applied to the formulas (1), (2), and (3). 

If p and q be negative the following forms should be used, which may easily be 

Aq 
deduced in a similar manner. Put -j^ sin* f, then 

*i «=lP(l + cosf) — pcos»l# 
*« =1p(1— cos^)=psin«lf» 

For the raeolntion of a cubic equation by the aid of Trigonometry, see Alg. Ait 
378. 

96. Tn find the increment of the eine, tangent, t(e. eorreepomUng fo a amoB 
ixaremeni of the, angle. 

Let a represent the angle, t its increment, and 4 sin • the corresponding incremeal 
of the line. Then 

* When the coefficients of a quadratic are large^ the trigonooMtric mode of sol»- 
tioB ii MBfeniant 
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S iiii0ssBii(a-)-t) — mna 

as ain a cos t -(- cos a sin t — on m 
SB COS a Bin t — on a (1 — cos t) 

9 sin* i i 

C3 COS a nn t (1 — tan a : — : (Art. 79.) 

^ fin • ^ ' 

(9 sin* i t) 

B COS a sin t (1 — tin a ^ . , . rO 

^ 3 sin j^ I cos i r 

B cos a sin i (1 — ttn a tan i t) 

The increment t being sapposed very small, tan | i will be very small also, and nnl 
tan 4 be large, the second term in the parenthesis may be omitted. Then since sin t 
is equal to i very nearly, t being very small, it follows that the ratio jof & sin a to t is 
cos a. In other words, the difierence of the sines of two angles is proportional to 
the di&rence of the angles when the difierence is small. 

When tan a is large this principle fails, which is the case with arcs near 90^. 

The reasoning for S cos a is very similar. 

For the tangent it is as follows : 

sin (a 4- sm a 

J tan a = tan (a 4- s) — tan a = -—, — r 

^ cos (a 4- cos a 

sin (a -f- cos a — cos (a -f- 8i° ' 
cos a (cos a cos i — sin a sin t) 

The numerator is equal to sin } (a -(* — ^l = sin t 

sin i 1 

.'. S tan a = — = r— ; : : r = sec* a tan i 



cos* a cos t (1 — tan a tan t) 1 — tan a tan t 

which if t be very small, and a not near 90^, reduces to 6 tan a = sec* a tan i. 

EXERCISES. 

(1). Prove vers (180° — a) = 2 vers ^ (l80o + a) vers J (ISOo — a). 

(9). Find the numorical values of sin 15^, vers 15^, sin 9^, cos 12^. 

(3). Prove tan 50° -f cot 50© = 2 sec IQO. 

4). If c -f 6 -f c = 90O, prove 

tan a tan 6 -f ton a tan e 4~ ^&i^ ^ t&n c = 1 
and cot a -{- cot b -f- cot e = cot a cot b cot c 

and tan a -{- tan 6 -|- tan c = tan a tan b tan c -{- sec a sec b sec e 

cos u — e /i I - 

(5). If cos V = 1 prove tan A « = a / ' ^ tan A ti* 

I — e cos u*^ * V^ 1 t, 

(6). Prove the radii of the inpcribcd and circumscribed circles of a regular poly- 

180O 
gon of any given number f n) of sides to be for the former r '=-\a cot , a being the 



length of one side of the polygon, and for the latter r = ^ a cosec 



n 

180Q 

n 



* Hiis is the formula used in the solution of Kepler's problem in Astronomy. 
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(T.) Pkofe the area of a regular circmnaeribed polygon to be 

180O 
iif*tan 



That of a regular inaciibed polygon to be 

n 3600 

g-fein-j- 

(8). Prove the area of a regular polygon of n aides, one of which =s a to bo 

180O 
i n 0* cot 

(9). ProTO the radii of the inscribed and circumscribed circles of a triangle to be 
V" it ' 4 >/i a (!•-«) (4 #-6) (!•-«) 



PART II. 



SPHERICAL TRIGONOMETRY 



AND 



PRACTICAL ASTRONOMY. 



^^*^^^^^*^^^*0^0*^^0^^m^m0*^^^*0m0m 



77. A spherical triaDgle is formed by three arcs of great circles. 

The planes of these arcs produced, form a trihedral angle, the vertex 
of which is at the centre of the sphere. (Spherical Geom. Prop. 7.) 

The angle which two planes make with each other, is called a diedral 
angle. This angle is equal to the angle formed by two lines, drawn one 
in each plane and perpendicular to the common intersection of the two 
planes at the same point (Geom. of Planes, Def. 6.) 

The angles of a spherical triangle are the angles formed by the planes 
of the arcs. (Spher. Geom., Def. 7.) These are the diedral angles of the 
trihedral angle mentioned above. 

The sides of the spherical triangle are the arcs of the great circles, by 
which it is bounded. The arcs subtend the plane angles of the trihedral 
angle, and consequently measure them. The arcs are given in degrees, 
and since they contain the same number as the plane angles which they 
subtend, these plane angles may be employed in a demonstration, instead 
of the arcs, or sides of the spherical triangle ; and for a like reason, the 
diedral angles of the trihedral angle may be employed instead of the 
angles of the spherical triangle. 

If we suppose the trihedral angle, which has its vertex at the centre of 
a small sphere, to be produced so as to cut out a triangle upon a larger 
concentric* sphere, the sides of the triangle upon the larger sphere, con- 

* Having the same centre. 



122 



SPHERICAL TRIOONOMETRT. 



taining respectivelj the same namber of degrees as the plane angles of 
the trihedral angle, will contain the same number of degrees respectively 
as the sides of the spherical triangle cut out by the trihedral angle on the 
smaller sphere. So that as the number of degrees in the angles and sides 
which are given or required, and not their absolute length, is taken into 
consideration in the solution of spherical triai^es, the tize of the sphere 
need not be regarded. 

78. Let ABO be a spherical tri- 
angle right angled at a. Let o be 
the centre of the sphere, and let the 
planes of the arcs which are the 
sides of the triangle be produced so 
as to form the trihedral angle whose 
vertex is at o. 

The plane angle cob will contain 
the same number of degrees as the 
side a of the spherical triangle ; the 
plane angle coa the same number as 
the side b ; and aob the same num- 
ber as c ; so that these plane angles 
may be marked a, 6, and c, as in the 
6gure. 

It has already been mentioned that the diedral angles of the trihedral 
angle correspond in the same manner to the angles of the spherical tri- 
angle ; and that these diedral angles are measured by the angle of two 
lines, drawn one in each plane, perpendicular to the common intersection 
of the two planes at the same point In order to draw these lines so as to 
be used most conveniently in the following demonstration, take o M = the 
radius of the tables ; draw m p perpendicular to o a, it will be perpen- 
dicular to the plane aob (Geom. of Planes, Prop. 19), since the two 
planes aob and a o c are perpendicular to each other, a being by hypo- 
thesis a right angle ; from f draw p d perpendicular to o b, a hue of the 
plane a o b ; join d m ; m d will be perpendicular to o b (GeonL of PlaneSi 
prop. 8) ; M D and d p being both perpendicular to o b at the same point 
D, the angle ii d p is the diedral angle of the planes aob and b o o ; of 
u D p = the angle b of the spherical triangle ; o ii being equal to radiusi 
M D is the sine of the plane angle a, and ii p is the sine of the plane 
angle h ; in the triangle m d p, right angled at p, we have ths proportion 
(Art 38) 

B : sin D : : M D : M p 
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rabBtitiiting for d its equal b, for u b, its value sin a, and hr u p, its valua 
an bf we have 

R : sin B : : sin a : sin 6 

Iliat is, the radius is to the sine of either (f the oblique angles of a 
right angled spherical triangle as the sine of the hypothenuse is to the sine 
of the side opposite that angle, 

79. The solution of astronomical problems forms one of the most useful 
and agreeable applications of the theory of spherical trigonometry, which 
branch of mathematics has grown out of the wants of Astronomy. 

To illustrate therefore the above and subsequent formulas of spherical 
trigonometry we shall introduce a few great circles of the celestial sphere. 
They are so well known that to de6ne them is perhaps superfluous. 

The equator is that great circle the plane of which is perpendicular to 
the axis of the earth. The a^ns being tlie line about which the earth per- 
forms its diurnal rotation. This produced to the celestial sphere becomes 
the axis of the heavens about which all the stars appear to revolve 
daily. 

The ecliptic is a great circle which makes an angle of about 23^ 28' 
with the equator. It is the path which the sun appears to describe among 
the stars once a year. 

The points in which the two great circles above defined intersect are 
called equinoctial points. 

The one at which the sun crosses the equator in the spring about the 
21st of March, is called the vernal equinox. 

The other, which is where the sun crosses in the autumn, viz. about the 
23d of September, is called the autumnal equinox. 

I>eclination circles are great circles, the planes of which pass through 

the axis and the circumferences of which all intersect in the poles or points 

where the axis meets the surface of the celestial sphere. They are also 

called hour circles. The sun appears to move about the earth once in 24 

- 360° 

hours;-—- = 15° is the number of degrees through which the sun 

moves in an hour. 

That declination circle, the plane of which passes through any place 
on the surfi9kce of the earth and the earth's centre, is called the meridian 
of the place. 

The angle contained between the meridian of a place and that declina- 
tion circle which passes through the sun at any given moment, is called 
the hour angle of the sun, and converted into hours, 15^ to the hour, will 
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show the time of day, if we reckon from noon instead of midniglit 
astronomers do. 

This time may be either a. m. or p. m. It is what is called apparent 
time, which varies a little from mean time, the time given by the clocksy 
in consequence of the slightly unequal motion of the sun in its annual 
revolution. 

The hour angle of a star is similar to that of the sun. 

Th£ horizon of any place is a great circle whose plane touches the 
surface of the earth at that place, and extends to the celestial sphere. 
This is called the sensible horizon ; the real horizon is a plane parallel to 
this through the centre of the earth. When any of the fixed stars are in 
question, the distances of which from the earth are so great that its radius 
is as nothing comparatively, these two horizons may be regarded as coin- 
cident The zenith is the pole of the horizon directly overhead. The 
nadir is the opposite pole. 

Great circles passing through the zenith and nadir are called verUood 
circles. They are secondaries to the horizon. 

The position of a heavenly body is fixed on the celestial sphere, like 
that of a place on the globe, by its latitude and longitude^ only it must be 
observed that on the former these are measured from and upon the ecliptic 
instead of the equator. 

Similar measurements from and upon the celestial equator are called the 
declination and the right ascension^ the former corresponding to the lati- 
tude, and the latter to the longitude.* 

Longitude upon the earth is reckoned from some fixed meridian, as that 
of Greenwich. 

Longitude upon the celestial sphere is reckoned from the vernal equinox 
which is called the first of Aries ; right ascension also from the same 
point ; the former upon the ecliptic, the latter upon the equator. 

The azimuth of a celestial object is an arc of the horizon, comprehended 
between the meridian of the observer and the vertical circle which passes 
through the object 

Or it is the angle which these two vertical circles make with each other 
having its vertex at the zenith. 

80. We are now prepared with materials for a practical application of 
the formulas of spherical trigonometry, and we commence with thai 
already demonstrated. 

* Tfao symbol for right ascension is ab or a. a. ; for declination d, or Dm. 
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Let E in the annexed diagram be the 
equinoxial point, eq a portion of the 
equator, es a portion of the ecliptic, 8 
the place of the sun, and 8Q a portion 
of a dec. circle through the sun ; then 
SQ will be the ®'s declination, which de- 
note by 5, EQ his right a^consion, which denote by a, and es his longi- 
tude, which denote by /. 

Given the o's declination* equal to 20", required his longitude. 
In the right angled triangle eqs right angled at q we know e = 23© 
28' the opposite side sq = 20^ required the hypothenuso es. Hence 
the proportion 

R : sin 23° 28' : : sin I : sin 20° 





. _ R X sin 20° 
'^^ ^ = sin 23- 28' 


6 


20O log. sin 9-53405 


E 


23° 28' log. sin 9*60012 


/ 


69° 11' 26 loir, sin 9-93393 



Tlence es = 59° 11' 26 ' the longitude of the sun required. 

* The declination of the sun may be found rudely by taking its meridian altitude 
with the same instrument and in the same manner as was described at Art. 11. More 
accurate instruments and methods will bo described hereafter. This obscnration 
should be made about noon repeatedly, and the greatest observed altitude will be the 
meridian altitude. A piece of 
colored glass will be required for 
the purpose. Let p be a place on 
the earth ; pq its dbtance from 
the equator will bo the latitude ; 
this contains the same number 
of degrees as the arc zq between 
the zenith and celestial equator. 
Let s be the place of the sun, 
then SQ will be his declination. 
Let HO be the horizon, then so is 
equal ®'8 meridian altitude, sz = 
complement of his altitude, and 
m called the zenith distance, or 
coaltitude : sq ^ zq — sz or declination = latitude — zenith distance. 

N. B. The altitude of the uppermost point of the circumference of the Bon 
ihoiild be first taken, then of the lowermost point, and half their difierence added to 
the latter,or aimply half their sura will give the altitude of the O's centre. 
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Let the student try the following modification of the problem as 
«serciBe. 

Given = 90° to find his declination.* 

81. By means of the proportion for right angled triangles, and of which 
an application has just been given, one may be derived for ti^angles in 
goieral. 

Let ABO be any spherical triangle ; 
let &11 from a the arc ad perpen- 
dicular to the side bo, the given 
triangle will be divided into two _. 
right angled triangles abd and ago. 
Li the right angled triangle abd we 
have the proportion (Art. 78) 

R : sin B : : sin AB : sin ad 

and in the right angled triangle acd, the proportion 

R : sin o : : sin ao : sin ad 

Multiplying the extremes and means of each of these proportions, ins 
have the equations 

B X sin AD = sin B X sin ab 
and 

R X sin AD = sin X sin ao 

The first members of these equations being the same the second num- 
bers are equal, hence 

sin B X sin A B = sin X sin ac 

substituting for the sides ab and ac the small letters of the same 
with the angles opposite to them the last equation may be written 

sin B sin c = sin o sin 6 
or 

sin B sin o 



sin b sin e 



* This tymbol agnifios loogitada of the nn. 
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fiinB:an6::8ino:sinc* 

tliat is, ike 8i$u8 of the angles of a spherical triangle are as ike sinei (f 
ike oppoeite sides, 

SZAMPLB. 

Let z be the zenith, p the pole 
of the equator, and a the place of 
a Btar ; zs will be the zenith dia. 
tance of the star, zps its hour angle, 
P8 its co-declination or polar dis- 
tance, and szp its azimuth. Let 
the azimuth, zenith distance, and 
hour anglef be given, to find the 
polar distance, which is the com- 
plement of the declination ; z, zs and p are given, and pb required. 

SOLUTION. 

sin p : sin z : : sin j9 : sm z 

Let p = 32° 26' 6', z = 49° 54' 38", and zs or p = 44° 13' 46" 

p 32° 26' 6" ar. comp. log. sin 0-27056 

z 49° 64' 38" log. sin 9-88369 

p 44° 13' 45" log. sin 9-84357 

z 84° 16' log. sin 9-99788 

or declination of the star = 5° 44' 

Since the sine of an arc is equal to the sine of its supplement (Art. 16), 
the required side may be also the supplement of 84° 16', or 96^ 44' 
The dec would then be 5° 44' south of the equator. 

To illustrate this double solution by the diagram, let the student niake 
or conceive to be made the following construction. Draw an arc from s 
making with rz an angle equal to z, meeting pz in a point which we will 
call z^. 8z' will then be equal to sz ; prolong pz and pb till they meet in 
the opposite pole, which we will call p' ; a triangle will be formed z'p'st 

* The Btadent will recollect that a proportion is an eqaalitjr of ratios, and that ratio, 
n Mmmonly understood, is the quotient of two quantities. The above is fiuniiinljr 
ealled the sine proportion. 

t The zenith dist. and azimuth may be observed with a theodolite or altitude and 
aiimuth instrument, to be described hereafter ; the hour angle by a liderea] cloek. 
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in which the angles z* and p', and the side %z* will be equal to those given 
in the above example, but in which the side p's is the supplement of ps.* 
The polar distance of the fixed stars will be found to be always the 
same, henco they describe circles about the poles in their apparent daily 
motion. 



EXEROISB. 



Given a 42© 32' 19", a 48o 12', h 55© V 32" to find b. 



An», B 640 46' 14''* 



H 



82. We shall next demonstrate a formula which will express one of 
the angles of a spherical triangle in terms of the three sides. 

Let ABC be any spherical tri- 
angle, o the centre of the sphere ; 
join OA, OB, oc ; a trihedral angle 
is formed having its vertex at o. 
The plane angles of this trihedral 
may bo allied by the same letters 
as the sides of the spherical triangle 
for the reason given in Art. 77. 
By referring to the note of Art 3S, 
it will be seen that we may choose 
at pleasure the length of a radius, 
and the trii^onometrical lines will 
have the same relation as those 
corresponding to the radius of the 
t-ibles or any other radius. 

Let us take oa as radius, and 
draw the perpendiculars ad and ae 
at its extremity and in the planes 
Aoc and aob ; produce these per- 
pendiculars till they meet the lines 
oc and ob in d and e. ad will be the tangent and od the secant of the 
side 6 of the spherical triangle, and ae the tangent, and ob the secant of 
the side c. 

This being premised, let us take the value of de, in terms of the other 
sides and one angle, of each of the two plane triangles dab and doe, to 
both of which it belongs. This may be done bv means of the formula 




* A rule for determining when there are two solutions, and when but one in aooh 
oases, is given at pi 196. 



TRIANGLBB Ilf GENBKAL. 129 

5« J. (^ a« 

006 ▲= R r- (Art 60), from which, taking the value of the 

Ii oc 

square of thd side opposite the angle in the formula, we have 

2 6 coos A 

in the triangle sad this formula becomes 

- , , , 2 A D X AR cos A 

ed" = ad" + ak" 

K 

and in the triangle eod 

2 DO X EO 006 a 



Kp" = do' + bo* — 



K 



subtracting the former from the latter of these two equations and observing 
that in the right angled triangles oad and oab 

do* — ad' = OA* and eo* — ae* = oa' 

there results 

2DoXEOC06a . 2adXaecosa 
= 2 o a' 1 

K R 

Finding the value of cos a from this equation, we have 

DoXBOcosa — rXoa* 



cos A = 



A D X A E 



R« 



substituting for o A its value r for d o its value sec 5 = (Art 33), 

for E o, sec c = for a d its value tan 6 = — (Art 32), and for 

COS c cos 6 ^ '' 

A B its value tan c = the above expression beeomes 

cos c 



R« R* 



COS 6 cos c 

006 A = 



COS a — R* R* cos a — r*co6 6cosc 



R sin 6 R sin c r* sin 6 sin c 



cos 6 COB c 

or striking out r* 



R*cosa — rcos6oo6 e 
006 A = : — T—' 

sm osm e 
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or if R =1 

COS a — cos 5 COS c 

cos A = — 



sin 6 sin c 

But the angle a of the plane triangle d a e is the same as the angle 
A of the spherical triangle (Spher. Geom., Prop. 4) hence, translating the 
above formula, 

T%e cosine of either* angle of a spherical triangle is equal to radiui 
iquare into the cosine of the side opposite^ minus radius into the rectangle 
of the cosines of the adjacent sides, divided by the rectangle of the sines 
^ the adjacent sides. 

The above formula will serve to calculate one of the angles of a spheri- 
cal triangle when the three sides are given, if we employ the table of 
natural sines and cosines; but is unsuitable for the application of 
logarithms, in consequence of the sign — in the numerator requiring a 
subtraction to be performed, which operation is impracticable bj means of 
logarithms. Wo shall therefore derive from this another formula, involv- 
ing only multiplications, divisions, <bc., of the trigonometrical lines con- 
tained in it, to which operations logarithms apply. 

83. At Art. 74 were derived formulas (2) and (4) for the sum of the sines and 
difierence of the sines of two arcs. In a similar manner two others may be derived 
for the sum and diffurence of the cosines. Sec (7) and (B) of Art. 12, App. I. 
These four forms would be as follows : 

ain m -|- sin n = 2 sin i (m -f- n) cos ^ (m — n) (1) 

sin m — sin n = 2 cos ^ (m 4- w) sin ^ (m — n) (2) 

cos m -f- cos n = 2 cos i ( ;«-{- 11) cos ^ (m — n) (3) 

cos n — cos m = 2 sin ^ (m -}- w) sin ^ (m — n) (4) 

The last i? read, the difference of the cosines of any two arcs is equal to twiet 
the sine of half their sum into the sine of half their difference, 

84. A formula for the cosine of half an angle of a spherical triangle, in terms of 
the three sides, may now be derived. Resume from Art. 82, 

cos a — cos b cos e 

cos A = : — ,—. 

am 6 sm c 

Add 1 to both members it becomes by (6) of Art. 70, 

cos a — cos (6 -|- e) 

1 + cos A = : — J—: 

* sm 6 sin c 

Bat 1 + cos A = 2 co8« ^ At 

* We say either angle, because in the above demonstration no paitienlir aikflje 
was selected, 
t Deduced similarly to (8) of Art. 73, by adding (5) and (6) of that article. 
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.% (4) Alt 83, 

Bin ^ (6 -f- c -f ff) an ^ (6 -f e — a) 

sm 6 ain c 

Of, 

cog i A = Y /"° ^ * 8iM"(' — fl) (1) 

Ar ain 6 on c 

t. e. T&e con'fic of half an angle of a gpherieal triangle U equal to the eptan 
root of the sine of half the eum of the three tides into the sine of half the sum 
minus the side opposite, divided by the rectangle of the sines of the adjacent sides. 

In a similar manner may be derived a formula for the sine of half an angle bi 
terms of the three sides. 



•in i A = AMJT-t) ain {j ,-c) 
▼ sin 6 sine 

Dividing (2) by (1) there results 



(2) 



taniA=^ /"°(^*— ^)"° q*— (3) 

▼^ sin ^ « sin (^ » — a) 



Since sin a = 3 sin ^ a cos i a, by multiplying (1) and (2) a formula for sin a may 
be obtained analogous to (2) of Art. 73. 

Any of tho above forms (1), (2), (3) may be employed for the solo- 
tion of a spherical triangle when tho three sides are given. 

(2) is read thus : the sine of half either angle of a spherical triangle is 
equal to radius* into the square root of the sine of half the sum of three 
sides of the triangle minus one of the adjacent sides, into the sine of half 
tlie sum minus the other adjacent side, divided hy the rectangle of the sines 
of the adjacent sides, 

* Radius must be introduced as a factor for homogeneity. 
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The blank form of (2) for examples will be the following. 













09 


lA 




r« e« 




CO 1 00 












• 


9 

O 

• 




O CO 






• 


CO 00 

84 












o 


o 




00 o» 






00 
























l-« 


^ 






57 






o 
c 

• 


1 

• 

!9 










Gt 


o 


o o 

ii 

m • 


^^ 




•i 




• 

o 


o 

m 

O 




ii 




1 II 


M to 




t» 




• 


o 




Si 




^<^ 


a a 


.s ^ 




^ 




d 


a 






-2 -J 






















































s 


S 




s; s 




3 


§ o 














:|! 






00 (^ 
Q 00 




CO oi 
















^ 






co 


t II 

n 














s 


• 




• • 
00 o» 




• 
00 














A 


9 








Gt 


* 


-3 1 

• • 


1^ 








•i 


1 








^ 

s 


9 9 










t« 


W 








^ 


•S -2 

• • 

o o 


S { 


•s 




CO 

to 


• 

o 


o 

■ 

o 




1 1 




•§ o 


ar. c 
ar. c 


i S 


• 

bo 




o 

9 


• 






i i 




O p^ 















II 














II 
































CO 

o 




SSI 




P o 

3 00 


o> 


§ 4 












kO 




O -H 




00 0) 


0) 


a> 












r- 




o <S> 




• • 

o> 0» 


• 


• 

0) 












II 










^^ 




•ss 




















« 




CO. log. 
CO. log. 


-§■§ 

• 


c?-i 






o 




CO. log. 
CO. log. 




Ii 

• • 




1 


.• -• 


bO 60 


M 






"^ 




_• . • 




SM 




M 


a & 


J2 .2 -2 






II 




& 13 






^ 








































T t 










a 


^ 


^ ^ 


^ 


*'***».*' 




^ ^ ^ 










1. 




CO CO 


CO 


00 ^ lO OI 




S"S 










I-H 


o 


o o 


o 


o o o o 




*. •. ^ 

O^ lA v^ 










a 


s 


12? 


9 


g| - 5 S3 




""^ CO '^ 










s 


f-H 




c^ 


^^ 




o o o 










2 












00 OI o> 




















t^ ^ 




1 1 1 












1 1 1 




II II II 

< n o 




«•••••• < 


m 


u 




o 


•« u 


« 


•»•••»« 






«t .o u •• 


H^ *♦* *♦* HH HH 


HM 


HN 










•-«« HM HH .«« 




-««-««-«« 



The result is not ambiguous in the application of this foimula, for half the angle 
must be leee than 90^, since the whole angle cannot exceed 180o. (Spher. 6eom.« 
Prop. 8, Note.) 
Example n. Given a = 810 17/, 6 =1140 3', e =590 12'« 

. A = 620 39' 43"»4 
Afu. J B = 1240 50' 50" 
(c=s 50O31'43"«f 
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This fonnula, for the solution of a spherical triangle when the three 
sides are given, is very convenient for calculation by l(^arithms. Applied 
to each of the angles separately, it will serve to determine them all. 

An interesting astronomical application of this case of solution is to 
finding the time of day and error of a watch by an altitude of the sun or 
other heavenly body. See Nautical Astronomy, p. 287. 

85. It is proved (Spher. Geom., Prop. 18), that the three angles of a 
triangle being given, the triangle is determined. A formula for calculating 
^ther of the sides when the three angles are given, may be easily derived 
from that of the last article, by means of the polar triangles. 

It is necessary first to premise that the polar triangles of the whole 
range of triangles will include all possible triangles : for as each side of a 
triangle passes through all values from 180^ to Qo, the opposite angle of 
the polar triangle will pass through all values from 0^ to 180^. Where- 
fore whatever can be proved of the polar triangles of all possible triangles 
may be considered as proved for all triangles. 

Resume the equation before (1) of the preceding article. 

COB 4 A = \ / "^ ^ (^ -^^ + ^) ^^" i (^ + ^ — ^) 

sin h sin c 

For the parts of the triangle in this formula, substitute their equivalents 
in the polar triangle. It will be remembered (Spher. Geom., Prop. 6), 
that each angle of a spherical triangle is the supplement of the side oppo- 
site in the polar triangle, and vice versd ; hence if a', h\ and c' represent 
the sides, and a', b', c^, the angles of the polar triangle, we have 

A= 180=> — a'a= 180°— -a', 6= 180° — e' and c = 180° — o' 

putting these values of the letters a, o, 5, and c in their places in the formuhi 
above, it becomes 
cosi(180o — a) 

_ „^ ^n^ (540Q — (a^ + b' 4- C ) ) sin ^ (180°— (b' + c^ — a^)) 
~^ > sin (180° — b) sin (180° — c') 

But \ (180° — a) = (90O —\ a!) and cos (90° — ^ a) =; sin \ a' 
(Art 23); also i (540° —(a' -f b + c ) = 270° — ^ (a' 4-B'-f- c') and 
sin (270° —i- (a' -f- n'-f c')) = — cos ^ (a' -f b'+ c') ; alsoj (180° — 
(b' + o'— A') = 90°— i(B'-f o' — A)andsin(90o — J(B'-f c— a')) 
= cos 4- (b' + o' — A^ ; also sin (180° — b ) = sin b' (Art 15) and sin 
(180° — o') = 8ino'. 
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Making these sabstitutioiis, the formula becomes 



i a' = W^ — cosj (a'+ b + o ) cos ^ (b'+ o^— a^) ^^j 



sin 

sm B sm o' 



a formula for the sine of half a side in terms of the three angles of a 
triangle. We may leave out the accents over the letters, which we have 
employed only to distinguish the polar from the triangle to which it corres- 
ponds, and which are superfluous in a general formula. 

This formula will undergo a similar modification to that made in the for- 
mula preceding (1) of the last article. Represent a 4. b -|- o by s, and 
the formula becomes 



sin i «- y/-<^i±J^ii^-^) (2) 

sin B sin o 

or, tlie sine of half diher side of any spherical triangle is equal to radius* 
into th£ square root of minus the cosine of half the sum of the three 
angles into the cosine of half the sum minus the opposite angle^ divided 
by the rectangle of the sines of the adjacent angles, 

A form for the cosine of half a side may be derived in the same manner from 
the form from which (2) of Art 84 is derived. 



cos i a = / C09 h (A+B — C) COS ^ (A-hc — B) ^3j 

^r sin B sin c 



sin B sm c 
from which 



!«=>/ 



g^ X ^ . , COS i (S — B) cos 4 (8 — C) 



sm B sm 



86. We shall next derive two sets of proportions applicable to the solu- 
tion of a spherical triangle, the first set when two sides and the included 
angle are given, and the second when two angles and the included side. 

It will be found convenient in the longer analytical processes to represent 
the angles of a spherical triangle opposite the sides a, b, and c, respectively 
by a, /J, 7. Formula (1) of Art. 84, applied to each of the three angles 
of a triangle will give 

* For homogeneity. In the above form — cos ^ s is always positive, bccaoBd 8 is 
always more than I8O0. (See Spher. Gcom., Prop. 14.) 
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COS* ^a — 
cos'iiS — 
COS* i/ «— 



sin i (ft + c + a) sin } (6 + c — a) 

sin b sin c 
sin J (a + c -h b) sin ^ (a + c — b) 

sin a sin c 
sin ^ (a + 6 + c) sin ^ {a + b — e) 



sin a sin 6 



(1) 

(2) 
(«) 



and the formula from which (2) of the same article is derived. 



am a 



sin ii9 — 
sin* i 7 — 



sin i {a + e — 6) sin i {a + b — c) 







sin 6 sin e 






sin 


i(6+ 


c — a) sin 


H" 


+ 6- 


-c) 






sin a sin c 






sin 


*(*+' 


c — a) sin 


*(« 


+ c- 


-6) 



sin a sin 6 



(6) 
(«) 



By multiplying two of these formulas, and dividing by a third will be 
obtained 



1 



. (2) X (3) ,, . , cos i ^ cos i 7 
from ^ . ^ the formula ' 



r 



t( 



It 



4 

(5) X (6) 
W 

(1) 
(3PCJ5) 

(I) 



u 



u 



M 



sin i a 

sin J sin J 7 

sin ^ a 

cos i /3 sin ^ 7 
cos i a 

sin J i8 cos J 7 
COS i a 



sin 


H« + ft + 


«) 


sin 


sin a 


«) 


sin 


sin a 


•*) 


sin 


sin a 


-^) 



sm a 



(8) 

(») 
(10) 



Subtracting and adding (7) and (8), and also (9) and (10), applying to the 
first members of the results of these operations the formulas deduced in 
Art 70, and to the second members formulas (5), (6), (7), (8), of Art. 12, 
App. I., and afterwards to those same second members formula (3) Art 71, 
we obtain the following forms. 



I. 



n. 



m. 



cos ^ (/3 + 7) cos ^ (6 + c) 



sin \ OL 

cos I (/3— 7) 

sin \ a 
sini(ff + 7) 

cos ^ a 



cos -{^ a 

sin i (b+c) 
sin ^ a 

cos j^ {b — c) 
cos i a 
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Sin i(j 9— 7) sin j {b —c) 
XT. -z ■■■ : — « 

006 ^ a am -{-a 

These four forms (and four others derived similarlj from repeating for 
each side formulas (1) and (3) of Art 85), are known as the Theorem of 
Qauss.* By division of m. bj L, and IV. bj H, in both sets will be 
obtained four additional forms known as Napier's Analogies ;t viz., 

V. taniatani(i8+7)-'^*^*~''^ 



VI. taniatani(/3 — 7) 
Vn. cotiatani(6 + c) 



006 i (6 + e) 
fsm i {b — c) 
an i {b + c) 

ooBi(/3-7) 
co8i(/3+7) 



Vm. cotiatani(ft-c) - ""ti^ .^ -j 

smi(^+7) 

These each converted into a proportion or equality of ratios by writing 
cot i a in the denominator for tan ^ a in V. and VL, and vice •vnd, in 
VII. and VIII., will be as follows : 

IX. cos i (ft + c) : cos i {b — c) : : cot ^ a : tan i (jS +7) . . . 

X. sin ^ (6 -h c) : sin ^ (6 — c) : : cot ^ a : tan J (jS — 7) . . . 

XL cos ^ (^ -h 7) : cos i (i3 — 7) : : tan i a : tan i (6 + c) . . . 

XII. sin J (^ + 7) : sin i (/3 — 7) : : tan i a : tan i (6 — c) . . . 

That is, the cosine of half the sum of two sides of a spherical triangle 
is to tlie cosine of half their difference^ as the cotangent of half the 
incltided angle is to the tangent of half tlie sum of the other two 
angles. 

The second may be repeated in a similar manner, changing cosine into 
sine and tangent of the half sum into tangent of the half difference of 
the other two angles. 

The third may be translated into ordinary language thus : 

The sine of half the sum of two angles of a spherical triangle is to the 
sine of half their difference as the tangent of half the interjacent side is 
to the tangent of half the difference of the other tvoo sides. 

* Or Gauss eqaations. 

t Analogy ia a term synonymous with proportion. The first term bears the same 
moalogy or proportion to the tecond that the third does to the fourth. 
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The fourth may be repeated in a similar manner. 

These proportions were first given by Lord Napier, who is celebrated for 
many useful inventions of a similar character, but chiefly for that of 
logarithms. 

We shall now apply the first set to an 



BZAMPLB. 



Tlie latitudes and longitudes of two places on the earth^s surface being 
given to find the angles which the arc of a great circle joining them 
makes with their meridians, and their distance apart, the eartli bc'ing sup- 
posed an exact sphere. 

Let p be the pole, b and s' the places, then 
PS and Ps' will be their colatitudes, and the 
angle p will be the difference of their longi- 
tudes, since p will be measured by an arc at 
a quadrant^s distance on the equator. (Spher. 
G^m., Prop. 4.) Let the latitudes of the two 
places be 51® 30' and 20° ; and let their dif- 
ference of longitude be 31® 34 26 '. Their 
colatitudes will be 38° 30' and 70°. Then 
we shall know in the above triangle tli*j two 
sides opposite s and s' which we will call s 
and «', and the includ<^d angle p. The greater side s' = 70°, « = 38° 
30' and p = 31° 34' 26". Applying forms IX. and X. of Napier's ana- 
logies with the use of logarithms, the half sum and half difference of the 
unknown angles will be obtiiinoJ, by the addition and subtraction of which 
the angles themselves may be found. The remairiin:^ side p of the tri- 
angle may be found by the sine proportion, or to avoid ambiguity, by 
form XL* 

The whole computation is contained in the following table. 




* For a highly useful practical application of this problem boo Great Circle railings 

App. in. 
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When the first two columns of the above computation are finished, we 
have the values of i (s' + b) and i (s' — s) the sum of which is equal to 
a' and their difiference b. 

i (8'+ b) + i (s' — s) = 130° 3' 8"= 8' 
i(8'+8)— i (s' — 8) = 30° 28' 12"— 8 

Sinoe wo know now all the parts of the triangle except the side p oppo- 
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site the angle p, that might be found by the proportion (Art 81), the 
sines of the angles are as the sines of the opposite sides. But to avoid an 
ambiguity in the result similar to that of Art 81, and the trouble of 
determining which of the two results corresponds to the other parts of the 
triangle now fixed, it is better to employ XL of Napier's analogies, inverting 
it as seen in the last column above. This gives i p= about 20^ and 
p = about 40^ = 240 geographical miles, the distance required. 

SXAMPLB II. 

Given the moon's b.a. 11* 88" 2V*16. Dec 4° 5' 40"-4 ». 

To find her latitude and longitude, the obliquity of the ecliptic being 
230 27' 23 •13. 

Let p be the pole of the equator, p' that 
of the ecliptic, m the place of the moon ; 
then the angle 

MPP' = 270° — ]>'• R.A. 
the side 



the side 

To find 
and 



pp'= 23° 27' 23"-13 

PM= 90° — 4°6'40"*4 
pp'm = 270° — long, of M 

p M = 90° =F D'* latitude* 




Ans, ]>'• lat. = 1° 37' 3"-3 n. 
long. = 173° 25 67 "•7t 

87. When, in tho case considered in Art. 86, the only part required happens to be 
the side opposite the given angle, the finding of the other two angles then becomes 
merely a subi>idiary operation, and the determination of the required side, by Napieifs 

» The Fummer soUtice is 90^ from the vernal equinox, and is n of the equator. 
The pole of the ecliptic f' therefore will be south of f and between it and the 270O 
point. The right ascension of the moon being nearly 12 hours is nearly 180<^, which 
fixes its place in the diagram. 

t The determination of the latitude and longitude of a heavenly body from its 
right ascension and declination as above Is one of the most useful problems in Astro- 
nomy, the right ascension and declination being observed directly with the astrono- 
mical instruments as will be explained in a subsequent part of the work, and the lati- 
tade and longitude being required for computing the elements of the orbits of the 
heavenly bodies. 
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snalogtes, eeems unnecoasarily long. A shorter method of solution is deduoikklA 
from the fondameatal formula, obtained at Art. 82, or 

COB c ^ cos COB 6 •}- Bin a on 6 cob c (1) 

For Bubstitnting cob a tan a for its equal sin a it becomes 

COB e:s coe a (cob 6 -f- tan a sin 6 cos c) 

COB M 



ABBume 



tan a cos c ^ cot » = 



Chen 



COB e = COB a 



sin M ' 
sin ft» COS 6 -f- Bin 6 cob m 



sm M 

cos a sin (cu -f- 6) « 
■"■ sin M 

Hence, to find the side e, we must determine a Bubsidiazy angle m from the 

•qpiation 

cot w = tan a COB o (9) 

after which e h fonnd by the equation 

COB a sin (m -f*^) 

cos e = : (3) 

sm w ^ ' 



ISXAMPLE. 

1. In a spherical triangle are given a =380 30' 6=r70o, and c = 31© 34' 28". 
to find c. 

a 380 30' 0" log. tan 9.90061 log. cos 9-89354 

c 31 34 28 log. COB 9*93042 

01 55 52 30*5 log. cot 9-83103 ar. co. log. sin 0*08207 
b 70O 



to + b 125^ 52' 30"*5 log. sin 9*90864 

c 40O log cos 9*88425 

88. If when two angles and the included pido are given, the angle opposite to the 
given side be the only part required, a similar formula should be employed, deduced 
as follows. From the fundamental formula (1) above, may be obtained by aid of 
the polar triangles, the formula 

cos c ^ — cos A COS B -f" sin A sin B cos c. 

which becomes when cos a tan a is substituted for sin a, 

cos c = cos A (tan a sin b cos c — cos b) : 
OTiBBoming 

cos ftl 

tan A COB c = cot w = 



SIQ M 

sin B cos 61 — sin u cos b 



OOBOSSCOB A 



sm M 
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COS A flin (B — m) 
sin u 

Henee, haying found a subsidiary angle », by the equation 

cot M = tan A cos e (1) 

the required angle is detennined by the equation 

cos A sin (b — w) _ 

cos C = : (8) 

sin M 

89. The formulas for the solution of spherical triangles iu generali 
which have now been demonstrated, apply of course to right angled tri- 
angles ; but if it be recollected that the trigonometrical lines of the right 
angle or 90^ are either k, 0, or oo, it will be evident that these formulas 
may, when thus applied, be much simplified. 

The student can easily make the substitutions necessary to change the 
foregoing formulas into such as apply exclusively to right angled triangled, 
for himself. We shall not occupy space with them here, but be content 
with ob8er%'ing that after they have been made, all the formulas which 
result will be found capable of being expressed in two short rules, or these 
indeed may be united into a single one.* 

Amongst all the convenient and useful inventions of mathematicians, 
none is more ingenious and beautiful than this, the author of which is the 
celebrated Lord Napier, whose name we already have had occasion 
repeatedly to mention in connection with the most happy discoveries for 
fiacilitating mathematical operations. The rules are known as 

« 

NAPIER^S RULES FOR THE CIRCULAR PARTS. 

The circular parts of a right angled spherical triangle aro 
The two sides including the right angle, called 

1. The base. 

2. The perpendicular. 
And 

3. The complement of the hypothenuse 

4. The complement of the angle at the base. 

5. The complement of the angle at the vertex* 

The right angle being entirely left out of consideration in the solutioB 
of triangles of this kind, the angle at the base is that mcluded between 

* The mode of deducing them is givwi in App. IL p. 194i 
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the base and the hypothenuse ; and the angle at the vertex is that included 
between the hypothenuse and perpendicular. 

The circular parts are then the elements of the triangle itself except the 
right angle, only that the complements of the hypothenuse and oblique 
angles are the circular parts, instead of these themselves. 

The annexed diagram shows of which elements of the triangle the 
complements are used. 

There being five of these circular parts, 
it is evident that any three of them which 
you choose to select will either be contiguous 
or else two will be contiguous, and one will 
be separated from them by a part on each 
side. 

In the first case, the part intermediate 
between the other two is called the middle part, and they are called its 
adjacent parts. In the second case, the part which is separated from the 
other two is called the middle part, and they its opposite parts. By 
means of this arrangement, all the relations of a right angled triangle 
may be expressed in the two following rules of Napier : 

1. Radius multiplied -by the sine of the middle part is equal to the 

rectangle of the tangents of the adjacent parts. 

2. Radius multiplied by the sine of the middle part is equal to the 

rectangle of the cosinos of the opjxysite parts. 

Or botli rules may be given thus : radius into the sine of the middle 
part = tfic rectangle of the tangents of the adjacent parts = tlie rectangle 
of the cosines of the opposite parts* , 

Tlic memory will be aided by observing that the words tangents and 
adjacent in the second clause of the above rule both contain the letter a ; 
and that the words cosines and opposite in the last clause both contain the 
letter o. 

As the right angle of a right angled spherical triangle is always known, 
any other two parts being given, the rest may be found by the above 
rules. 

The method of proceeding is as follows : Take the two given parts and 
one of the required parts, or if but one of the unknown parts be required, 
take that, you will thus have under consideration three parts of the tri- 
angle. One of these three will be middle, and the other two either adja- 

* The rale may be read without radius which must be understood as entering tha 
resulting formulas, in accordance with the principles of homogeneity. 
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cent or opposite ; apply the rule of Napier, and you will have an equation 
resulting which will contain the two given parts and the required part; 
make the required part the unknown quantity in the equation, -and resolve 
itj you will thus obtmn the value of the required part in terms of the two 
which were given. By applying logarithms to this value, you will have it 
in degrees, minutes, and seconds. 

EXAMPLB 

90. Given the sun's right ascension and declination to find his 

longitude. 

Let the parts of the right angled 
spherical triangle eqs represent the same 
circles of the celestial sphere, as at 
Art 80; a and S are given, and I is 
required. 

Of these three parts a, 6 and ^, a and 
6 are contiguous, and I is separated from them by a part on each side ; 
therefore / is the middle part and a and 6 are opposite parts. Applying 
Napier's rule, remembering that the complement of the hypothenuse I is 
to be employed, we have 

sin of comp. / = cos a cos ^ 
or, 

cos / = co6 a COS ^ 

91. The same being given, required the obliquity of the ecliptic 

The required part is the angle e in the figure. Of e, a and ^, since 
the three are contiguous leaving out the right angle, a is the middle part, 
hence applying the rule of Napier, 

sin a = tan ^ cot b 

We put cot E instead of tan e, because, according to the directions 
before given, the complements of the oblique angles are to be employed. 
Taking the value of cot b from the above equation, we have 

sin a 

The sun's r.a on 1st of May 1850 is 2* 33* 10**42, and his dedination 
at the same time 15^ 8' 2"*4 required his longitude and the obliquity of 
the ecliptic 
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a 38° 17' 36"»80 
S 16° 3' 2"-4 

/ 40° 43' 6"-86 

B 23° 27' 26"*46 



log. cos 9-89479 
log. coe 9*98484 

log. OOB 9*87963 



log. mn 9*79217 
log. tan 9*42969 



log. cot 10*36269 



In the solution of the above triangle it will be observed that we have 
found each of the unknown parts in terms of the two given, and have not 
employed one of those first calculated to obtain another. This is agree- 
able to the principle laid down at Art 41, of plane trigonometrj, and the 
reason is the same. Such a method of proceeding is always practicable 
in the solution of right angled spherical triangles. 

In the examples which we have taken above, we have supposed the 
base and perpendicular of a right angled spherical triangle given. Any 
other two parts being given, each of the unknown parts may be calculated 
by the aid of Napier's rules, in a manner entirely similar to what has 
been just exhibited. 

EZSECI8S8. 



1. In the sphericaJ triangle abc right angled at a, given the hypothenoBe a 65^ 



5' and the angle c 48^ 12' to find B, b and e 



2. Given a 127o 12', e 141^ 11' to find 6, b and c. 



B 640 46' 14" 
^fif..^ 6 55 7 32 
c 42 32 19 



h 390 6' 26" 
AmAb 52 22 24 
( c 128 6 26 



3. Given the two obliqne angles b 111^ 11', c 91^ 11' to 6nd the three sidea. 



■1 



« 890 32'28" 
Aru.ih 111 48 48 
e 91 16 8 



N. B. If the given quantities in a right angled triangle be a side, and its oppoflits 
angle, there will bo legitimate ambiguity in the solution. 

In all other cases no ambiguity properly exists, but to avoid error it is necesBary to 
obterve the two following principles. 

1. The greater side is opposite to the greater angle. 

2. An angle and the opposite side are of the same afiection, t. e., both greater or 
both lees than 90^. 
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BXAMPLB I. 

92. Given the sun^s declination to find the time of his rising and set- 
ting at any place whose latitude is known. 

Let nz 8 Q represent the meridian 
of the place, z being the zenith, and 
HO the horizon, and let a' s" be the 
apparent path of the sun on the pro- 
posed day, cutting the horizon in s. 
Then the arc sz will be the latitude of 
the place, and consequentlj eh, or its 
equal go, will be the colatitude, and 
this measures the angle oaq ; also us 
will be the sun's declination, and ar, 
expressed in time, will express the time 
of sunrise from 6 o'clock, for nks is the 6 o'clock hour circle. 

Hence, in the right angled triangle bar, we have given rs, and the 
opposite angle a to find ar, the time from 6 o'clock. 

Required the time of sunrise at latitude 40^ 43^, when the sun's decli- 
nation is 23° 27' 
By Napier's rule, 

Rad. sin AR = cot A tan RS = tan lat tan dec. 
23° 27' log. tan 9-63726 

40^43' log. tan 9-93482 

21^ 65' 13" log. sin 9-67208 
4* 




AR in time 



60 )87Q 40' 52" 
1* 27- 41* 
6 



4* 32" 19' time of sun rising. 



SCHOLiniC. 

It should be here remarked that the time thus determined is apparent' 
time^ which is that which would be shown by a clock so- adjusted as to 
pass over 24 hours during one apparent revolution of the sun, or from 
its leaving the meridian to its return to it agun, the index pointing to 12, 
when the sun is on the meridian. But it is impossible that any clock can 

* Degrees are conyerted into honra by multiplying by 4 and dividing by 60, 
which is equivalent to dividing by 15. 

10 
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be so adjusted, because the interval between the successivo returns of the 
sun to the meridian is continually varying, on account of the unequal 
motion of the sun in its orbit, and of the obliquity of the ecliptic ; each 
of these varying intervals is called a true solar day, and it is the mean of 
these during the year which is measured by the 24 hours of a well regu- 
lated clock, this period of time being a mean solar day ; hence, at certain 
periods of the year, the sun will arrive at the meridian before the clock 
points to 12, and at other periods the clock will precede the sun ; the 
small interval between the arrival of the index of the clock at 12 and of 
the sun to the meridian, is called the equation of time, and it is given on 
pages I. and 11. of each month of the Nautical Almanac for every day in the 
month ; this correction, therefore, must always be applied to the apparent 
time determined by trigonometrical calculation to obtain the mean time 
or that shown by a well regulated clock or chronometer, or vice versd, and 
the Nautical Almanac always indicates whether this correction is addi- 
tive or subtractive.* 

A third kind of time is called siderial time. A siderial day is the 
period of revolution of the earth upon its axis with reference to the fixed 
stars, or it is the time* which elapses after a fixed star passes the meridian 
of any place until the same star comes to that meridian again. Owing to 
the apparent motion of the sun from west to cast along the stars about 

360° 

daily, occasioned by the real motion of the earth in its annular orbit, 

365J 

the sular day is a little longer than the siderial, because when the meri- 
dian of a place has revolved with the earth on its axis from west to east 
to come under a certain star, the sun which the day before may have 
been on the meridian with the star having moved a little to the east, the 
meridian has a little farther to revolve towards the east to come under the 
sun again, and thus complete the solar day. Tlie difference between the 
siderial and solar day is about 3'*^ 57'. The same fixed stars crass the 
meridian, rise and set about tfife much later every day. The siderial day 
is divided into 24 siderial hours, the hour into 60 siderial minutes, and 
these each into 60 siderial seconds. At pagesf 584, 585, 586, 587 of the 

* To solve the above problem very accumtely it would be Deceasary to compute 
the bud's declination at the time of sunrise as deduced approximately above, and 
then to go over the calculation again. The Nautical Almanac gives the decHnation 
of the sun at noon for every day in the year, and of the process for determining its 
decHnation at any other time of the day we shall have numerous examples in 
Part. V. 

t The Nos. of these pages change a little every year. 
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Oreenwicli Nautical Almanac are what are called tables of time eqniya- 
lents. On pages 584, 685 will bo found for any given interral of mean 
solar hours, or minutes, or seconds, the equivalent interval in siderial 
time. And similarly on pages 686, 587, for any given dderial interval 
will be found the equivalent mean solar interval 



Required the equivalent of an interval of 7' 29" 30* of mean solar 
time in eiderial time. From page 684 the equivalent 

of 7* b found to be 7» 1" 8'*99 



Ant. By addition 7* 29" 43"l 



Required the solar equivalent of 22""* 30" 27' (page 686 N. A.) 
22* = 21' 56" 23"76 
80"= 29 65*08 
27 = 26*93 



Am. 



22 26 45*76 



An astronomical clock is one which keeps siderial time. A common 
clock may be made to do this by shortening a little the pendulum. The 
weight attached to the pendulum is usually furnished with a screw by 
which it may bo lengthened and shortened at pleasure, and this should be 
done till the clock goes just 24 hours from the tjme a star makes its 
transit over the meridian till the same star makes its meridian transit again. 

The exact instant of a star's crossing 
the meridian is observed with a "Tran- 
sit Instrument." 

This instrument conMsta of a tele- 
scope a b supported by a horizontal 
axis, each half of which c and tl is a 
hollow cone of brass, at the outer ends 
of which an short solid cylindrical 
pivots which rest upon stone pillan e 
and /, called pieis, the latter b^g 
imbedded in a mass of masonry extend- 
ing ft few feet bebw the surfece of the 
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ground, in order that the vibrations occasioned bj passing yehicles or the 
tread of the observers may not be felt. The pivots of the axis do not 
rest immediately upon the piers, but upon flat pieces of brass about 4 
inches square, and an inch in thickness, which are screwed to the top of 
the stone. These brass pieces have a notch technically called a t or v 
from its shape, in which the pivot of the aids rests. The part of the piece 
of brass having the notch ,or v is detached and movable, by means of a 
screw arranged differently at the opposite ends of the horizontal axis c d, 
so that one end may be moved horizontally, and the other vertically. 

The exact line of vision directed to a distant object is marked by two 
threads of spider's web, technically called wires, crossing each other at 
right angles, at a point in or near the optical axis of the telescope. They 
are stretched across a ring or diaphragm to which they are &stened with 
wax, and this ring, which is smaller in diameter than the tube of the 
t^^lescope, is held in its place by screws passing through the tube, having 
their heads outside. By loosening the screw on one side of the tube and 
tightening the other, the diaphragm, and consequently the point in which 
the wires cross, receives a lateral motion. The diaphragm is placed at the 
focus of the object glass near the eye end 6.f 

The whole instrument just described has to be so placed that as it 
turns on the pivots of the horizontal axis the line of \Tsion along the 
optical axis of the telescope shall describe the plane of the meridian ; nar- 
row trap doors in the roof and sides of the transit room serve to expose 
the meridian to view. As this plane is vertical, if the line of vision above 
mentioned be exactly perpendicular to the axis c rf, whilst at the same 
time the axis is exactly horizontal, and finally the telescope point due 
north and south, then will the required position be attained. For this, 
therefore, three adjustments are requisite. 1. The adjustment of the line 
uf oollimation* in a perpendicular to the supporting axis c d, 2. The 
adjustment of the supporting axis to a horizontal position. 3. The 
adjustment of the line of colli mation to the meridian. 

The method of making these several adjustments we shall describe in 
their order. 

1. To collimate the instrument. — ^Bring the intersection of the wires 
upon a well defined point of some distant terrestrial object ; take the 
instrument out of the y* and reverse the supporting axis end for end ; 
bring the telescope upon the same distant point, and if the intersection 
of the wires covers it exactly, the instrument is collimated ; if not, move 

* t. e. the line of yiaion determined by the interseotion of the wires. 
t For the iilamination of the wiiee see p. 363. 
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the diaphragm containing the wires bj means of the screws at the side 
of the tube, till the intersection of the wires is brought half way back to 
cover the distant* point; bring the cross wire on the same or some other 
point again, by means of the screw in the y, which gives a horizontal 
motion to the whole instrument, and repeat the process already described ; 
after a few trials the point will be found to be exactly covered by the 
mtersection of the wires in both positions of the telescope. This indicates 
that the line of oollimation, or line determined by the intersection of the 
cross wires, and the distant point, is exactly perpendicular to the axis on 
which the instrument turns as the object end of the telescope is elevated 
or depressed. 

2. To render the supporting ajds horizontal, — ^This is done by means 
of a spirit level, of which there are two kinds for tfee purpose, the liaii:^- 
ing level, and the riding or striding level. 

The former is suspended by hooks from the pivots of the supporting 
axis, so as to hang parallel to it underneath. The latter is sustained 
above the supporting axis by two long feet with notches at their bottoms, 
by means of which it stands upon the pivots of the axis. 

first, to adjust the spirit level itself, place it on the pivots, and by 
means of the screw in the t at that extremity of the axis which gives it a 
vertical motion, bring the long air bubble of the level to reach exactly the 
same distance on either side of the centre marked with a zero on the level 
scale above the tube ; for which purpose the divisions of this scale are 
numbered in precisely the same manner on the right and left of the zoro. 
Then reverse the level on the pivots, turning it end for end, and if the 
bubble still reaches the same distance on both sides of the zero, the level 
requires no adjustment. If not, make half the correction by filing away 
the notch in one of the feet, or by means of a screw sometimes added 
for shortening the foot, and the other half by the screw in the y. Repeat 
this process till the adjustment is complete. When the level itself is once 



* This may be exhibited with the error of collimation exag- 
gerated in the annexed diagram, in which a b represents the sup- 
porting axis, c d the true line of collimation, c o the erroneous 
position of the line of collimation in the first position of the 
instrument in the direction c o of the object, and c e the position 
of the line of collimation in the reversed position. 
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adjusted, the supporting axis is made horizontal by placing the level upon 
it, and turning the screw in the y till the centre of the air bubble is oppo- 
site the zero of the scale. 

3. To adjust the instrument to the meridian, — Observe the instant 
that some circumpolar* star (the pole star is the best, from the slow- 
ness of its motion) crosses the vertical wire of the transit instrument 
both at its superior and inferior transit, that is above and below 
the pole. If the interval of time between the superior and inferior 
transit be the same with that between the latter and the next superior 
transit of the same star again, the instrument is in the meridian. 
V not, it is on that side of the meridian on which the arc described 
by the star between the two transits is shortest, and must be 
moved a little by means of the screw in the y, which gives horizontal 
motion, and the same observations repeated.f When the instrument is 
once fixed in the meridian, a meridian mark about half a mile distant may 
be made upon some object, set up if necessary, upon which the vertical 
wire is to be brous:ht whenever afterwards an observation is to be made. 

Method of observing the meridian transit of a star, — ^Before describing 
this we shall observe that for diminishing the error of observation there 
are inserted on each side of the vertical middle wire, one, two, or three 
others, making three, five, or seven in all. There is also attached to the 
supporting axis near one of the pivots a graduated circle, the plane of 
which is perpendicular to that axis, and cousoquently vertical. This circle 
is graduated so that the index points to zero when the telescope points to 
the zenith, or else when the telescope is horizontal, so that when the tele- 
scope is directed to a star, the index will mark the zenith distance of the 
star in the former case, and its altitude in the latter. The star's declina- 
tion being known from the Nautical Almanac, or from a catalogue, and 
the latitude of the place of observation being also known, the instrument 
may be easily set so that when the star makes its meridian transit it will 
pass through the middle of the field of view of the telescope. For it is 
only necessary to bear, in mind that the dechnation is the distance of the 
star from the equator and the latitude is the distance of the zenith from 
the equator,J so that by simple addition or subtraction of these quanti- 

* A circumpolar star is one which never sets, but describes daily a circle round 
the pole of the heavens, the whole ot which is visible above the horizon. 

t A method of determining the exact deviation fiom the meridian, and the conse- 
quent error in the time of meridian transit, will be presently given. 

i These measures are all made on the same great circle of the heavens, viz. the 
meridian of the place of observation, upon which the star is supposed to be at the 
instant of transit. 
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ties' the distance of the star from the zenith is obtained. Thus, if the 
star be south of the zenith and north of the equator its dccUna- 
taon must be subtracted from the latitude to obtain the zenith distanoe. 
If the star be south of the equator, or its dec. be S., the dec. must 
be added to the lat If the star be N. of the zenith, t. e. if its N. dec 
exceed the N. lat of the place, then the lat. must be subtracted from the 
dec to obtain the zenith distance. The above definitions for dec. and lat-. 
will always be the best guide. If the instrument be graduated for altitudes 
instead of zenith distances it is only necessary to recollect that the altituds 
is the complemeni of the zenith distance. If an inferior transit, or tran- 
sit sub polo of a circumpolar star is to be taken, it may be convenient to 
remember that the altitude of the pole is equal to the latitude of the 
place.* 

The instrument being set to the proper altitude, so that when the star 
crosses the meridian it will be sure to he seen in the field of view 
of the telescope, it remains now only to know when to look for its arrival 
at the meridian, and its consequent appearance in the field. This is 
shown by the astronomical clock, wliich is supported upon a stone pier in 
the same room with the transit iastrument. This clock, when correctly set, 
should indicate the zero of time, or 0* 0* 0* at the exact instant that the 
vernal equinox is on the meridian ; then at the instant any star is on the 
meridian, the clock would show the distance of that star in time from the 
vernal equinox or the right iiscension of tlie stjir. 

A minute or two therefore before the clock shows a time equal to the 
right ascension of the star, (for whoso zenith distance or altitude the 
instrument is set,)as given by the Nautical Almanac or by cat«llo^^ln^ place 
the eye at tlie telescope, and the star will be seen entering the fiold of 
▼iew, and moving in a direction contrary to its real motion, i, c, from west 
to eastf instead of from east to west, because an astronomical telescope 
inverts. Bring it near the horizontal wire,J by means of a clamp and tan- 
gent screw attached to the vertical circle, and before the star reaches the 
first vertical wire in its motion across the field, look at the clock and take 
up the count of the seconds, which keep by the ear, applying the eye 
again to the telescoi>e, and note the instant the star crosses or is bisected 
by the first vertical wire ; record the second in a blank book, then look 

♦ For tho zenith being 90o from the borixon, and the pole 90^ from the equator, 
the pole will be just as far from the horizon a» the zenith is from the equator. 

t Unle.u it bo making its trnn^t 8uh polo. 

X Or between tho two horizontal wires if there are two near together, as is 80111&- 
times the case. 
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at the clock, and record the minute ; the hour may be left till the obeer- 
vation is finished. Take up the count of the second again, and apply the 
eye to the instrument ; by this time the star will be seen approaching the 
second vertical wire. Observe and record the instant of its transit over 
that wire in the same way, and so on for all the vertical wires. The 
sum of the minutes and seconds divided by the number of wires will 
give the minutes and seconds of the time of passing the middle wire, with 
a probable error o( i or y (according to the number of wires) of the 
error if the observation had been made upon the middle wire alone.* 

* The star will often be seen bisected by a wire between two beats of seconds. 
The eye then notes how far from the wire the star was at the beat before the bisection 
and how far at the beat after, and estimates the fraction of a second at which the bisec- 
tion took place. By the aid of electro-magnetism the exact instant, to a very small 
fraction of a second, may be not only observed, but recorded without the trouble of 
keeping count. The arrangement for the purpose is as follows : A wire is made to 
conmiunicate from one pole of a voltaic battery to the brass work of the clock ; the 
electricity perviates all the brass work, and passes down the pendulum rod ; under- 
neath the pendulum a globule of mercury is supported in a little metallic cup from 
which a wire passes to a magnet, round which it coils, and then passes on to the 
other pole of the battery. Every time the pendulum vibrates on reaching the lowest 
point of its arc, it dips into the globule of mercury for an instant, and thus a com- 
munication is made between the two poles of the battery, and the magnet acts, draw- 
ing back a little hammer which is armed with a sharp point that pricks a narrow strip 
of paper made to pass along under it, at a uniform rate, by clockwork. The intervals 
between the points on the paper will correspond to seconds. Two wires communicate 
also from the opposite poles of a battery (one of them coiling round a magnet close 
beside the magnet already mentioned) to a wooden block hold in the hand of the observer 
at the instrument, by touching a button in which he connects the wires communicating 
with it, and the magnet then acts, causing a small hammer to prick with its sharp 
point the narrow strip of paper a little on one side of the line of points which mark 
the seconds. The precise position in the interval between two even seconds, of the 
instant of bisection of the star by the wire, is thus indicated with great precision, and 
by applying a scale with a vernier, the fraction of a second may be obtained to 
thousandths, the space on the strip of paper corresponding to a second being usually 
from half an inch to an inch. The observer at the end of the observation notes on 
the clock the minute with which the observation clones, and writes it with the hour 
on the strip of paper in pencil. 

The even minutes in the line of dots which marks the seconds on the strip of 
paper are indicated by the omission of a dot, which is effected as follows. To the 
axis which carries the second hand of the clock is attached a fork of two prongs, 
projecting perpendicularly from the axis ; when the second hand has made a com- 
plete revolution of the clock dial, the two prongs of the fork dip into two globulee 
of mercury communicating by it with the two poles of the battery, one of which wires 
is the same that communicates the electricity to the brass work of the clock from which 
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The interval between the wires ought to be exactly the same. As this 
is scarcely attainable in practice, the mean of the times of transit over all 
the wires obtained as above will be the time of transit over an imaginary 
wire situated very near the middle wire. If, by sudden cloudiness or 
any other accident the transits over some or all the wires but one should 
be lost, the time of transit over the imaginary middle wire may be 
obtained as follows : 

Having made a complete observation of the times of transit of some star 
over all the wires, take the difference between the mean of all and the time of 
transit over each wire. Multiply the intervals thus obtained by the cosine 
of the star's declination (see Spher. Geom., Prop. 2, Cor. 6, and see Navi- 
gation, Art 99*), and the products will be the equatorial interval between 
that wire and the imaginary middle wire, or the time that would be occu- 
pied by a star situated on the equator in traversing the same interval.f 
The equatorial intervals being once obtained, to know the time of any 
starts passing the imaginary middle wire from the time of its passing any 
other wire, divide the equatorial interval between this wire and the middle 
wire by the cosine of the star's declination. 

it goes down the pendalum as before described. When the connexion is made by 
the fork dipping into the two globules of mercury the electricity goes back to the 
battery by the shortest path instead of taking the course down the pendulum, and 
that beat is lost on the magnet. 

A number of rapid strokes of the button, which impress a corresponding number 
of points on the paper, serve to indicate the commencement of the observation. 

* The principle alluded to here, which is of frequent use in astronomy, may be 
stated thus ; the arc on a great circle comprehended between two of its secondaries, 
is to the arc of a small circle parallel to the primary comprehended between the 
same secondaries, as unity is to the cosine of the distance of the parallel small circle 
from the primary, this distance being meaMircd on one of the secondaries. 

The fourth term of the proportion, instead of the cosine of the distance from the 
primary, may be the sine of the distance from the pole of the primary or the point 
in which the two secondaries meet. 

t For as the length of arc passed over between two hour circles in the same time 
on the equator, and on a parallel of declination, is as the cosine of the declination 
to 1, so the times of passing over the same length of arc (as for instance that 
included between the wires) on the equator and on a parallel of declination vdll be 
in the same ratio. 
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The transit of the star ^ Ursse Minoris, whose decimation was 74^ 46' 
was observed as follows : 



wiiw. 


k. 


M. 


«. 


I. 


14 


48 


11 


TL 


14 


49 


16*2 


m. 


14 


60 


22-5 


IV. 


14 


61 


28 


V. 


14 


62 


33 -2 



LandUI* + 181'«18 
IT. and IIL + 66»«16 

IV. and IIL — 66-82 

V. and III. — 131-02 



6)70* 250" 110-9 



14* 50"' 22-18 Time imag. ni'.d. wire 

I. and III. II. and III. 

131-18 log. 2-11787 66-16 log. 1*82060 
740 46' log. cos 9-41954 9-41964 

equatinf. 34' -47 log. 1-53741 17 -38 log. 1*24014 

IV. and m. V. and HI. 

65-82 log. 1-81836 131-02 log. 2-11734 

9-41054 9-41954 



equatinf. 17-29 1-23790 34-42 log. 1-53688 

March 8th, 1 850. Tlie star e, Canis Majoris, was observed on the Vth 
wire only. Time of transit over that wire 6* 54* 8-8 

eqiiat. interv. 34-42 log. 1-53681 

star's dec. (N. Aim.) 28° 46' 16"-89 log. cos 9-94277 

int on par. of dec. 39-27 log. 1-59404 

Correction — 39-27 

Transit imaginary middle wire 6* 53"* 24-53 

To compute the effect of error of level npon the time of meridian transit, — 
It will be firet necessary to determine the inclination of the support- 
ing axis to the horizon. For tliis purpose place the striding level on the 
pivots, and take the readings at both ends ; siii)pose as in the diagram the 

* III. hero and below stand for the imaginary middle wire. 
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west end reads 40 and the 
east 20. It is evident that 
each end of the bubble stood 
at 30 when the level was 
horizontal, and that each has 
moved 10 divisions,* which 
is obtained by taking the dif- 
ference between the readinc« of 
the east and west end, and dividing by 2. So that if t denote the incli- 
nation of the supporting axis aft to a horizontal, and V the inclination of 
the level to a5, » -f t' will denote the inclination of the level to the hori- 
zon, and we have (cj denoting the west reading and e the east). 




(J 






(1) 



Reversing the level, supposing % to bo greater than t, the east end will 
now be the highest, but the incli- c, 
nation to the horizon will no 
longer be the sum, but the differ- 
ence of the inclinations i and i\ 
hence 



e — w 



= i-i (2) 




subtracting (2) from (1), and dividing by 2 we have 



= t 



If t be greater tlian i\ after reversing, the west end would still be the 
highest, and we should have instead of (2) 



u 



• •» 
= 1 — t 



(3) 



Adding (1) and (3), there results after Jinding by 2 



* The glass tabo is a portion of a circle of large radius, so that the movement of 
the bubble indicates the angular movement of the level. To find the angular value 
of a division of the level scale, place the level on the telescope of some instrument 
to which a large vertical ciicle is attached. Turn the circle till the bubble passes 
over a number of diviTfions of the scale, which will be equal to the deijreos, minutes, 
dtc., through which the circle ha^ moved ; divide this number of degrees and frac- 
tions of a degrtv> by the number of divisions of the level scale paseed over, and 
the quotient will be the value of one division of the scale. 
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as before. 

If the east end of the supporting axis be the highest instead of the 

west end, as we have supposed above, a similar course of reasoning would 

produce the formula 

{e + e') — {ui + u') . 

4 * 

which is the same as the above, changing e and e' for u and u'. Both 
formulas may be expressed in one, thus 

which is the formula always to be employed for obtaining the inclination 
of the supporting axis. 

N. B. If the sum of the east readings exceed the sum of the west 
readings the east end of the axis is too high, and vice versd. 
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First position of the level 
Second " " " 


e 50 
e' 24 


(J 


40 
66 








e + e' 74 


oj 4-w' 


106 

74 








(e + O- 


• 

t 


32-*- 
8 


4 




value of 1 division of level scale 


6" 








i in seconds, 


40" 





As a verification that the level readings have been correctly noted it 
may be observed that e -|- w should be the same in both positions of the 
level, being the length of the bubble which may be supposed not to 
change from the effects of temperature during an observation. Thus in 
the above example 60 + 40 = 24 + 66. 

To compute now the effect of the inclination of the axis as determined 

above, upon the time of transit, let hzo be z_ 

the vertical circle in which the telescope 
would play, when the supporting axis was 
horizontal, h«o the circle in which it plays 
when the supporting axis is inclined ; then 
zos measured by the arc z s is the inclination 
of the planes of these two circles, and equal 
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to i the inclination of the supporting axis to the horizon. The length of the 
arc 8« described by a star at 8, in passing from the vertical to the 
inclined circle in which the telescope plays is expressed by z< sin os. 
(See Spher. Geom., Prop. IL, Cor. 6), that is 

8« = i sin a 

a being the altitude of the star. But the length of an arc of the equator 
similar to s* is expressed by s« -t- cos J, $ being the starts declination. 
(See note on p. 153, and Spher. Geom., Prop. 11. Cor. 6.) This arc of the 
equator is converted into time by dividing by 15. Hence 

t sin a i sin a 

J- -i- 15 or 7:^ ]f 

coe lo coed 

is the difference of time between the passage of the star over the middle 
wire of the telescope when the supporting axis is inclined, and its passage 
over a vertical circle. N. B. 1. The altitude of the star, designated by a 
in the above formula, is obtained from its declination given by catalogue, and 
the latitude of the place as at p. 150. 2. If the east end of the support- 
ing axis is too high, the telescope is thrown to the west of its proper posi- 
tion, and the star, mo\ing as it does from east to west by the diurnal 
motion, passes the wires too late ; the correction therefore found as above is 
then subtractive. If the we.st end be too high, the star passes the wires 
too soon, and the correction is additive. 

To compute the azimuth error of the instrument and its effect upon the 
time of transit. 

This error arises from the deviation from the meridian of the vertical 
circle which the line of collimation describes, or to which the circle that it 
describes is reduced as above. 

The most ready way of determining the amount of deviation and its 
effect on the time of transit is by " the method of high and low stars," as 
it is termed, that is by the transit of a star near the zenith, and one 
remote from it or near the horizon, whose right ascension and consequent 
time of transit does not differ much from the former. 

To understand this let it first be supposed that one star passes the 
meridian exactly at the zenith, and that the other passes near the horizon, 
and let it be supposed also tliat the stars have the same right ascension. 
If the instrument were exactly adjusted to the meridian so that the optical 
axis of the telescope moved in the plane of that circle, then the two stars 
would be on the middle wire at the same instant, if the telescope could be 
brought down instantaneously from the high to the low star. But if the 
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circle in which tho telescope plays make a small angle (called the angle 
of deviation or azimuth error) with the meridian, then the supporting 
axis being supposed horizontal, when the telescope is vertical it will point 
to the zenith, in which all vertical circles as well as tho meridian intersect, 
and the zenith star will be on the middle wire at the same instant as 
before, but the lower down the other star is, the wider will its time of 
transit over the middle wire differ from that of its transit over the meri- 
dian, because the farther will the vertical circle which the telescope 
describes be from the meridian, the &rther we go from the zenith where 
they intersect The greater, therefore, tlie difference between the time of 
transit of the zenith star and the low star over the wire of the instrument 
as compared with the difference of their times of transit over the meridian, 
which in the case supposed is zero, the greater the deviation of the verti- 
cal circle described by the instrument from the meridian. Now it is not 
necessary tliat the high star should pass exactly at the zenith, but only 
near it If the difference of the observed time of transit of the high and 
low star bo equal to the difference of their right ascensions, that is, of 
their times of passing the meridian, the optical axis of the telescope moves 
in the plane of the meridian ; if not, this axis describes a vertical circle 
which deviates from the meridian, and the amount of this deviation and 
the consequent error in the time of meridian transit, we proceed now to 
show how to determine. 

Let the full circle in the diagram repre- 
sent the horizon, z tho zenith, p the pole, 
and consequently pz the meridian. Let 
zs represent the vertical circle described by 
the telescope, s the place of a star where 
it crosses it, and appears on the middle 
wire, and ps, the dech nation circle, pass- 
ing through the star. In the spherical 
triangle pzs, in which the hour angle p 
represents the time that has elapsed since the star s passed the meridian, 
PZ, before it reached the wire of the telescope in the vertical zs, we have 
by the sine proportion 

sin p : sin z : : sin zs : sin PS 

From which, taking p in place of sin p, since it is a very small angle, 
and z the small angle of deviation of the vertical zs from the meridian in 
place of the sine of its supplement pzs, which is also its own sine, and 
representing zs by ^ and the complement of ps or the declination of the 
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star by 6, multiplying the means of the proportion and dividing by the 
last temif we have 

p = ^ — h (^) 

cos 0* 

^ may be found as at p. 150, by supposing s to be on the meridian, with- 
out sensible error, by means of the latitude of the station and declination 
of the star. 
Represent the fractional part of the above formula by n. It becomes 

p = zn (2) 

Suppose now another star crossing the meridian nearly at the same 
time. For this we have 

p' = zn' (3) 

Let now t represent the observed time of transit of the later star, a its 
right ascension, t' and a' the same for the other star, and let e denote the 
error of the clock which may be supposed unknown. For the former star 
(since a is the time of its passing the meridian), we shall have for the 
value of the hour angle when it makes the transit of the middle wire, 

^=zt + €-^a (4) 

And for the other star 

P' = t' +e^a' (5) 

By subtraction of (5) from (4) tlie error of the clock e is eliminated, 
and there results 

p — p' = (i — — (« — «') W 

Substituting for p and p^ in (6) their values given by (2) and (3), (6) 
becomes 

z(n' — n)=(f — /') — (« — *') 

(f — — (a — a') 
••• * = n=n' 0) 

The value of the azimuth error or deviation from the meridian z is 
thus found in time. To convert it into space this value must be multi- 

* In the later catalogues of stars, their north polar distances (r.f.d.) are giv«a 
instead of their declinations. In the above formuJa sin (n.f.d.) would of course be 
in place of cos S, When the declination of the star is south, we have still lia 
ps = coBa,lbriiD (90O-f ^=sin (90^ _ 6) = cos J. (See App. Art. 13.) 
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plied by 15. The instrumeDt may then be adjusted to the meridian by 
turning the screw of the y, which admits of horizontal motion, and which 
has usually upon it a graduated arc, by means of which the movement of 
the instrument in azimuth is indicated. 

To compute the effect of the azimuth erroc upon the tune of transit take 
the value of z as given by (7) in time, and substitute it^ before converting 
it into space, in either (2) or (3), which will give the value of p or p' 
the hour angle in time, n or n* being an abstract number expressing the 
ratio of two trigonometrical lines. 

The value of p is the correction to be applied to the observed time of 
transit of the later star, to obtain the time of its meridian transit That 
of p' the same for the other star. 

If the de\ iation from the meridian be southwest and northeast, as in 
the diagram* where we have supposed the zenith to be south of the pole, 
the correction for a star south of the zenith will be subtractive, for one 
north additive,! unless the latter make an inferior transit or 9uh polOy in 
which case the motion being in the opposite direction, the correction is 
subtractive. This is evident from an inspection of the diagram. 

Tlie only remaining correction is for error of collimation. The line of 
collimation when this error exists describes a cone about the supporting 
axis as an axis, and the point in which it pierces the surface of the celes- 
tial sphere, describes a small circle of that sphere parallel to the meridian, 
and at a very short distance from it The distances between these circles 
measured on parallels of declination may be considered every where the 
same without sensible error, and the time of traversing this distance by 
any st-ir will be inversely as the cosine of the star's declination. 

The equatorial interval between the circles in question may bo found 
by moving the instrument in azimuth, after reversing, by means of the 
screw in that y which gives horizontal motion, till the intersection of the 
wires is brought back to the terrestrial point on which it was placed before 
reversing. 

The degrees and fractions of a degree passed over on the graduated 
arc on the y will indicate double the error of collimation, which, divided 

* Which will evidently be indicated by the value of z being positive. If the 
deviation be s.e. and n.w. then z is negative. This may be seen by trying various 
cases by the diagram, such as one star passing, let, n. of the zenith, 2ndy sub polo, &,c., 
first writing the numerator in the value of z in (7) under the form {t — o) — (<' — a'). 

t The only difference in the above diagram for a star north of the zenith would 
be that the angle of deviation itself instead of its supplement would be the angle 
of the triangle, but the proportion would be the same. 
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hy 15, win ^TO the equatorial valne of it in time« This multiplied by 
die ooune of any star's declination will give the efifect of the error of col- 
limation on the time of the star's transit 

The error of collimation is best measured by means of a movable 
yertical wire, to which motion is given by a micrometer screw, as described 
in another place^ 

Should no distant terrestrial object be visible from an observatory, owing to inter- 
vening objects near at hand, a small telescope in the building having its object glass 
tuned towards that of the transit instrument may serve as a collimator. The rays 
of light proceeding from the wires at the focus of the object glass of the small tel^ 
soope strike this object glass, are refracted by it, and emerge in parallel lines ; they 
then ttrike the object glass of the transit instrument, and are conveyed to the focns 
of parallel rays, which is the astronomical focus ; so that in looking through the eye 
eod of the transit instrument the wires of the small telescope will be distinctly seen. 
Care should be taken to throw the light of a window or lamp in at the eye end of 
the small telescope. A similar contrivance may be employed for a meridian mark. 

But the transit instrument may be made its own collimator, by placing a vessel 
of mercury underneath, and turning the object end of the telescope downwards. If 
the axis be horizontal, and the instrument truly collimated, the wires being illuminated 
by an orifice in the side of the eye piece, the rays of light will pass from them to the- 
olgect glass, emerge in parallel lines, strike the surface of the mercury vertically, be 
reflected back in the same lines, and converge to the focus of the object glass at the- 
snne points which they left, so that the reflected image of the wires will be seen 
coinciding with the direct image. If not, there is either error of collimation or of 
level, or both. If the axis had previously been made horizontal by the striding level, - 
it is the latter, and the diaphragm containing the wires must be moved till there is 
coincidence between their direct and reflected images ; or a movable wire may 
serve to measure the interval between them. This interval is doable the eoUimation' 
exror, because the angle of incidence is equal to the angle of reflection, the former 
being on one side the vertical, the latter on the other. If, therefore, the direct image 
of the wire be brought to the vertical by the screws of the diaphragm by a movement 
over half the distance between the direct and reflected unage, the reflected image 
will be brought there too. 

The striding level need not be used at all, if the instmment be reversed in the T*. 
m using the collimating eye piece vnth a basin of mercury; for in one position of the 
instrument the angle obtained by taking half the distance between the direct and 
reflected image of the wires is the sum, and in the reverse position is the difference 
of level error and error of collimation. The well-known algebraic formula, ** to 
half the sum add half the difierence for the greater of the two quantities,, and from 
half the sum subtract half the difierence for the less,'* will serve to determine those 
two errors separately. To know which is the greater^ the level or collimation error, 
we have this rule :— -If the reflected image in both positions appears on the same side 
of the direct, then the level error is the greater of the two, but if on difierent sides, 
the collimation error is the greater. All this will appear evident if the student meke 
a diagram with a line to represent the supportmg axiB with level enor ezaggiratad, a. 

11 
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Hne perpendieular to this at the middle, to represent tme line of ooUimation, mother 
line from the same middle point oblique to represent the erroneous line of collima- 
tion, a horizontal line below to represent the sorface of the mercory, and from the 
point where the erroneous line of collimation meets it, a vertical and also a line 
making the same angle ¥rith it as does the erroneous line of collimation. In 
revening the instrument the only change will be in the erroneous line of collimation^ 
which will now make the same angle on the other aide of the true. 

The following example will serve to illustrate all the foregoing rules for applying 
the corrections to an observation with the transit instrument. 



STATION AND DATS. 


COLLEOB OBSERVATORT. 


MARCH 8th, 1850. 


observer's name. 


B. 


B. 


star's name. 


i GEMIN0RX7M. 


a CAHis miroRis. 


Wiwe.' 


' I. 

n. 

m. 

IV. 


7* ii« 11..5 

7 11 30 
7 11 48-8 
7 12 7-5 
7 12 26 


7* 31- 32-9 
7 31 49*5 
7 39 7 
7 39 94*4 
7 39 41-7 


SUM. 


5)35 59 03-8 


37 40 34*8 


Mean of Wires. 
Corr. for Collim. Error.* 
Corr. for Level Error, t 
Corr. for Azim. Error. ^ 

Time of Mer. Transit. 
Star's R. Ascen. 


7 11 48-76 
+ -05402 
+ -092 
— 2-50 


7 32 06-96 
+ -05024 
+ -07397 
— 1-865 


7 11 46-406 
7 11 10-20 


7 32 05-219 
7 31 27-38 


Error of Clock. 




Sees. 36 -211] 


Sees. 37 -8390 



Collimation Error (d Geminorum) thus obtained : 



Ekjuatorial Error 0-5 

Dec. N. Ahn. March 8th, 22^ 15' 4"-9 

Collimation Error -05402 

Collinution Error (a Canis Bdinoris) : 

E^quatorial Error -05 

Dec. March 8th, 50 36' 6"-5 

-05024 
I Mean of the two stars 37«. 

■For Notes t and I see next page. 



log. 2-6989'} 
log. cos 9*96639 

log. "2-73258 

log. 2-69897 
log, cos 9*99799 

log. 9*70105 
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t Tht level uwt k oompoted m follows : 

•96 » 139 



e' 130 



w 



105 



€ +e' 336 M 4- m' 344 



= 4*5 

4 

Multiplying this result by *3'' the known Talne of a dirision of the level scale* 
we have 1"*35 as the Talne of t the inclination of the supporting 



Deo. 

Lat. of Sution, 40 43 

Zenith disL 
i 
16 

•099S3 



t GBMIirOftXTM. 

330 ]5' 5/^ ar. co. log. cos 0*03360 



18 37 55 log. cos 9*97704 

l''*35 log. 0*13033 

ar. 00. log. cos 8*83391 



Dec. 

Lat of Sution, 40 43 

Zenith diet. 
t 



kg. 3*96488 

a CAHIS MIHORXS. 

50 36' 6'' ar. 00. log. cos 0*00308 



35 6 54 



•07397 
I Aiimnth Error obtained by foramlas 

(<-<0-(«-«0 



1 = 



-,p=:in,n = 



log. cos 9*91375 
0*13033 
8*83391 


log. 
sin ( 


3*86907 



I 

«— «' 



n — n' cos i 

obsTd time transit a Canis Minoiis 7^ 33" 6'*96 
" " «• ^Genunonim, 7 11 48*76 



M M 



« 



light asc. a Canis Minoiis, 
« « 4 Geminomm, 



7 31 37*38 
7 11 10*30 



30" 18**30 



•— 



(I— 10— («-«0 

a OkXnS MUfORIS. 

Zenith diet 350 6' 53"*5 log. sin 9*75983 
Deoli. 5 36 6 •5 log. cos 9*99793 



30. 17«*18 
1^ 



•6779 



1*76191 



^OEMIVOmUlI. 

Zenith disL I80 37' 55"*1 log. sin 9*50069 
Dedl. S3 15 4 •9 log. cos 9*96639 



*8483 



1*53430 
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The correct aideruJ time being ascertained hj the tniHit of a «Ur of 
known right ascenaion, the correct mean solar time may be found from 
this, as follows : 

The Nautical Almanac gives on p. XXEL of each month the mean 
time of transit of the first point of Aries, which is the zero of siderial 
time, and may be called from analogy the siderial noon.* By means of 
this and the table of time equivalents, explained at p. 147, the mean solar 
time corresponding to any given siderial time, may be obtained by the fol- 
lowing rule. 

Mean solar time reqahred = mean time at /^receitn^ siderial noon + the 
equivalent to the given siderial time. 

XZAMPLB. 

To convert f* 11* 10**20 siderial time (the true time of meridian tran- 
sit recorded above) March 8th, 1850, into mean solar tkne for the meri- 
dian of New YorL 

Mean time at preceding siderial noon, viie. March 8th, t^ 56** dO'*'74 



For given 



i« 



r 7* 0" 

11 



siderial time. | lo 

0*20 



Corresponding mean 
solar intervals by Tab. 
time equivalents, p. 586, 

N. A. 



6 58 51*19 

10 58*20 

9*97 

0*20 



Sum mean solar time required 8* 6" 30**30 
Correction for longitude of N. Y.f 48J*68 

8 5 41 -^ 



n — «' •2357 log. 1 •37236 
(|-.<Q — (a— a') 1-02 log. O'OOSSO 

I. ID time, 4'*328 log. 0*63624 
15 lofr 1*17609 

z. in space, 6"*491 log. 1*81233 
t. 4*328 log. 0*63624 log. 0*63624 

n. *5779 log. T«76191 n' *3422 log. 1*53430 

p. 2«-501 log. 0*39815 f. 1*864 log. 0*27054 

* To obtain the mean time of aidenal nooa at any place having a different longi- 
tude from Greenwich, it is necessary to subtract 9"8565 multiplied by the hours and 
fractions of an hour, by which the place difi^ in long, from Greenwich if the place 
be west, and to add this product if the place be east of Green¥rich. As the daily gain 
of siderial time on solar is about 3" 56*, this divided by 24 or 9**8565 will be the 
hourly gain or the hourly motion of the sun backward from west to east. 

t This is obtained by multiplying 9**856 by 4^*94 the difference of longitude 
between New YoriL tad Greenwich. This ooiMtotion may be applied here instead 
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The mean solar thne may be obtained by direct observation of a meri- 
dian transit of the sun, which is made by taking the transit of each limb 
of the smi, that is to say observing the times when the smi^ disc is tan- 
gent to the wires, both upon its western and eastern side, and taking a 
mean of the times as the time of transit of the sun's centre.* Or more 
accurately by appljring as a correction additively or subtractively to the 
observed time of transit of the limb the time occupied by the sun's semi- 
diameter in passing the meridian, which is given for every day in the year 
in the Nautical Almanac^ p. I. of each month. 

To convert mean solar time into siderial the rule is as follows. 

Siderial time required = siderial time at preceding mean moon + the 
equivalents to the given mean time. 

SXAMPLI. 

To convert 8^ 5* 41**62 mean time at New York, into siderial time. 
Sider. time at preced. mean noon, Gr. viz., March 8th, 23^ S" 19**98 

Correction for long. N. Y. -f 48 *68 



For mean 
intervals. 



5 



« i 

0*62 J 



The tab. p. 618, N. 
A. gives the equiv. sid. 
intervals. 



^ 



23 4 8*66 

8 1 18*85 

6 0*82 

41 *11 

0*62 



Sum sid. time required 7* 11" 10**06t 
Hie reasons for the above rules are suffidentiy evident 

PROBLEM. 

93. Given the latitude of the place, and the declination of a heavenly 
body, to determine its altitude and azimuth when on the six o'clock hour 
circle. 

of to the mean time of oderUl noon. Strictly the eqoivalent of 4**863 in solar inter- 
vals should be applied, or 48**68 may be applied to the given siderial time additively 
before taking out the solar equivalentB. 

* A colored glass over the eye piece is necessary in observing the sun. 

t Hie sum amountmg to more than 24*, of course 24* must be rejected from it, as 
■Aer maehing 34* the siderial time begins at zero again. 
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Let Hzpo be the meridian of the 
place, z the senith, ho the horizon^ b 
the place of the heavenly body on the 
nz o'clock hour circle ps/?, and zsb the 
yertical circle pasaing through it. Then, 
in the right-angled triangle sba are 
known as,* the declination, and the 
angle sab, or arc op, the latitude of 
the place, to find the altitude bb, and ab 
or the complement of the azimuth on. 




1. Required the altitude and arimuth of Arcturus when upon the six 
o'clock hour drde of New York, lat 40^ 43' N., on the Ist of JajL 1850 ; 
its declination on that day being 19^ 5*7' 56" N. 

By Napier's rules we have 

Bad. sin b8 = sin A sin AB 



Bad. cos A = tan ab cot as .*. cot bo = 



Bad. COB A 

cot A8 



40O 43' log. sin 9*81446 log. cos 9*87964 
19 5*7 56 log. sin 9*53334 log. cot 10*43974 

alt 12 52 12 log. sin 9*34780 



az. 74 38 22 



log. cot 9*43990 

94. There remains one case in the solution of oblique angled spherical 
triangles, which we have deferred to this place because we wished to 
employ in it the rules for the solution of right angled triangles. 

This is where two sides and the angle oppositef to one of them, or 
two angles and the side opposite to one of them, are given ; or, as it is 
sometimes expressed, where two of the given parts are a side and its oppo- 
site angle. In such a case we may proceed as follows : 

By means of the proportion, the sines of the angles are as the sines of 
the opposite sides (Art 81), the unknown part opposite one of the given parts 
may be found. Four parts of the triangle will then be known, and two 
will remain unknown ; these two will be a side and its opposite angle, to 
find which, from the vertex of the unknown angle let fall an arc perpen- 

* The horizon and equator intenect at a, 90^ from the meridian, 
t The term opposite is used in a more exact sense here than in Napier's mles^ of 
which we have just been speaking. 
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dkolar upon the unknown side opposite, and the given triangle will be 
divided into two partial triangles, which will be right angled, and in each 
of which two parts will be known. Applying Napier's rules to the solu- 
tion of these, the partial angles which compose the unknown angle 
may be found, and their sum will be the value of the unknown angle ; 
then the unknown side opposite may be found by the proportion, the 
aines of the angles are as the opposite sides ; or this last side may be found 
by calculating the two parts of which it is composed from the right angled 
triangles, and adding them together, which is the better method, since it 
avoids ambiguity. If the perpendicular arc drawn from the vortex of 
the unknown angle to the unknown side &lls without the triangle, of 
course the difference, instead of the sum of the angles and sides found in 
the right angled triangles, is to be taken. 

Thns in the annexed diagram triangle let jg 

the side and angle opposite ^ven be c and c, 
and the other given angle b. Then first 

sin o : sin c : : sin B : sin 6 

by means of which proportion b may be cal- 
culated and will be legitimately ambiguous. 
Then there will be left unknown a and a,^ 
From A let fall a perpendicular ad upon a, 
which we have not drawn, lest it should confuse the diagram, but which 
the student can imagine ; then in the right angled triangle b a d we know 
two parts B and c, and also in the right angled triangle o a d we know two 
parts and &, the latter having been found by the proportion above. 
To calculate the partial angles at a, calling that in the first right-angled 
triangle above mentioned u, and that in the second eo', we have by 
Napier's rules 

R 006 c = cot B cot CJ 
whence 






R COS c 




out w -^ - ■ ■ - - 
cot B 


and in the 


same nuumer 




^ , RCOS 6 

cot w = 

cos 


then 






« + w' = A 


and 






8ino:Bine::BinA:8ina 


wbesDM 
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•mcBin A 



Bin a = 



Bin 



Thus all the parts of the triangle are determined. 

For an application of this case of solution take the following 



Given the zenith distance, aamuth 
and polar distance, to find the hour 
angle and oolatitude of the station. 
Or in the diagram given, zs, z, and 
PS, to find p and pz. 

Supposing the declination of ^ 
star, as given by catalogue, to be 16o 
11' N., and its observed altitude and 
azimuth to be 39° 10' and 15^ 10' 
firom the south, required the hour angle of the star and latitude of the 
station. 

PS = 90O— 160 11'= 730 49' a. c. log. sin 0*01756 log. oot 9-46371 

1 = I8O0— 750 10'=104O 50' log. tin 9*98528 log.eo8 9*40835 
Z8 = 900-^90 10'= 50O 50' log. sin 9*88948 log.cot 9*91095 

p= 3* 25'"12'= 51C 18' log. sin 9*89332 log. eoe 9*79605 




170 fiS' 46" log. tan 9*49730 



650 6' 6" log. tan 10*33334 

Pz = 47 39 20" 
lat.=42 20 40 

We have now demonstrated formulas for the solution of every possible 
case of plane and spherical triangles, including the more simple formulas 
which apply exclusively to the right angled triangles. 

The examination questions which follow call attention to the most 
important results of the investigations in the preceding pages.* After 
these, in Appendix U. will be found many useful matters connected with 
Spherical Trigonometry, for which it was thought not best to interrupt the 
general train by which the solutions of triangles are deduced. 

Note, — In assuming hypothetical cases, care must be taken not to sup- 
pose such as are impossible. The following are the governing principloB 
to be observed. 

In plane triangles, 1. One side must be less than the sum of the other 
two (Geom. Ax. 13 Cor.) 2. The greater side of a triangle is opposite 
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to tlie greater angle (Geom. Th. 9). 8. The •urn of the angles most be 
exactly two right angles. 

In spherical triangles, the first two prindples also apply (Spher. (}eooL, 
App. in. p. 2, andProp. 1). 4. Thesum of the three angles must not be 
less than two, nor greater than six right angles (Spher. G^e<xn., Prop. 14). 
5. The sum of the three sides must be less than a drcmnferenoe (Spher. 
Geom., 'Prop. 8). 6. Each side must be less than a semicircunference 
(Spher. G^m., Prop. 8, Note). 7. Ench angle must be less than two 
right angles (Spher. G^m., Prop. 8, Note). 

EXAMINATION QUESTIONS IN TRIOONOMETRT. 

What k the object of Trigonometry 7 

How many elements are there in a triangle, and what are they 1 

How many elements must be giren m order to determine the rest! 

In plane triangles what most one element always be ? Why 1 

What ii the difierence between Geometrical and Trigonometrioal aohitioiiB t 

Which are most accurate ? 

Are trigonometrical solutions perfectly accurate 1 

Whence arises the very small inaccuracy ? Atu. From the decimals neglected in 
calculating tables of logarithms. 

How is the circumference of a circle divided for the purposes of Trigonometry 7 

What is the complement of an angle or arc 1 

What is the supplement? 

What are complements of each other in a right angled triangle t 

What is the sine of an arc ? 

What ii the cosine 1 

The tangent T Cotangent? Secant? Cosecant! 

What trigonometrical line changes its sign with the sine f Am$. The cosecant. 

In which quadrant are they negative ? 

What changes with the cosine T An», The secant. 

Where are they negative ? 

What with the tangent 7 AtiM. The cotangent. 

Where are they negative t 

In passing through what values do quantities generally change their signs 1 Arm, 
Zero and infinity. 

What is the least value of the sine 7 

Where is it 7 

What is the greatest value of the sine 7 

Where is it radios 7 

How many times does it change its sign in going round the circnmfereDeel 

What is the least value of the tangent 7 

Where is it 07 

What is its greatest value! 

Where is it infinite 7 

How many times does it change in going round the cizcmnftnoMt 
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N. B. Let thete qaestions be repeated for the lecant, eodne, ootanfent, tad 
eoaeeant. 

To what is the sine of 45^ eqaal T ^ 
The tangent of 45^ t ( Why f 

The sine of 30^ t ) 

To what is the (rine of a negative are equal 7 
The cosine of a negative arc t 
The Tangent 7 Secant? Cotangent? Cosecant f 
To what is the sine of the supplement of an arc equal t 
Hie cosine of the supplement ? 
The Tangent? Secant! Cotangent? Cosecant? 
To what is the sine of 90^ plus an arc equal ? 
The cosine of 90^ plus an arc ? 
The Tangent 7 Secant ? Cotangent ? Cosecant ? 

What formula expresses the relation between the sine and cosine of an arc ? An». 
ft* := sin* •{• cos*. 
What is the expression for the tangent in terms of the sine and cosine? 

sin 

Am. Tan = — 
cos 

The expression for the secant ? Am, — 

cos 

For the cotangent ? Am. -r- 

For the cosecant ? Am. -t— 

sm 

How are the tangents of two arcs to each other 7 

To what is the tangent equal in terms of the cotangent 7 Atu. — - or the recipro- 
cal of the cotangent. 

What is the formula for the sine of the sum of two arcs 7 Ans. Sin (a -f- &) = sin 
a cos 6 4" s^Q ^ ^^^ ^ ^^ ^^ B*^^'" o^ ^^ rectangles of the alternate sines and cosines. 

The formula for the sine of the difierence 7 Ans. Sin (a — 6) = sin a cos 6 -» sin 
6 cos a. 

For the cosine of the sum 7 Atu. Cos (a -f* = ^^^ <> cos b — sin a sin 6 or the 
difference of the rectangles of the cosines and sines. 

For the cosine of the difierence 7 Ans. Cos (a — &) = cos a cos b -{• sin a an b. 

For the sine of an arc in terms of half the arc 7 Ans. Sin a = 2 sin ^ a cos ^ a, 
or twice the sine of half the arc into the cosine of half the arc. 

From what is this formula deduced 7 

The formula for the cosine in terms of half the arc ? Ans. Cos a := cos* ) a — 
sin* ^ a. 

Whence derived 7 

The formula for the sine of half an arc. Ans. Sin -)- a = \/i— icos a. 

For the cosine of half an arc ? Ans. Cos ^ a = V^ -\- jt coea. 
For the sum of the sines 7 Am. Sin p + em q=z2 sink{p + q)coB k (p-*-9)f 
or twioe the sine of half the sum into the cosine of half the difierence. 
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The diiierence of the sines 7 Ana, Sin p — sin 9 = 3 cos i (p + q) tin i 
(P-q)' 
The sum of the cosines 7 An». Cos p + cos q :=2 coa ^ (p + q) cob J^ (p — q). 
Thedi£brence of the cosines 7 Ana. Cos p — cos q = 2 sin ^ (9+P) ^ h 

What is the ratio of the som of the sines to the difference of the sines ? 

tan ^ ( p -{- 9) 

Ana, 2 — r—. r- or tan of half the sum to tan of half the diflforenoe. 

tan i {p — q) 

How derived 7 

Of the sura of the sines to the sum of the cosines 7 

Of the diflerenoe of the sines to the sum of the cosines 7 

Of the sine of the sum to the sum of the sines 7 

3 

Ana. "°(P + y) _^ _ co8^(p + y) 

sinp+siny 2 cos ^{p — q) 

j8mi(p+9)co8i(p — g) 

wni (P+q) 



Of the sine of the sum to the difference of the sines 7 Ana. 



tan a 



What is the formula for the sine in terms of the tangent 7 Ana. sin a = • 

>/l+tan*« 

What is the formula for the tangent of the sum of two arcs 7 Ana, tan (a 4- ^) 

tan a-}- tan 6 



1 — tan a tan h 

tan a — tan fr 

For the tangent of the dinerence 7 Ana, tan (a — o) = - , ^ : — r- 

* ^'1-t-tanatano 

From the tangent of the sum how is the tangent of twice an arc found 7 Of 
three times an arc 7 



RESOLUTION OF RIGHT ANGLED PLANE TRIANGLES. 

What are the three formulas for the solution of right angled triangles 7 
Ana. (1) Radius : the hypothenuse : : sine of one of the acute angles : the side 
opposite : : cosine : the side adjacent ; or radius being unity, hypothenuse X sine of 
either acute angle = side opposite and hyp. X cos of either angle =: side adjacent. 

(2) R : either of the perpendicular sides : : tangent of the angle aciyacent or cotan- 
gent of the angle opposite : the other side, or r being 1, one perp. side X tan of aclja- 
cent angle = side opp. 

(3) Square of the hypothenuse = sum of the squares of the other two aides. 
Square of either perp. side = rectangle of sum and dif. of the other two sides. 

In a right angled triangle how many elements must be given 7 Ana. Two. 
Why should each required element be found in terms of the two given 7 
In finding each unknown element how many logarithms will be employed 7 
When the logarithms are added what must be rejected from their sum 7 
When one is subtracted from the other what must be added to the latter 7 
When the hypothenuse is given or required with an angle, which fonmila 
is employed 7 
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When the hjrpotheniiBe is neither given nor required 1 
When two sides are given to find the third 1 

EESOLUTION OF FLANS TRUMGLES Bf OXinUULL. 

Two sides and the included angle of a triangle being given, how are the other 
elements determined 1 An», a-\'h\ a — fr::tan}(^4''^)-^'"'i('^ — ^ 
^ + 5 = 1800— C 

Sm ^ : a : : sin C : c. 
The three sides being given t 

J»f .'Sin » A = ./ (*»-*)« «^ or oof M = . /*'(**-«> 

Two angles and the inteijacent side being given 7 Ant. 180o — {A+B)=^C. 
tin C: e: : mn A: a : : mn £ : b 

Two of the three given parts being a side and its opposite angle t An8» By the 
sine proportion, or sines of the angles are as the opposite sides. 

What is the formula for the cosine of an angle in terms of the three sides of a plane 

ft? + e* — a* 
tiiangle 1 An*. Cos A = gr or the sum of the squares of the sides which 

contain it, minus the square of the opposite side, divided by twice the rectangle of the 
oontaining sides. 
Which is the fundamental formula in Spherical Trigonometry 7 
R* cos a — R cos b cos c* 



An». Co8^=- 



sin 6 sin e 



SOLUTION OF RIOBT ANGLED SPHXftlOAL TUAMOLBt. 

Upon what are Napier's rules founded 1 Ans. Upon the formulas in right angled 
spherical trigonomotry. 

How many parts are considered for the application of his rules 7 

What are they 7 Ant. The base, perpendicular, the complement of the hypotbe> 
nose, and the complements of the two oblique angles. 

What are the rules 7 Ans. Sin of the middle part = product of the cosines of 
the opposite parts = product of the tangents of the adjacent parts. 

N. B. Radius must be introduced homogeneously. 

When two parts are given how are the rules applied 7 

SOLUTION OF SFHSSICAL TRIANGLES IN GENERAL. 

Three sides of a spherical triangle being given how are the three angles found 7 

* All the foimulas for the solution of spherical triangles may be derived from this ; 
for applied to the three angles it gives three equations containing the six elements of 
the triangle from which any two ttlenieDts being eliminated, an equation results con- 
taining the other four ttlemeats. 



sxAMTNATtoif aunmomi. ITS 



Ar am 6 on c 

or cos i ^=z^/ «M"*^(4»-ft) 
Ar ain 6 un 6 

Why is not the formnla for the ooaioe of an angle in terms of the three fliddi 

nitable for the ^>plieation of logarithnu 7 

The three angles being given how are the three sides foond f 



Xnt. Sin i a = JB^/??lil??LMlliL 

V^ anJsinC 

Two sides and the included angle being giren how are the other parts found t 
An», By Napier's analogies. Cos ^ (a 4- 6) : cos } (a — 6) : : cot ^ C : tan i 
(il-|-^,Bin \ (a4-&) : sin \ (a — 6) : : cot ^ C : tan J (.A-'B). And than 
H^-f ^+ i(^-.^ = iland i(il + ^—i(ii—^sc£, and finally the line 
proportion sin A : sin S : : sin C : sin e. 

Two angles and the integacent side being given 7 Ant, Napier's Analogies, 2d 
set. 

Co8i(^+i^ ' eos i {A'-B) : : tanic: tan i(« + ^) 

Sini (^ + ^: sin i {A — B) : : tan ^ e : tan i («-*6) 

1(0-1- 6) + i {a'^h)=ia and ^ (a + fr) — ^ (•-*6)rs&,iin« : ain^ : : ahie : 
sin C. 

Two of the three given parts being a side and its o|^K)«ite angle 7 An», From the 
vertex of that unknown angle which is opposite the unknown side, let fall a perpen- 
dicular upon this side and apply Napier's rules to the two right angled triangles thus 
formed. The parts of tlio given triangle are by tliis means fonnd either directly, or by 
adding the parts of the two right angled triangles togetbet . 

QXTESnOHS (fS LOOAXITBMB. 

What is a logarithm 7 

What is the constant number which is raised to a power called! 
To what is the logarithm of the base equal 7 
To what is the logarithm of unity equal 7 
What is the base of the common system 7 
In the common system what is the logarithm of 100 1 Of 1000 7 
Of all numbers between 100 and 10007 
Of all numbers between 1000 and 10,000 7 
What is the entire part of a logarithm called t 

How does it compare with the number of digits in the number to wfaioh tlM logi- 
rithm belongs? 
How is the logarithm of a number coosiBting of three figures found from tinlibl^t 
Of one of four 7 
Of one of more than fow 7 
By the Ubles of Callet 7 

How is the number corresponding to any giv«o logiiitei fodod finv the tablMrt 
What is the rule for multiplication by UgsiHfciMt 
For division 7 
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Haifling of powen 7 

E!xtraction of roots T 

How IB the logarithmic sine, tangent, &^., of any aro found wheo. eonnsting of 
degrees and minutes only ? 

How the log. sine, tangent, and secant, when of seconds also I 

How the cosine, cotangent, and cosecant in the last case 7 

How are the logarithmic secant and cosecant compated from the logaiithmio line 
and cosine f 

What is the arithmetical complement of a logarithm 7 

For logarithms entering in what way Into formulas are arith. comp^. usedt 

What must be rejected from the logarithmic sum for each ar. comp. used 1 

QUESTIONS ON TUB CXKCLIS OY THX CBLB8TXAL 8PHSRB. 

What is the axis of the earth 1 

The axis of the heavens T 

What is the celestial equator 7 The ecliptic t 

What are the equinoxes 7 

What are declination cirele87 

What is the meridian of a place 7 

What is the hour angle of a heavenly body t 

What is the horizon of a place 7 

What are the poles of the horizon called 7 

What are vertical circles 7 

Which is called the prime vertical 7 

What is the declination of a heavenly body 7 The right ascension 7 

What IB the celestial latitude 7 Longitude 7 

What is the altitude of a heavenly body 7 The azimuth 7 

What are the co-ordinates of a heavenly body 7 

How many sets are there 7 

Which are obtained from observation? 

Which of the observed co-ordinates are preferable, and why 7 Ana. b. a, and d, 
because they are the same for every place on the earth, whereas altitude and azimuth 
are different for every place. 

QUBSnONS ON THB TBANSIT INSTEUXSNT. 

What are the di£&rent kinds of time 7 

What is apparent solar time 7 Mean solar time 7 

What is siderial time 7 

How much longer is a mean solar than a siderial day 7 

How is a mean solar interval of time converted into a siderial interval, and the 
contrary 7 

What instrument is employed for observing the time of trannt of stars over the 
meridian 7 

Of what parts does the transit instrument ooniiitl 

How many and what are the adjustments 7 

How is the instrument coUimated 7 
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How is the itridiiig level acljiisted ? 

How is the instmmeiit a^histed to the meridian 7 

When the instnimeiit is completely a4ju8ted, in what plane does the line of oolli- 
mation move ? 

How is an obeenration made with the transit instrument 7 

How is the equatorial mterral of the wires determined 7 

How the interval between any wire and the middle wire for a particular star f 

What is the use of knowing the intervals of the wires 7 

How does the probable error of observation compare with the number of wires 
observed upon 7 

What is the formula for the inclination of the supporting axis 7 

What the formula for the correction of the time of meridian transit for level 
error 7 

What the fonnula for determining error in azimuth or deviation from the meridian t 

What for consequent error in the time of meridian transit 7 

How is the equatorial error of collimation found 7 

How from this the collimation error for any star 7 

What is used with the transit instrument 7 

If the clock keep true siderial time, what does the time of meridian transit show t 

If the right ascension of the object observed is known by catalogue, what does the 
difierence between this and the time of meridian transit show 7 

How is siderial time converted into solar and the converse 7* 

* The above questions will suffice to show the nature of those which should be put 
upon the subsequent parts of the work with which we shall not take up farther 
qwoe. 



APPENDIX II. 



t*^^0^0^^^0^0^^^^^^t^^^^0^^^^t^^^^^^ 



ON UNLIMITED SPHERICAL TRIANGLES AND THEIR SOLUTION .• 

Oy THB TARIOnS TRIANOLBS FORMED BT THE SAME THESE TOTHTS OV THE SPHERE. 

1. If any two points, a and b, be taken upon the surface of the sphere, the arc of a 
gnml circle joining them may be considered to be either the arc a b (< 180°), or 
3$0o — A B ; or if we do not limit the arcs to values less than a circumference, we 
may consider it to have an indefinite number of values expressed generally by the 
formula 9 n v Jt: «> « denoting that value which is less than « or a semicircumference,. 
and n any whole number or zero. 

3. If two arcs of great circles intersect in a point a, the angle which they form 
may be considered to be either the angle a « 90O), or 180^ — a, or 180^ -f a, or 
360^ — A ; or, taking the most general view of angular magnitude, the angle will 
have an indefinite number of values expressed by the formula m v^ k, a denoting 
the value which is less than ^ w, and m any whole number or zero. 

3. If, therefore, any three points, a, b, c, be taken on the surface of the sphere, and 
great circles, made to pass through each pair, we shall have an infinite series of tri- 
angles whose sides will be geoerally expressed by 

2nr±j, finw±b, 3nv±c (1) 

and whose angles will be generally expressed by 

rnM^k, mw^B, mn^c; (2) 

a, b, c, denoting the arcs lees than n joining the pairs of points b o, a c, a b, respectively ; 
A, «, 0, the angles less than ^ v formed at those points by the intersection of these 
ares ; and n and m, any whole numbers, or zero. 

4. It is evident, however, that we cannot assume that any three values of the 
ddes from the series (1), combined with any three values of the angles from (2), will 
form a spherical triangle. Some general relations of the parts composing a triangle 
imiat fint be established, from which corresponding values of n and m in (1) and (9) 

* Introdoeed by Gauss. Notwithstanding the elegance and generality thus given, 
to the solutions of many astronomical problems, nothing is to be fonnd on this 
salgect in our trigonometrical works. The prssent paper is fit>m Prof. Chanvenel 
of the U. 8. Naval Acad. The explanatory notes are tho-anthoi^s. 

12 
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may be dedueed. Although these geaenl relatioiiB ire well known, it may not be 
out of place to add here a concise demonstration of them. 

Let the point c,* one of the angular points of the spherical triangle a b c, be referred 
by rectangular co-ordinates to three planes, one of which, the plane of x y, is the 
plane of the great circle ▲ b ; let the axis of x be the diameter of the sphere passing 
through B, and let the origin be the centre of the sphere. The formulas of transfor- 
mation from these co-ordinates to polar co-ordinates, the origin being the same, the 
polar axis being the axis of x, and the fixed plane the plane of x y, are 



■.■! 



X = R COS a 

y := R sin a cos B ^ (3) 

x = R sin a sin 



where » denotes the angle which the plane passing through die polar axis and the point 
makes with the fixed plane ; r, the radius-vector in this plane, or distance of the point 
c firom the origin ; and a the angle which this radius-vector makes with the polar 
axis. B is an angle of the spherical triangle, and a is the side opposite the angle a ; 
and, according to the principles of analytical geometry, b and a may be altogether 
unlimited, due regard being had to the signs of their trigonometric functions, and to 
those of X, y, and x. 

Lot us now transform from these rectangular co-ordinates to others also rectangu- 
lar, the origin and the plane of x y remaining the same, but the axis of x in the new 
system passing through the point a, and therefore making with the first axis the 
angle c, c also expressing the side of the triangle opposite the angle c. The known 
formulas of transformation become 

* The rest of Art. 4 implies some knowledge of Analjrtical Geometry. It may 
be readily understood, however, by the mere student of 
trigonometry from the annexed diagram, with the follow- 
ing explanations, r in formulas (3) is equal to o c in the 
diagram. The projection of r or of oc,on ob which is 
called the axis of x, that is to say the distance between the 
foot of a perpendicular from c on o b and the point o 
is the value of x in the formulas, the projection of o c on 
a line called the axis of y, drawn from o in the plane a o b 
perpendicular to o b, is the value of y in the formulas, and 
the projection of b or o c on o z perpendicular to the plane a o b, is the value of i 
in the formulas. The first of formulas (3) is now obvious enough ; in the second r 
sin a evidently expre^es the value of a perpendicular from c to ob in the plane cob, 
and this perpendicular multiplied by the cosine of the angle which it makes with its 
projection on the plane a o b equal to the angle of the two planes or the angle b, 
expresses the length of the projection on the plane a o b, which is evidently equal to 
the projection of b on the axis of t ; or multiplied by the sin b expresses the height 
of c above the plane a o b, which is equal to the projection of r on o z the axia of z. 

N. B. The axes of x, y, and z are at right angles each to the plane of the other 
two. So also are those of x', y', and x'. 

The student will readily deduce formulas (4) by the rules of Plane Trigonometry. 
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X = x' coa c— -y' nn c \ 

y = x' sin c 4- y' cos c v (4) 

« = »' ) 

FSnally, tlie fbnnoUi of tranafonnation from this last system of rectangular again 
to polar co-ordinates, the origin being the same, the fixed plane the plane of «' y' 
and the polar axis the axis of x', are 



'\ 



X' = R COB 6 

y' := — R sin 6 cos a \ (5) 

x' = R sin 6 sin 



Now, if the yalnes of x, y, x, x\ y', x', giTen by (3) and (5) be sabstituted in 
^4), we hare at once the following system of equations :— 



cos a = cos e cos h-^-wi emnh cos a 
sb a cos B =1 sin c cos h — cos e sin 6 cos a ^ (6) 

finasinB= sin6sin 



H 



wfaioh are the known fundamental formulas of spherical trigonometry, but estab- 
liriied without imposing any restrictions upon the values of the parts of the triangle. 

From this inyestigation it appears that these formulas may be regarded as formulaa 
of transformation from one sjrstem of polar co-ordinates to another, or rather from 
one system of spherical co-ordinates to another. For example, the co-ordinates of 
a star referred to the pole of the equator and the meridian of a place whose colati- 
tude is c, are its polar distance a, and its hour angle b ; the co-ordinates of the same 
star referred to the pole of the horizon and the meridian, are its zenith distance 6, 
and its azimuth a ; and the formulas (6) express the relations by means of which we 
can pass from one of these systems to the other. 

(5.) Let us now inquire what are the corresponding values of the ndes and angles 
in the series of triangles expressed by (1) and (2). Let a, 6, e, a, b, c, denote the 
values of the parts of one of these triangles, which, if wo please, we may suppose 
to be the triangle whose parts are less than ir. Then since 

sin (3 n V •}- ^) = sin ^, cos (2 ti v-}' ^) = ^^ 0> 

the equations (6) will be satisfied by the substitution of 2 n ir -|- a» 2 n » -|- 6, &,c., 
for a, 6, and e ; and therefore the triangle (a, 6, c, a, b, c) is the first of an infinite 
seiiee obtained from it by the successive addition of 2 ir to each or all of its parts, 
every triangle of the series being such, that the relations of its parts are expressed by 
(6), when a, 6, e, a, b, c, are assumed to represent those parts. 

It is evident, also, from the principle of ** uniformity of direction '* observed m 
the preceding demonstration in reckoning the sides and angles, that we must be able 
to satisfy the equations, by making either all the sides, or all the angles, or all the 
aides and angles, negative at the eame time,* and, considering each of the triangles 

* The student will do well to conceive the position of the angular points of the tri- 
angles on the surface of the sphere with these variations. 

N. B. That the sidee are all negative together, or the angles together, or both 
tc^gether. 

The same thing stated in the text may be made evident by referring to equations 
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thiiB obtained as the fint of a series, as above, we haTe three more aeries. We hsve 
tfaeo the four aeries following :— 



IftBoiea. 


9il8eites. 


9««-f-a, 9«ir4-A 
9«« + 6, 9«v-f-B 
Unw + e, 9«vfc 


9«« — a, 9«» + A 
9«v_6, 9««+B 
9«r— e, 9««4-o 



9d Bflrim. 


4th8OTlM. 


9 n v-|-a, 9 nv — a 
9nir-f6, 9ar — B 
9nv+^> 2fi» — 


9 n V — a, 9«» — ▲ 
9 n* — e, 9 ji V — c 



In all the terms of these series, n may have the same or difierent yaloes ; and we 
thus have all the possible combinations of the valnes represented by (1) and (9), so 
Umg as m m (9) tf even. Bat if we sobstitate 9 «4* 1 for m we shaU find that the 
following series will satisfy the equations (6) :— * 



SChSerias. 


6ch8eites. 


9«v + a, 9«» + A 

9n» — 6,(9« + l)»4-» 
9n»— c, (9ii + l)» + c 


9av — a, finir+A 
9«r+6,(9« + l)«4B 

9««4-c. ^«-t-l)»-f.o 



7th Scries. 


8th Series. 


9 n ir-ffl» 2 n w — a 
2f|]r~6, (2fl 4-1) ,r— B 
2nir— c, (2n4-l) » — c 


2 fi » — a, 9nv — a 
2ilir4-6, (2a4-l)jr — B 
9n»4-c, (9n4-l)» — c 



the 6th, 7th, and 8th of which series are derived from the 5th, as the 9d, 3d, and 
4th were derived from the 1st, in the preceding paragraph. 

By successively exchanging a for b and e, we find eight more series, namely. 



9th Series. 


10th Series. 


9fiir — a, (2n4-l)»-}- A 
9flr4-6, 9ttir4-B 
Unw — Cf (2fi4-l) ir4-c 


2iiir4-a,(9n4-l)ii4-A 

2fl« — 6, 2flir4-B 

2ji»4-c, (2«4. l)»4-c 



(6), which involve all the relations of the six elements of a spherical triangle, and 
which will be satisfied by changing simultaneously a, b, and e into — a, — b, — c, or 
A, B, cinto — A, — B, — c or both ; observing the general role that tin ( — ^)=s — ain 
f and cos ( — ^) = cos ^. 

* The student will try these elements given in the 5th series, in eqs. (6), observing 
that cos {(2a4-l)»4-^}=cos(180O4-^)= — cos^andsin {(9n+l)« + #l 
^ — an f. 



Annnmx ii. 
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ISthSerias. 


3iiv — a, (9ii-|-l)ir — 1 
2ll» — C, (3ll+l)»r — c 


3nv + a,(2n-f-l) V— A 
3nv— 6, 3ii« — B 

2n»+c, (8fi + l)»— 



13th Series. 


I4di Series. 


8ii» — a, (3ii-f-l) ir+A 
3nir — 6, (2ii-f l)»-}-B 
2nv + e, 3nv-f-c 


Snir-f a*(3 9t-|-l)ir+A 
3n» + 6, (2n+l)ir+B 
8fijr — e, finv + c 



15th Series. 


16ih Series. 


dn r— fl,(2ii4- 1)»— A 


2a» + a, (2n + l)» — A 


3fl*— 6, (2ll+l)ir — B 


2fiir + 6, (2fi+ 1) » — B 


3ii«-}.c, 3njr — c 


2 nn — e, 2 n r — c 



5. Since three great circles by their mutual fnteFBections (provided they have not a 
eommon diameter), divide the surface of the whole sphere into eight primitive tri- 
angles (whose parts are all leas than «), the three angular points of each of which give 
sixteen triangles, whose parts are all less than 2v,* therefore, three great circlet of the 
fpkere form in general one hundred and twenty-eight trianglet, each of which 
may he eontidered at the first term of an infinite teries of trianglet formed from 
it by the tucceuive addition of 2ir to each or all of its parto. 



AMBIOUITT nr THS SOLITTIOlf OF THE OBNBEAL 8PHSRICAL TRIANOLB. 

For the sake of brevity, I shall call the q)herical triangle, whose parts are only 
limited by the condition < 360^, the general spherical triangle. Although any 
three points of the surface of the q)here may be regarded (in general) as the angu- 
lar points of sixteen such triangles, yet to the problem " given three parts of the tri- 
angle to find the other three," there will in every case be but two solutions, t. e. two 
triangles containing the same data. From the equations (6), and the consequences 
that flow from them, we can alwajrs obtain expressions for both the sine and cosine 
of each of the required parts, which would fully determine the triangle, were it not 
that in every case one of these expressions at least involves a radical of the second 
degree, and has either two different numerical values, or two values numerically 
e^Md with opposite signs. To avoid this ambiguity it was thought expedient to 
limit all the parts of the triangles to values less than 180^, or to consider only the 
■Hl^le geometrical triangle. By this means all the cases in which the required quan- 
tity em be found by a cosine or tangent, without involving radicals, become fully 
determined. But this occurs in but four of the six cases, the other two still having 
two Bolations ; so that although six conditions were thus imposed, three limiting the 
data themselves, and three the quesita, the object of removing all ambiguity was 
not reached. 

* i. €., making n a 0, in each of the 16 series of the last art. 
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We shall see from the solatioxui of the general triangle, that the amhiguity U 
entirely removed in every ease iy the tmpo«t<tofi of a nngle condition rettricting 
the eign of either the eine or eoeine of but one of the required parti. The gene- 
ral method here, as in many parts of the mathematics, is therefore the simplest. 

F0RMX7L1S KBQX7IRED FOR THX SOLUTIOlf OF THE OKlfSRAL 8PHBSICAL TRUITOLS. 

1 . As the formulas (6) are the same as those deduced in trigonometrical worits for 
limited spherical triangles, we may avail ourselves, for the solution of the general 
triangle, of all the formulas (found in those works), deduced from them in a general 
manner. It is not necessary therefore to repeat all those dednctioDa here ; but I 
shall add a demonstration of Gauss's eqaations* aligfatly diflbring from the common 
one, in order to establish them in their generality. 

2. Gausses Thiorbm. If 

p = cos 4 e sin i (a -{- b), p ^ cos | o cos } (a — 6) 

q =: cos i c cos ^ (a 4- b), q = sin i c cos ^ {a + b) 

r=ssinicsini(A — b), r= cos ^ c sin ^ (a — b) 

« = sin i e cos ^ (a — b), s = cos ^ c sin ^ (a^b) 

then the product* p q, p r, p s, q r, q s, r s, are reepectively equal to the produeU 

7Q, F R, FS, QR, QS, RS. 

To demonstrate this, we have only to form the following equations, which are 
easily deduced from the fundamental formulas :— 

sin c (sin a ^ sin b) = sin c (sin a ^t ^in 6)* 
sin c (cos A ^ cos b) = (1 ^ cos c) sin (a ^t ^)t 
(1 :t <!os c) sin (a :j: b) = sin c (cos 6 -^ cos a)X 

which, transformed by the formulas of the trigooometric analysis,§ give respectively 

sin c sin a sin 6 



• 



By combining 



sm sm A smB 
t By the second of (6) we have 

sin c cos A = cos a sin ( — ijn a cos h cos o 
sin c cos B = COS 6 sin a -^sin h cos a sin o 
By addition and subtraction of these we obtain 

sin c (cos A :t cos b) = (sin a cos 6 ^ sin 6 cos a) (1 ^ cos c) 
whence the formula in the text. 

X This is obtained from the last by substituting v — c &c., for o to produce the 
Supplemental or polar triangle. 

§ To wit : formulas which express the factors of the above forms in terms of the 
sines and cosines of ^ o, \ c,\ {k -^ b), ^ (a ±6) by means of which we have the 
following, each of the above forms furnishing two : 

2 sin ^ e cos 4 c2 sb J (a -f- b) cos ^ (a — b) s 2 sb } c cos } o 9 sin } (a ^ 6) eoe 

k{a — b) 

3 sill ^ c cos I e 2 sin ^ (a — b) cos ^ (a -f- b) = 2 sin ^ c cos J c 2sin ) (a — 6) eos 

i (a + ^) ^<^-i ^'^ 
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pq=Tq, rtaaRS 

3. 7^ MUM notation fretn^ employed, the quantiiiet p*, q*, r*, 8>, ore reipecftve^ 
ogiMiZ to the quantitiee p*, q*, r*, s*. 

For we hare p^XprsPQXPR and 9 r si q r, whence by division p* sa p*, 
and in the aame way g* s q*, r* sa r* «• = s*. 

4. Gauss's Equations. From the preceding paragraph we deduce 

p=±T 

r =a± R 
t = ±S 

111 theee equatione the poeitive eign must be taken in all the $eeond membere, or 
the negative eign in all of them. 

For if we take p= -{-r, the equations p9 = PQ,pr=p r, p «sps, being 
divided by this, give gs-f-q, rss-fR, «=-f'S. But if we take ps — p, the 
same equations divided by this, give 9s — Q>rs — r, «=s — s. 

Hence tiie two following groups of equations, the first group comprising those 
commonly known as Gauss's equations, which are identical with ([.), (II.)i (HI.) and 
(IV.) of Art. 86, by clearing the latter of fractions. 



008 i c sin ^ (A-f- b) s cos ^ c COS i (a — 6) 
cos i c cos i (a -}- b) = sin ^ c cos ^ (a -^ b) 
sin lesin ^(a — b)8= cos | c sin ^ (a — 6) 
sin ^ c cos ^ (a — b) =s sin ^ c cos ^ (a — 6) 
cos ^c8in^(A-|-B)= — cos ^ c cos i (a — b) 
COB ^ e cos ^ (a -}- b) = — sin ^ c cos ^ (a -j" ^) 
sin i c sin ^ (a — b) = — cos ^ c sin ^ (a — 6) 
sin i c cos i (a — b) s — sin ^ c sin i (a -f- 6) 



0) 



(8) 



5. Now when the parts of the triangle are limited to values leas than 180^, the 
second of these groups is excluded, since cos ^ c> sin ^ (a -f b), cos ^ c, cos ^ (a — 6) 
are then all positive. But when the triangle is unlimited, both groups must be admit- 
ted, and the question arises, when are we to employ the positive, and when the nega- 
tive sign? Gauss himself has remarked (Theoria Mot. Corp. Cal., Art. 54), that 
cases occur in practice in which it is necessary to employ the negative sign, and 
promises elsewhere a fuller explanation, which, however, I have not been able to 
find. But the nature of these cases and the answer to the question above propounded 
will be easily inferred from the following considerations. 

We have seen that the formulas (6) apply not only to the triangle whose parts 
a, b, c. A, B, 0, are all less than 360^, or 2n, but also to all the triangles whose 
parts are3nv-}-a, 2nir-f-&, 2 nir-|-c, 3n v-f'^, 2nir-|-B2nv-f'Cf *> being 

The first two of the six that would result are all that we have thought necessary 
to write. They are identical with 

pa^ P8 grwQS 
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any iHiole nmnber or lero, and tdmittiiig of difleraot Tallies in each of the parts. 
Let nsy therefore, substitnte in (7) the following Taloas of these parts:—- 

Un^M + b, 9 m^ « + ' 

9 s, V + 0* 9 m, V -)- 6 

Wo shall have for the factors of the first membeis Talnes similar to the following : 

©OS (iij » + J c) — (— 1)"» cos i c» 
■hi (n, r + I e) » (^ l)"s an i !:• 

cos [(«, +111,),+ ^ (A + B)l = (-1* +"« cos i (A +B) 

Bin [ (m, + mj r + i ( A + B) ] - (- 1)" + "• Shi i ( A + B) 

cos [(«, — m.) »+ I (A — B)] » (— 1)* — * cos i (A — B) 

•ia [(«,-m^» + i(A-B)]-(-.l)*-" SBiJ(A— B) 

Now wliateyer the values of m, and mt nii -f *»« ^d m, — mi are both ereo or 

both odd at ^e same time, and therefore the abate aubetitution givet the mnne sign 
to aU the firet membere of our equations. In the same way it is shown that tha 
second members will all have the same sign ; and we may consequently express the 
result of the substitution thus : — 

cos i c sin i (a + b) = ( — 1)* cos i c cos i (a — >) 
cos ^ c cos i (a + b) = ( — !)• sin i c cos i (a + ^) 
sin ^ c sin J (a — b) s= ( — !)• cos i c sin i (a — 6) 
sin i c cos i (a ~- b) = ( — 1)*» sin ^ c sin ^ (a 4- ^) 

which aiogle group involves both (7) and (8). The group (7) wiU represent om 
series of triangleSy while the group (8) wiU represent another series, the two d(^&r» 
ing in each of their elements by same multiple of 2]r, and the primitive triangU 
may belong to one or the other of these series. We may dispense, therefore, in 
practice, with group (8), by deducting 360^ or 2wfrom the elements found by group 
(7), till they become less than 3600, as required for use, {See top of this page,) 

6. When the parts of the triangle are mterchanged in Gauss's equations, it would 
seem to require proof that the same sign, whether -f or — , must continue in these 
equations ; i. e. that when the triangle is such as to satisfy the equation^ 

cos i c sin i (a -f- b) = cos I c cos J (a — b) 

* Apply (3) and (6) of Art. 70 to sin and cos of 9 iii v-f-^cto obtain thwe 
results. Or observe that cos (f?*- -{• h c) ^=^ da cos i e according as 11 is even or odd. 
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it will also uMf the eqaations, 

009 i h mn ^ {a •{- c) =s tOB ^ B eoB ^ {a — c) ) 
cos i a Bin i (b -j- c) = cos i A cos ^ (6 — e) > 

and that when it is such as to satiify the equation, 

oooicmn ^ (a + b)== — cos ^ c cos ^ (a — 6) 

it will also satisfy the equations 

i 6 sin i (A + c) = — cos i B cos i (a — c) ) 
i a sin i (B + c) = — cos ^ a cos ^ (6 — c) ) 



W 



cos 

COS 



(/) 



To demonstrate this, we will show that the groaps to which the equations (e) 
belong may be deriTcd irom (7), and those to which (/) belong from (8), by maraly 
linear transformations, and therefore without again introducing the double aign. Let 
the equations (7) be written thus : — 

sb ^ (a -|- b) cos ^ (a — 6) •^ 



cos i c cos i c 

cos ^ (a -f b) cob ^ (a + ^) 

sin i c cos ^ c 

Bin ^ (a — b) sin i (a — 6) 

cos i c sin i c 

cos i (a — b) sin ^ (a -f- *) 



(g) 



sin i c 



sin i c 



The sum and difTerence of the first two, and the sum and diflerence of the last 

two, giTe* 

cos ^ (a 4" B -\-c) sin ^ sin i 6 



sin c 
cos i (a + b — c) __ 

sin c 
cos i (A — B -|- c) __ 

sin c 
cos i ( — A-f-B-f-c) _ 
sin 



cos ^ e 
cos ^ a cos i b 

cos ^ e 
cos ^ a sin ^ 6 

sin ^ c 
sin i a cos ^ b 

sin i c 



By diflerently combining these four equations, two and two, we may either repro- 
duce the group (g) or the two grouim represented by (e). Thus the sum and dif- 
ieience of the fizst and third, and of the second and fourth, give 

sin i B sin ^ (a -f- c) sin ^ 6 cos ^ (a — c) 

sin ~~ sin c 

cos ^ B cos ^ (a -{- c) sin ^ b cos ^ {a-\- e) 

sin c sin c 

sin i B sin i (a — c) cos ^ 6 sin ^ (a — c) 

sin c sin c 

cos ^ B cos ^ (a — c) cos i 6 sin i (a -f- e) 

on sin e 

• See the mode of deducing (I), (II), &o., of Ait. 86L 
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These multiplied by 



■in iin e 



ain B bh 6 



^tft 



an i (a + c) cob ^ (a — c) 

cos ^ B cos i b 

cos i (A -f c) cos i (g + c) 

sin i B cos i 6 

sin i (A — c) sin i (a — e) 

COB ^ B sin i 6 

cos i (A — o) sin i (a + c) 

■n i B ^ sin i 6 

Precisely the same transfonnations applied to (8) would of eoone gire a rindlar 
result with the negative sign. Hence 

In the three groups which Gauss's equationt form 6y the ffermutatum of the 
letters f the positive sign must be taken in all the equations, or the negative sign tn 
all of them, 

AUXILIART AKOLBS. 

It will be cooyenient to premise here the following proposition, upon which depends 
the proper employment of auxiliary angles in preparing our general foxmnlaa for 
logarithmic computation. 

In the equations 



A; sin ^ = m ) .«. 

A:co8^ = n ) 



1^ 

whatever the values of ra and n, we can always determine k and ^ so as to 
satisfy at once these equations, and any one of the following conditions arbi- 
trarily imposed. 

Ist * positive, (^ < 360O), 

2d k negative, (* < 360O), 

3d > and < 180°, 

4lh ^ > 180O and < 360©, 

5th < 90O and >— 90°, 

6Ui > 90O and < 270o. 

The six conditions above stated are obviously equivalent to the following ; Ist, 

* -f ; 2d, A: — ; 3d, sin 0+ ; 4th, sin — ; 5th, cos ^ -}- ; 6th, cos ^ — . Of 

these six conditions, however, we commonly employ only the first, third, or fifth. 

m 
The quotient of the equations (9), tan ^ = -, gives two values of ^ under 360^.* 

Hence, also, two values of k, which will be numerically equal with opposite signs, 

* Because for any arc lees than 360^ there is a]wa3r8 another arc < 36(K^, having 
the same tangent. If the former be in the first quadrant, the latter is in the 3d ; 
If the fonner be in the 2d, the latter is in the 4th quadrant 
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since the two valaes of sin ^ will be nomerically equal with opposite Bigns, as also 
tlie two values of cos ^. If we restrict tho sign of any one of the three quantities 
k, sin f, cos ^, the signs of the other two will become known, and there will be but 
one value of k and one of ^ under that restriction. 

SOLXTTION OF THE SEVERAL CASES OF THE GENERAL SPHERICAL TRIANGLE. 

In the solutions of the various cases of spherical triangles, it is of the first impor- 
tance to have simple and clear precepts, both for removing the ambiguity that occurs 
in every case and for determining properly the auxiliary angles. Examples might be 
pointed out, m recent works on trigonometry, of incorrect numerical solutions 
resulting from an erroneous application of precepts, in themselves correct, but not 
sufficiently simple or explicit. I have, therefore, given special attention to this point 
in arranging the following solutions. These solutions have also been carefully veri- 
fied by the computation of the two triangles following : — 

FIRST TRIANGLE. 

a = 1250 0' 0" A = 2640 51' 30"*4 

6 = 140 B=s231 24 6 ^g 

e » 46 c » 299 •e 

SECOND TRIANGLE. 

a^ 40O 0' 0" A= 3190 21' 21"*4 
6 z= 250 B = 107 46 57 *S 

c = 230 c » 50 55 9 -S 

The first of these triangles requires the positive sign in Gauss's Equations, and the 
second requires the negative sign. 

1. Given b, c, and a, to find a, b, and c. The general relations between the 
given and required parts are 

cos a = cos e cos 6 -}- sin c sin 6 cos a ^ 
sin a cos b = sin c cos h — cos c sin 6 cos a > (1) 

sinasinB=: siuBsinA^ 

and similar forms to the last two, with c and e interchanged with b and h. 

The second members being computed, the numerical value and the sign of cos a 
will be determined from the first equation. From the second and third sin a and b 
are determined precisely as k and ^ in the preceding section and are subject to 
the same ambiguity.* The ambiguity will he removed, therefore, when the »ign 
of either sin a, sin b, or cos b is given, and in like manner when the sign of either 
sin c or cos c (the other required parts) is given. 

The solution may be adapted for logarithmic computation, and the condition 
required for removing the ambiguity may bo varied. 

Let k and <p be determined by the conditions (9), taking m =s sin 6 cos a, and n =3 
eos 6, and adopting the first arbitrary condition ; then those conditions together 
with equations (1) assume the following form : — 

* For the second members of the 2d and 3d of (1) being computed, they will be 
fixed quantities like m and n in (9), and sin a occupies the plaee of k, and b that of 
^ in the same equations (9). 
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k Akfssun h eo§A 
ko<M^»coBh {k poattre) 

eos a sm ke<M (c— ^) 

■in a cos b^s km (e — ^ 

■inaaii BsBin6BinA 

Or, Alimmmting k and adopting the third condition imposed on e<|i. (9) 



(2) 



tan ^ ass tan ( 008 A 

cos b 
cos a =a — r cos (c — f) 



(^ < 180O) 



am a cos b = 
■in a sin B 



cos f 
cos 6 



COSf 

sin 6sin A 



sin (« — ^)» 



(8) 



J[f tAe 9iiadran< tn whieh n. i» to be taken i» given, then 

tan^«:tan6coBA (^< 1800) 
tan a cos b s= tan (c — ^)t 
sin ^ tan A 



(4) 



tan a sm B 



cos (e — p) 



t 



In (3) and (4) we may also limit ^ to yalues numerically less than 9(P, the sign of 
the tangent being determined according to the fifth aibitrary condition following (9). 

If both a and b are Use than 180o, as not unfreqaently happens in the applica- 
tions of this problem, let 

k ma a 



m =: 



sin b 



then m and n are both positive {k being positive) and the following form may be 
employed : — § 



m sin ^ = cos a 
m cos ^ = cot 6 
n sin B = sin tan A 
ft cos B = sin (c — ^) 

cot a = cot (e — (p) cos b|| . 



(5) 



Check. '•^FoT the purpose of verification we may employ with (4) or (5), the for- 
mula Bina8inB = sin6BinA; and with any of the preceding solutions the follow- 
ing check : — 

sin (c — (p) sin a cosb tan a 



jrin ^ 



sin 6 cos A tan b 



* The value of k which appears in the 2d and 3d of (3) is obtained from the 2d 
of (2). 
t Dividing the 3d by the 2d of (3). 
t Combining the 1st, 2d, and 4th of (3). 
4 Derived from (2). 
I Dividing the 3d by the 4th of (2). 
V Fttm lit, 4th, and 5th of (2). 
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9. (Ttven b, e, and k, to find b and c. We employ Gauss s equation! as 
follow! :— 



COS i a sill i (b 4* c) 
cos ^ a cos I (b -f- c) 
sin ^ a sin ^ (b — c) 
sin i a cos i (B — c) 



: cos I A cos i (6 — e) 
sin J A cos i (6 -f c^ 
cos i A sin ^{h — c) 
sin ^ A sin ^ (6 — c) ^ 



(6) 



The fint two by eliminating cos i a determine ^ (b -f- c) when the sign of cos ^ 
a is known, and the second two detennine ^ (b — c) when the sign of sin ^ a is known. 
Henett these equations present no ambiguity when the sign of sin a is given ; 
iot tin i a ia alwa3r8 positive, and cos ) a has the same sign as sin a according to 
the formloaj 

sin a = 2 sin ^ a cos ^ a 

The equations (6) taken with the positive sign only may give values of b and 
c exceeding 360^, in which case the required solution will be found by diminish* 
ing tach values by 360^. 

3. Criven b, c, and a to find a and b. The general relations between the given 
and required parts are 



cos A = -^ cos c cos B -|- Bin c sin B cos a 
sin A cos 6 "= sin c cos b -f- cos c sin b cos a 
BinAsin6= sioBsina 



CD* 



which detennine a and 6 without ambiguity, when the sign of either sin a, sin b, or 
eos b is giosn. In like manner the ambiguity is removed when the sign of either 
•in e or cos e is given. 
Adapted for logarithnos by the method already used, these equations becomet 



Or. 



A; sin ^ = sin b cos a 

k cos ^ = cos B (k positive) 

cos A = — k cos (c + f) 
sin A cos 6 = Jb sin (c -|- ^) 
sinAsini= siuBsina 



tan ^ = tan B cos a (^ < ISO^ always ' 
positive ; or ^ less than 90^ with the sign of its tangent,) 

cos B 

cos A = — cos (c + e) 

cot ^ V rif/ 



(8) 



sin A cos b == 
sin A sin 6 = 



cos B 



cos ^ 

sin B sin a 



sin (c + ^) 



m 



When the quadrant in which' n is to be taken is known, 



* Derived from equations (6) p. 179 by polar tiianglct. 
t Compare (S). t CompaiB (3). 
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tan ^ = un B cos a (^ < 180^) * 

tan ▲ cos 6 = — Un (c -f- ^) 

sin ^ tan a 
tan Asin b r= — 



(MO* 



COS (c + ^) 

When A and ? are both lees than 180o ; 

m sin ^ = cos a (m positive) ' 
m cos ^ = cot B 

Ji8in6= Bin^tana(A positive) r (ll)t 

n cos B r= dn (o-|'^) 
cot A = — cot (o -\- ^) cos b 

Check.—Whh (10) or (11) we may employ 8inaBinB=8in6sinA, aod with aoy 
of the solutions (8), (9)» (10), (11), the check 

sin (c -f- ^) an A cos b tan a 



sm ^ 



sm B cos a 



Xanb 



4. Given b, c, and a, to find b and c. We employ Gauss's equations arranged 

as follows : 

sin i A sin i (6 -f >= Bin ^ a cos ^ (b — c) ^ 

sin ^ A cos i (6 -f- e) S3 cos | a cos ^ (b -f c) 

cos iAsin^(6 — e)s8inia sin 

cos J A cos J (6 — e) ss COS J a sin 



sin ^ (b — c) I 
nn Kb+c) J 



(12) 



which present no ambiguity when the sign of cos ^ a is given ; that is, when the 
eign of an kie given, observing that sin ^ a is alwajrs positive, and cos ^ a has the 
same sign as sin a. 

As before, when these equations lead to values of 6 or c greater than 360^, the true 
values are to bo found by subtracting 360^. 

5. Given a, b, and a, to find b, c, and c. The general relations between the 

given and required parts, are 

sin a sin BssinftsinA^ 

— cos c cos A -^ sin c sin A cos b = cos b 

stn cos A -}' cose sin a cos 6 = sin b cos a » (13) 

cos c cos 6 -|- sin c sin b cos a = cos a 

sin c cos 6 — cos c sin 6 cos a = sin a cos b ^ 

The first equation determines b tohen the eign of cos b ie given ; and b being 
known, the remaining equations will fully determine o and e. Thus we find first 

sin 6 sin A 

sin b = : (14) 

sm a 

Then firom the second and third of (13) if we put 

A sin = cos A {k positive) * 

k cos ^ s= sin A cos b 

A sin ^' = cos B ^ (15)1 

k cos ^' = sin B cos a we obtain 

c = ^ 4- ^'§ 

* Compare (4). t Compare (5). % Compare with former cheek. 

4 Because sin (o — ^) = sin ^' and cos (c — ^) ss cos ^\ 
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Ftom the fourth and fifth, Q) 



kmn 0=3ain6coeA (k podtiye) 

k COB =a 000 b 

k sin 9'a sin a cos B 
k cos O's cos a 



(16) 



(n these solutions it may happen that ^p + ^'t or + 0' exceeds 360^, in which 
ea8ecB^ + ^' — 360o, ore » + 0' — 3600. 

Cheeks. — One of the following* may be employed when either c or e has alone 

heen computed : — 



sm ^ 


cos 

COB 


A 


sin ^' 


B 


8iD0 


tan 


B 



COSf 
COSf' 


tan a 
""tand 


COB e 


COB b 



sin 0' tan A 



COB 6' cos a 



When botn c and e have been computed, the obvious check is 



sm c 
sin e 



sm A 
sin a 



6. Given a, b, and a, to find c and c without finding B. Obflenring that k is 

positiTe in the preceding article we deduce the following forms and conditions, by 

eliminating b ;t 

kEin f ss cos A (k positive) " 

k cos f = sin A cos b 

cos f ' = cos f cot a tan 6 (^' less 

than 180^, with the same sign as cos b.)I 

c^f + r 



(17) 



ib sin 9 = sin 6 cos a 
k cos ss cos b 

cos COB a 



COS0' 



COS ft 



§ 



(k positive) 



(0Mess 



Cheek, 



than 180O, with the same sign as sin a cos b), 



(18) 



sm c 
sin c 



sm A 
sin a 



(0 The propriety of employing the same factor k in both (15) and (16) will be 
seen by comparing the values of k deduced from the two groups. We find in both 
cases k^ = 1 — sins a sin* b. 

• Deduced from (15) and (16). 

t By substituting sin a sin 6 for sin b in the 4th of (15), and for sin a its Tains 

cos 6 

-. — - from 2nd of 15. 

an a 

I See 3d of (15.) 

§ Hie value of cos $' is obtabed by taking the value of ib in the Sd of (16), end 
snbstitating it in the 4th. 
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la these soIutionB, when ^ + ^', and + 0+9' ezoMd 360^, #e dUMt tik» 
0=^+/— 3G0o,es: + 0' — 360O; and when they are negatire we imift taka 
csf + ^'+3600, ca0 + 9'+360o. 

7. fiVven A, B, and a, to ^ii<{ b, c, and c. We find 6 by the foimnla 



on 6 = 



sin B am a 
sin A 



which detennmes h when the 9ign of cos b* i» given. The lentiaSnder of the solii- 
tion is by (15) and (16). 

8. Given a, b, and a, to Jind c and c lott^nt finding b. We may eliminate h 
from (15) and (16) in their present form, bat the conditions for detennining the 
aaziliary angles will not be so simple as in the following method. Let f and f' in 
(15) be exchanged for ^' — SKP, and f + 9(P req)ectiyely ; then after ftliminating h, 
we find 



ktin^ ss — sin B cos a (k positive) * 
ibcos^ =s cos B 

cos ^ cos A 

cos a' =3 1 (*' less 

^ cos B ^^ 

than 180O, with the sign of lin a cos 6.) 

c = ^+f' 



(19) 



Li a sfanilar manner from (15) we find 



(ibpoaitiTe) 



hm$ ra — cos a 
&COS0 = sin a cos b 
cos B'sa — cos cot A tan b| (0' less 
than 180O with the sign of cos ft.) 

C=s0+0' 



(90) 



Check. 



sm c 

sin e 



sm A 
sin a 



In these formalas, as before, when ^ + f ', and + 0' exceed 36(P, we take c a 
f + ^'—3600, c=s + 0' — 360O; and when they are negative we take cb^ + 
^' + 360O, c = + 0' +360O. 

9. Gioen a, b, and c, to >ifu2 a, b, or c. The formula (see Art. 82) 



cos A 



cos a — cos 6 cos e 
sin 6 sin c 



(81) 



determines a when the sign of s'm k is given ; or when the sign of either tan a« 
■in B, or sin c M given ; when the sign of any one of these functions is known, those 
of the other two may be discovered by an inspection of the equation 

* Which determines the quadrant in which 6 is, the sign of the sin 6 only deter- 
mining whether it is in the first two or last two. 
t Compare the 3d of (18). 
t Compare the 3d of (17). 
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The nsoal formulas for sin ^ a, cos } a, tan } a (see Art. 84), derived from 
(91), may be employed, and the ambiguity remoTed, by the same conditions. 

Checks — Compute two of the Amotions sin ^ a, cos ^ a, tan } a ; or one of them 
in connexion with (21). 

10. Given a, b, and c, U find a, b, or e. The fommla (see Art. 88) 

cos A + cos B cos C 

eoea=£ : : (22) 

am B sm c ^ ' 

detennines a when the tign o/ sin a m given ; or when the eign of either sin a, rin 
b, or sin c is given, since when the sign of any one of these functions is known^ 
those of the other two may be discovered by an inq>ection of the equation 

sin A sin B sin c 



sin a sin 6 sin e 

the iMial formulas for sin } a, cos ^ a, tan ( a, may be employed, and the ambiguity 
removed, by the same conditions. 

Cheek. — Compute two of the functions sin | a, cos ^ a, tan ^ a; or one of them* 
in connexion with (22). 

10. From the preceding sketch it appears that for the determinate solution of a^ 
spherical triangle generally considered, there are required few data ; namely, the 
numerical values of three of the six parts composing the triangle, and the algebraic 
sign of one of the functions of a required part. To recapitulate, the triangle is- 
fully determined by the following data : — 

1. 6, c, A ; and the sign of either sin a, sin b, cos b, sin c, or cos c. 

2. B, c, a ; and the sign of either sin a, sin 6, cos 6, sin e, or cos e. 

3. a, 6, A ; and the sign of cos b. 

4. A, B a ; and the sign of cos h, 

5. a, b, e i and the sign of either sin a, sin b, or sin c. 

6. A, B, c ; and the sign of either sin a, sin 6, or sin e. 



11. Since v is the symbol which represents the circmnfereoce of a circle whose 
diameler is unity, or the semicircumference whose radius is unity, ( v will represent a 
quadrant of the latter or 90^. We may, therefore, for convenience, represent the 
supplement of an arc a by v — a, and its complement by ^ v — a. 

12. A triangle, one side of which is v or 90^, is called a quadrantal triangle ; sueh 
triangles may be resolved by Napier's rules for the circular parts, if the quadrantal' 
side be neglected, and ^ v — 6, ^ v — e, b, c, and a — } v be taken for the circular 



For let a'b'c' be the polar triangle. It will be right angled because a = v — a 
s= J V. Appljring Napier's rule to this triangle we obtain 

ooe a' SB COS 6' cos e' a cot b' cot c' (1) 

sin 6' SB sin b' sin a =1 cot c' tan e' (2) 

cos B ■■ cos 6 sin a cot a' tan e (3) 

13 
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These are the expreanons for each of the parts of a right angled triangle in tenns 
of two others, because expressions for c' and c' would be exactly like (2) and (3). 

Substituting v — a, r — a, &o., for a'» a\ &a, in the above equations, they 
become 

— - cos ▲ ^ cos B cos c ■■ cot h cot e 

sinBss sinisinAsa cot e tan c 

— cos 6 ss — cos B sin e a cot a tan « 

But these last equations are precisely what would be obtained by the application 
of Napier's rules, using the complements of h and e, and a — } r as the oironlar 
parts. 

13. Napier's rules may be deduced as follows : 

The following formulas have been deiired in the foregoing pages for obliqne 
angled triangles. 

Art. 82. cos a =s cos 6 cos e •{•msLhrnne cos a (1) 

cos a sin B sin c = cos a -f co^ > oos c (3)* 

cos c sin A sin B =3 cos o -|- cos a cos b (3)* 

sincsinAsBssinasinc (4)t 

cot e sin 6 ^ cos 6 cos a -f* "iii a cot c (5)t 

cot a sin e ss cos e cos b -4- sin b cot a (6)| 

Making in the above forms a » 90^ they become 

cos a =3 cos 6 cos e (1) 

cos a =s cot B cot c (2) 

cos c = cos c sin B (3) 

cos B =s cos 5 sin c 

sin c = sin a sin c (4) 

sin 6 = sin a sin B 

sin 5 = tan e cot c (5) 

sin c = tan 6 cot b 

cos B = cot a tan e (6) 

cos c = cot a tan 5 

The above are but expressions of Napier's rules. 

14. The case of solution treated at Art. 94| may be solved by Napier's Analogies. 
Thus if a, h and a be given, b may be calculated by the sin proportion, and o and e 
by the formulas 

sin i (a — h) \mxx^ {a •\-h) \: tan ^ (a — b) : cot ^ c 
sin ^ (a — b) : sin ^ (a 4- b) : : tan ^ (a — 6) : tan ^ e 

15. Napier's rules for the solution of right angled spherical triangles, though 
applicable to all cases, do not give results of that degree of accuracy which is some- 

* (2) and (3) are the same, and are derived firom (1) by polar triangles. 

t Sine proportion. Art. 81. 

t Appendix II. See formula at top of p. 200. 
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timei xeqnind, when the lequired part-ezpreflBed by its fine is Teiy small, or expressed 
by Its cosine is Tery near 90^. The following formolas may in such cases be need. 

I. 
By ibnnnia (8), Art 73, 

1 — cos p =a 3 sins } p ) 
and p. 76, 3d note. ( z,^^ 

1 •{- cos p B 3 ooiP p J 
whence 

1 — cos p 

z—. = tan* I p 

1 + cos p ' ^ 

Bnt by Napiefs rales, e being 1, 

COB a ss cot B cot 
<»li>nging p into a, and snbstitating the yalne of cos a, given by this last, we have 

1 ^ cot B cot c sin B sin c — cos b cos c 

tan" I a= z—. : —- = -: : ; 

1 -f- cot B cot sm B sm c + cos b cos c 

or 

cos (b + c) 
tan« Ja« — , ^ ' 

' cos (B — O) 

which k A foxmoU to be employed, when b and o are given and a required. 

II. 
With the same data to find 6 use the formula 

tan i 6 = v^ {tan [J (b — c) + 450] tan [J (b +c) — 45©]} 

derired firom Napier's rules, which gives 

cos B 

COS 6 =s -: , from the formulas preceding (1) and (4) of Art. 13, App. I. and from 

sm c 

formula (43), Art. 15, App. L 

m. 

Hie hypothennse a and the aide e being given to find the adjacent angle b, use the 
formnla 

sin (a — e) 
an (a^e) 

derived in a manner similar to that in case I. 

TV. 

Given a and h to findtf ; by Napier's rules 

cos a 

cos c= r- 

cos b 

add and mbtraet 1 ; by App. I., Art. 15, formula (52), and iorms. (m) above 

tan I e=: tan I (a + h) Un^{a-^h) 



tan 



4b=y/ 
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V. 

flnaUy, to obuin ft when the oppoaSte angle b and the hypodMnn a tte glren, 
we have, by Napier's ralaa, 

sin b^ ana ni b 

1 — tan s 
whence, obeenring that ., ^\ — — = tan (45© — »), App* L, Art. 15, form. (43), 

and making tan « s sin a sin b, 

(tan 450 — J 6) = >/tan(450— X) 

16. The part of a spherical triangle determined by the proportion sfn a : sin 
6 : : sin A : sin B admits of a doable Taloe, since two arcs answer to the same sine ; 
it becomes necessary, therefore, for us to inquire under what circumstances both 
these values are admissible, and how we may know which to ehoose when but one 
solution exists. 

Referring to the fundamental foimula (An. 89)> we liRTe 

cos b — cos a COB e _^ 

in which ezpresnon we may remark that if ooe b is DUBerioaUy gHMiter than either 
cos a or cos e, the second member must take the sign of cos b, consequently b and b 
must be of the same aflection if sin 6 < sin a, or sin 6 < sin e, that is, oii angh 
must be of the $ame species as its opposite side, if the sine of this side is less 
than the sine of either of the other sides. 

But if cos b is numerieally less than coe a, tlien whetiier the right hand member 
be 4- or — will depend upon the magnitude of cos c, or cos e will have two values 
corresponding to -j- cos b, and — cos b ; hence an angle has two values, when the 
sine of its opposite side is greater than the sine of the other given side. 

In the proportion 

sin A : sin B :: sin a : sin ft 

a being the required part, the nature of the arc ft may be discussed, as in the pre> 
ceding case. 

By means of the polar triangles, we obtain from (S), in the sasne tntnner as at 
Art. 85, the formula 

cos B -f- cos A cos e 



cos ft 



Bin A Bin c 



from which it follows, as in the foregoing caae, that if cos b is numerically greater 
than cos a, b and ft will be of the same aflection. If cos b Is numerically less than 
cos A, then both the values of ft, given by the above proportion, will be admisable, 
for c may be determined so as to render cos ft positive or negative. Hence any side 
will be of the same affection as its opposite angle, if the sine of this angle be less 
than the sine of either of the other angles ; and the infection of the side b will be 
indeterminate if the sine of its opposite angle b be greater than the sine of the 
other given angle a. 
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17. la pfmet i oe, the data for the lolatioii of iriangles are obtained by obienration 
aad meawwwuut, and are liable to error from ob^iooa and inevitable oanaee. It ia 
tme that horn the great ezcelleney .of instnuneots, and the almoat iaconoeivaUe 
accuracy of modem obeervation, these errors are extremely minute, yet in cases 
where precision is requisite, it becomes necessary to determine the eflects which 
snaU erron m Iha data will produce upon the computed quantities, and to select the 
dsta and quasslta in such a manner that the given errors in the one shall entail the 
smallest poesible on the other. 

The principles of the Difiereotial Calculus present an easy method for the pur- 
pose in question, and we shall here indicate the mode of proceeding, for the benefit 
of the student acquainted with that branch of roathematics. 

iM.m n^pose that of the three data (for there are always three in the solution of 
a triangU)« two have bean obtained with sufficient aecuraoy, bat the third a is liable 
to a» error of a given amoul, which we shall call k. Let » be the sought qiian- 
tity. Two of the three data being considered constant, the sought quantity u may 
be considered as a function of the third x. The quantity x becoming x + i, let the 
quantity u become »', we have by Taylor's theorem, 

u' — u is the error sought, and as A is in praetiee very small, the higher powers of 

it may be neglected, and we may call 

du 

«'— «=:-rA 
ax 

hence the following rule : 

Multiply the given error by the diflerential coefficient of the sought quantity 
considered as a function of the gteen qmtuUiiy liable to error, and the product wiU 
he the error in the eought quantity. 

If two of the data be liable to given errors, the efl^t upon the sought quantity 
may be computed on shniiar principles, by considering the sought quantity as a 
function of the two data so liable to error, and difibrentiating it with req)ect to these 
two independent variables. 

It is evident that the same oMthad extends to the case where all the data are liabk 
to given small errors. In this case the sought quantity is to be regarded as a 
fiiuction of three mdepeodent vadaUee. and its diflbrential found as before. 



To dftiHTPwe the relation between the minute variations of the perpendicular side 
of a plane right angled triangle and the opposite angle, the remaining perpendicular 
side being considered constant. 

Let c and e be the side and angle which are subject to variation, and b the con- 
stant side. Then (Art. 41), 

e snb tan c 
and (Dit Cal.) 

de 
^sr6see*o 

winch is the multiplier of the given small variation in c to obtain that in e. 
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Th6 tlwoiy of maxima and minima #s ezi>lamed in the Calonliis, will here admit 
of an important and eaqr application, tix., to find mider what cironmatanoea «' — u 
will be least on the sopposition of a ghren variation A in the vaiiable datom, or in 

other words, under what circmnstances the fbnction -r- will be a minimum. 

17. The efieets of anall errors may be obtained, but with less brevity and eleganoe, 
without the aid of the difierential calculus. 
The following are specimens of the mode of proceeding. 

TEOBLSM L 

In a right-angled triangle one of the oblique angles bemg given, to deteimiBd the 
variation of the opposite side, arishig from a mall variation in the hypotfaennse. 

Let c be the angle which does not change, e its opposite side, and tf the hypothe* 
nuse ; then Se denoting the variation of c, and 3a of a 

sin c = 8in o sin a 
sin (e -|- ^) ;=sin c sin (a -|- ia) 

.*. by subtraction, 

sin (e + U) — ma «:=sino |sin (a 4-^) — ■& «} ; 
that is (Art. 74, formula 4), 

3 cos {e -i- ^ Se) tan ^ ie =2 an c cos (a •Y' i ia) mn ^ im 

an c cos (a-^'^ id) an ^ ia 

••.sin i6e=i ; — r-r-; 

cos (c -f- s ^ 

and if to, ^ be very small, 

sia c cos a 

Se=z ia; 

cos e 

or, suostituting for sin o its value from the fint eqoition, 

sin e cosa 

ie = • -;: — to = tan e cot a to ; 

cos e an a 

which variation will be the least possible when cot a is least, or when a =90^. If 
we restore the ^ to which has been neglected, and write the above lesuU thns: 

Se ^ tan c cot (a -f- i to) to ; 

then, in the case of «= 90^, the ezpreasion becomes 

to = — tan c tan J to«to ; 

or, considering the very small arc ^ to to be equal to its tang!eiit» wt hsf In the case 
supposed 

tos — itane(to)*. 
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TEOVLEM n. 

In an oblique-angled spherical triangle giren two aides to determine the variation 
prodaced in the third sde by a small variation of the opposite angle. 

Let a, 6 be the two given sides, c the included angle, and e the opposite side. 
Tlien 

COS e a COS a cos 6 -)" "^ ' ""'^ ^ ^^ ^ 
cos (€ + 6e)ea COS A COS 6 -|- Sin A sin 6 cos (c -|- fc) ; 

•*• bj subtraotionf 

cos(«-|-^) — ooeeaasinaainft SeoB(o + ki) — cosol; 

fi an (e + ie) lin i ie ^2 mn a ma h sin(o + i^)iiniA) 
Heooe, if do be very small, 

sintf^eassinasinftsinc^ 

sin a sin 6 sin c 

.«. ie =3 r io 

sm e 

a sin a sin sdc ; 

and ie is therefore the least possible when sin o is the least possible, that is, when 
■■ 0. To find the expression for ie, in this case, restore what has been rejected, 
and we shall have 

sinasinftsin (c*4-idc) 

sm e ' 

iHiieh, when o a 0, and ^ Jo very small, becomes 



sin a sin 6 
dsine 



^ - o^^. W 



rsoBLBM m. 

fin an obliqae angled spherical triangle given two sides and the included angle, to 
find the variation in one of the opposite angles corresponding to a small variation in 
the included angle. 

Let a, 6 be the given side, c the included angle, to find what influence a small 
variation in the value of c will have on a opposite a. Substitute the expression for 
eos e above, in the corresponding expression for cos a, and 1 — sin> b for cos* b, there 

leniltB 

eos A sin « ss cos a sin h — sin a cos b cos c ; 

sin e 

•'. eos A -: — B cot a sin 6 — cos 6 ooe o 
sma 

Bat 

sin e sin 
rina ~~ sIb A 
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Hien, by iDbttitation, 

eot Aoio amQoiamah — eotft.eoto 
eot (a +'iO 1^ (0+^) «■ eot tf lin h — om 6 (o-f- Io) } 

end, by tnbCnetioii, 

cot (a + 'a) nn (o -f- ^) — eot a tin o ■■ cos 6 |oo0 o — eot (o + to] (0 
Hie fint member of this equation k eqiuJ to 

cot (a + ^A) jflin (c + do) — lb cl + lin o{eot (o + ik) —eot a| f 

and the gnantitiea within the braoketa are lespeotiTely equal to 

The aeoond member of (1) ia equal to 

coe 6 • S nn (o -(- i do) ain ) A) 

.•.9eot(A + dA)coa(o+Jdc) tin ^ do — ^^^ ^^^^ »aeoa6rin(o+i 

do) ain Jlc 
and oonaeqnently when do and dA are Tery maaXi, 

tan c 

cot A COB do rr— dA =3 COS 6 on lo 

am* A 

Bin' A 

.*. &A = — : — (cot A 008 — COB 6 sin o) do 
am ^ ' 
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Whbn a ship sails from any known place, and a correct account is kept 
of her various directions, and rates of sailing, her situation at any time 
may be determined by the rules of Plane Trigonometry. The proceesea 
employed for this purpose constitute what is called Navigation, 

But, owing to the imperfection of the instruments with which a ship^s 
course and the distance sailed are observed, it would be unsafe, after a long 
passage, to compute the place of the ship from the dead rechofning^ as the 
observed direction and distance are called. In such cases recourse must 
be had to astronomical observations, from which the plaoa of the ship or 
its latitude and longitude are computed by the rules of iSpherical Trigo- 
nometry. The problem then becomes one of Nautical Astronomy. We 
shall treat successively of each of these important branches. 

NAVIGATION. 

DEFINITIONS. 

96. 1. For the purposes of Navigation the earth may be considered as 
spherical. It revolves about one of its diameters, called its axis^ in 
twenty-four hours. This rotation is from west to east, causing the heavenly 
bodies to have an apparent motion from east to west. 

2. The great circle, whose poles are the extremities of the axis, is called 
the equator. The poles of the equator are called also the poles of the 
earth ; the one being the north pole, and the other the south pole, 

8. Great circles passing through the poles are called meridians. 
Through every place on the surface of the earth such a great circle may 
be drawn, and will be the meridian of the place. The meridian from 
which the meridians of other places are estimated is called a first meridian. 

The English have fixed upon the meridian of Greenirich Observatory 
for the first meridian, which has also been adopted in this country. 
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4. The longitude of any place is the arc of the equator, intercepted 
between the meridian of that place and the first meridian ; the longitude? 
therefore, is the measure of the angle between the planes of the two 
meridians. The longitude is east or west, according as the place is situated 
east or west of the first meridian. 

5. The difference of longitude between two places is the arc of the 
equator intercepted between the meridians of those places, or the measure 
of the angle which their planes include ; hence, when the longitudes of 
the places are of the same denomination, that is, either both east or both 
west, the difference is found by subtracting the one from the other ; but 
when they are of contrary denominations the difference is found by adding 
the one to the other. 

6. The latitude of a place is its distance north or south of the equator, 
measured on the meridian of the place. Latitude cannot exceed 90^. 

7. Small circles parallel to the equator, are called parallele of latitude. 
The arc of a meridian, intercepted between two such parallels, drawn 
through any two places, is the difference of latitude of those places ; when the 
latitudes are of the same name, u e^ both n. or both s., the diffe^noe of 
latitude is found by subtraction, but when not, the difference of hijtitude is 
found by addition. 

8. The horizon of any place is an imaginary plane, touching the sur- 
face of the earth at that place, and extending to the heavens; such 
a plane is called the sensible horizon^ and one parallel to it, but passing 
through the centre of the earth, the rational horizon of the place. The 
line of intersection of the plane of the horizon, and the plane of the 
meridian of a place, is called a north and south line ; the horizontal line 
through the same point, and perpendicular to this, is called the east and 
west line. Besides the North, South, East, and West points, called car- 
dinal points, thus determined on the boundary of the horizon, there are 
numerous subdivisions corresponding to the divisions in the circle on the 
next page. 

9. The course of a ship is the angle which her track makes with the 
meridians ; if this angle continued the same, and the meridians were all 
parallel, the path of the ship would be a straight line ; but as the meri- 
dians bend towards the poles, the direction of her path is continually 
changing, and she moves in a curve, called the rhumb line or loxodromic 
curve. The instrument employed on ship-board to show the course of the 
ahip is called the mariner'e compass. 

10. The Mariner^s Compel consists of a drcular card, whose dr- 
cumfarepoei w divided into thirty-two equal parts, called points^ and each 
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d theee is Bubdivided into four equal porta, called quarter pomts ; acroos 
this card, in the cUreclJon of a diameter, aad festened to the card, so tiiat 
tbey move together, is fixed a slender bar of magnetized steel, called the 
needle; tie e»tretaiUes of which point to two diametrically opposite divi- 
sions of the card. These opposite divisiona are marked n. and e., conen- 
ponding to the north and 
taulh poles, or ends, of 
the magnetized bar. The 
diameter i-w., at right 
angles te the diameter 
V£., points out the east 
and west points. 

One point &om the 
north towards the east, is 
marked tiM^ and called 
norlh by eatl ; two points, 
ir.if.i., and called north 
north-eait; three points, 
norlh-east by north ; atid 
BO on. Each quadrant 
contains oiirht points, so that a point is 9 
<rf Rhumbs, Table XXVItl., at the end,) 

The oird ibna furnished being now suspended horizontally, so as to 
move fiforly, and allow the needle attached to it, to settle itself; will point 
out the four cardinal points of the horizon, as also the several intermediate 
points, provided only that it is the property of the raagnetJc needle to 
pmnt dne north and south. Such, however, is not strictly the case, as is 
Ibimd by compaiisoD with nstronomical i^bservations. The card rests at 
its centre, on a pivot placed in the vertical plane, cutting the ship irom 
stem to stem, and is held stationary in space by the magnetic forces of 
Hie earth, whilst the ship turns under it in changing her couree, so that that 
point of thi> compass which ia directed to the ship's head shows the ihip'i 
courie, which must be corrected for the slight variation of the compass 
from the meridian, a variation which is different in different parts of the 
earth ; the method of determining it will be hereafter ^ven. 

11. A ship's rale of suling is detennined by means of an insianment 
called the log, and an attached line, called the loff-line. The log is a piece 
of wood in the form of the sedor of a drde, the rim of which is so 
loaded with lead, that when heavtd into the sea it assumes a vertical 
positioD, haring its centre barely above the water. The log-line ia ao 
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dttacbed as to keep the &oe of tbe 

log towards the ship, th*t it may 

offer the greater naiatance to being 

dragged after the ship by the ]og- 

line, aa it unwinde from a reel on 

board, hj the advanciiig motion of 

the ship. The log-line ii divided 

into eqoal parts, called knoU, of 

which each meaauret the 120th of a 

nautical or geographical mile.* A 

half minute sand glass is used in 

connexion with the log. When the log is heaved, the instant the fint 

knot on the hne passes the hand of a sailor, the half minute glati is 

turned hy a word, and the instant the und is mn out, the line is caught 

by B word ; as half a minute is the 120th of an hoar, it follows that the 

number of knots, and parts of a knot, run in half a minut« ezpr^sea the 

number of miles, and parts of a mile, mn in an hour, at the Mine ntA 

of suUng. 

OK FLUn BAOSVO, 

67. Let the amieied dia- 
gram represent a portion of 
the earth's surface, p the 
pole, and k q the equator. 
Let A |9 be a rhumb line, or 
path described by a ship in 
sailing on a single course 
from A to ^ Let the rhumb 
line be divided into portions 
a6, be, ed, &&, so small that 
each may differ insensibly 

from a straight line, and draw meridians throngh these several divisionB, 
as also the parallels of latitude bb', cc', dd\ Ac. ; a series of tnanglee will 
thus be described on the surface of the globe, but so small that each may 
be conudered as a plane triangle. These triangles are all Mmilar, for the 
angles at h', e, d', Ac, are rigbt-anglee, and the ship's path cuts all the 
it equal angles ; hence (Theorem 63 Qeom,), 




xb : Ab' '. : be : 



'. ed '. ed', &c. 



■ Tba geognphical mile is on« miaate of the earth's clrGnntfersnce. Taking ths 
diuneter at 7916 Eagliih mile* the geographical mile will b« about 6079 fael. 
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therefore^ smoe by the theoiy of proportion the sum of the anteoedentB is 
to the sum of the oonsequents as any one anteoedent is to its consequent, 

kh : Aft' : : Aft + 6c + erf + &c^ : Aft' + ftc' + erf' + &c 

But Aft + ftc + erf + Ac, is the whole distance sailed, and Aft'+ be'+ 
cd'-\- &c = AjS', is the difference of latitude between a and ^ ; conse- 
quently, if a right angled triangle abb', similar to the small triangle Aftft' 
be constructed, that is, one in which the angle a is q/ 3 

equal to the course, and the hypothenuse a b is 
equal to the distance sailed, the side a b' will repre- 
sent the difference of latitude. Moreover, the other 
side bb', or that opposite to the course, will repre- 
sent the sum ft'ft + c'c + d'd -{- &c of all the 
minute departures which the ship makes from the 
successive meridians which it crosses; for as the 
triangle abb', in this last diagram, is similar to the 
small triangle Aftft', in the former we have 




Aft : ftft' : : AB : bb' (1) 

but in the first figure we have 

Aft : ftft' :: fte : cc' :: erf : rfrf', Ac 
/. Aft : ftft' : : Aft -f fte -f erf + Ac : ftft'+ cc'+ rfrf'-f Ac (2) 

consequently, since the three first terms of (1) are respectively equal to 
those of (2), the fourth term bb', of (1), must be equal to the fourth 
term, ftft'+ cc'+ rfrf '+ of (2), <fec. This last quantity is called the depar- 
ture of the ship in sailing from a to P.* It follows, therefore, that the 
distance sailed, the difference of latitude made, and the departure, are 
correctly represented by the hypothenuse and sides of a right angled 
plane triangle, in which the angle opposite the departure is the course, so 
that when any two of these lour things are given, the other two may be 
found simply by the resolution of a right angled plane triangle ; so far, 
therefore, as these particulars are concerned, the results are the same as 
if the ship were sailing on a plane sur&oe, the meridians being parallel 
straight lines, and the parallels of latitude cutting them at right angles ; 
and hence that part of Navigation in which only distance sailed, departure, 
difference of latitude, and course are considered, is called Flans Sailing, 

* The departure is not to be confomided with 00' in the first diagram. It Is 
greater than this, becauae the small departures W, ec*, &4}., whose som is the whola 
departore, lap over each other. 
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The two of the four elements which enter into piohlems rf "pbon «0- 
ing unually ^ven are course and distance, being found from obserratiGm. 

BXAMPU8B. 

1. A ship ftx>m latitude 47^ 30^ N. has sailed S.W. fay 8. 98 mileB. 
At what latitude has she arrived, and what departure has she made f 

Let be the place sailed from, on the meridiaQ, C 

the angle c = 3 points dtz 83° 45', see Table of 
Rhumbs, and ca = 98 miles, the distance sailed; 
then CB will be the difiSsrence of latitude, and ba 
the departure. Then by the formulas for the solu- 
tion of right angled triangles (forms (4) and (6) Art 
64) 



Dist 98 log. 1*99123 

Course 33° 45' log. cos 9*91985 

Diff. 6f lat 81-48 log. 1*91108 

Dep. 64*45 



log. 
log. sin 




1*Y3W7 



log. 

Latitude left 47© 30' N. 
Diff. of lat = 81*48* minutes = 1 22 S. Dep. = 52*45 miles W. 

Latitude in 46 9 N. 



2. A ship sails for 24 hours on a direct course, from lat 38® 32' N., 
till she arrives at lat 36° 56' N. ; the course is betwecfn S. and K, and 
the rate 5^ miles an hour. Required the course, distance and departure. 

Lat left 38° 32' N. 24 X 6^ = 132 miles, the distance. 

Latin 36 66 N. 



2*12067 

9*88648 

1*96705 

Hence the course is S. 43° 20' K, and the departure 90*58 miles E. 
3. A ship sails from lat 3° 52' S. to lat 4° 30' N., the course being 
NkW. by W. ^ W. ; required the distance and departure. 

Distance, 1065 miles; Departure 939*2 miles W. 
* See last note but one. Miles are conyerted into degrees, &c.| by dividing by GO. 



Diff 


1 36 = 96 miles. 




Dist 


132 log. 2«12057 


log. 


Diff. lat 


96 log. 1*98227 




Course 


43° 20' log. cos 9*86170 


log. sin 


Dep. 


90*68 


log. 
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4. Two ports lie nnder the same meridian, one in latitude 52^ 30' N. 
and the other in latitude 47^ 10' N. A ship from the southernmost sails 
due east, at the rate of 9 miles an hour, and two days after meets a sloop 
which had sailed from the northernmost port ; required the sloop's direct 
course and distance run. 

Course 8. 630 28' R, or S.E. } R; distance run 531*6 miles. 

6. If a ship from lat 48° 21' S. sail S.W. hy W. 1 miles -an hour, in 
what time will she arrive at the parallel of 50^ S ? 

In 23*914 hours. 

6. If after a ship has sailed from lat 40** 21' N. to lat. 46° 18' N., she 
be found 216 miles to the eastward oi the port left ; required her course 
and distance sailed. Course N. 31^ 11' R, distance 41*7*3 miles. 

TRAVERSE SAIUNO 

98. Is where a ship, in going from one place to another, sails on dif- 
ferent courses ; the determination of the single course and distance from the 
one place to the other is called working or compounding the traverse. The- 
method of proceeding is to rule seven columns (see next page), the iirst to 
contain the courses, the second the number of points and quarter point** 
in these courses which may be found from the table of Rhumbs (Tab^. 
XXVni.), the third the distances sailed on these courses, the fourth and 
fifth the differences of latitude in two columns entitled N. and S., in the 
former of which the dif. of lat. for the N. courses is entered, and in the 
latter of which the dif. of lat. for the S. courses ; the sixth and seventh 
contain the departures, the former those of the E. courses, the latter those 
of the W. courses, sometimes called eastings and westings. 

When these several particulars i^e all inserted, the columns are added'. 
up, and the difference of the sums of the N. and S. columns will be 
the whole difference of the latitude which the ship has made, and the 
difference of the sums of the E. and W. columns will be her whole 
departure. 

The columns appropriated to the difference of latitude and departures 
are usually filled up from a table (Table I.), already computed to every 
quarter point of the compass, and to all distances from one mile op to 
300 ; so that by entering this table with any given course and distance, 
the proper difference of latitude and departure is found by inspection. 

The course is found at the top or bottom of the page, and the distance 
in the first column, the dif. of lat in the second column, and the departure 
in the third, if the conrse be found at top ; but if at the bottom, the lat and 

14 
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dep. colamns are interchanged, as may be seen by the entitling in the bot- 
tom of the oolumns. If the distance sailed be more than 300 miks, it will 
exceed the limit of the table ; bat the difSdrence of latitude and departure 
may still be determined from it by this simple operation: divide the 
given distance by any number that will give a quotient not eiceeding 
800 ; enter the table with this quotient, and multiply the corresponding 
di£ of lat and dep. by the assumed divisor, and there will result the dift 
of lat and dep. due to the proposed distance. If there be a remainder add 
the diffl oi lat and dep. corresponding to this. Or take any two numbers 
whose sum is equal to the given distance ; the sum of their difierences of 
lat and dep. will be the lat and dep. of the given distance. These ruleB 
depend upon the principle that for the same course the di£Eerences of latitude 
and departure are proportional to the distance run, which will be evidoit if 
we recollect that dbt, dij£ of lat and dep. form a right angled triangle, 
and that two right angled triangles are similar when an acute angle of 
one is equal to an acute angle of the other. 



1. A ship suls from lat 24^ 32' N., and runs the fi>ilowing ooursea 
and distances, viss. 

1st, S.W. by W., distance 45 miles; 2d, E.S. E., distance 60 miles; 
3d, S.W., distance 30 miles; 4th, S.E. by R, distance 60 miles; 6th, 
S.W. by S. i W., distance 63 miles : required her present latitude, with 
the direct course an<l distance from the place left, to the place arrived at 
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rRAVERSE TABLE. 






1 

00X7BSES. 

1 


1 
1 

PT8. 


DIST. 


DITFEREKCE OF LAT. 


DEPARTURE. 


! 






N. 


S. 


E. 


w. 


S. W. by W. 


5 


45 




25-0 




37-4 


£. S. E. 


6 


50 




19-1 


46*2 




S.W. 


4 


30 




21*2 




21*2 


S. E. by E. 


, 5 


60 




33*3 


49*9 




8. W. by 8. i W. 


3i 


63 




50*6 




3T6 










149.2 


96*1 


96*1 



It appears firom the results of this table that the difference of latitude 
made by the ship during the traverse is 149*2 S. =2^ 29' S. 
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Lat. left 
Difillat 

Lat in 



24*^ 32' N. 
2 29 S. 

22 3 N. 



It appears also that the departures east are equal to the departures 
west, so that the ship has returned to the meridian she sailed from, con- 
sequently the direct course from the place left to that come to is due 
south, and the distance is equal to the difference of latitude, which i^ 
149*2 miles. 

There is another mode of finding the direct course and distance, much 
practised by seamen, viz., by construction. For this purpose the mariner^s 
9cale is employed, which is a two foot flat rule exhibiting several scales 
on each side, by help of which and a pair of compasses the usual prob- , 
lems in sailing may be all solved. One of these scales, which is called a 
scale of rhumbs, is a scale of chords, to every point and quarter point of 
the compass ; and another is a more enlarged scale of chords to every 
degree. Both these scales are constructed for a circle with the same com- 
mon radius, so that the chords on the scale of rhumbs belong to that 
circle whose radius equals the chord of 60^ on the scale of chords ; and 
the method of laying down a traverse from these scales, and a scale of 
equal parts, and of thence measuriiiu" ;1m' equivalent single course, and 
distance made good, will be at once TiTnlerstood from the example. 

Construction of the traverse for the last example is as follows : 

With the chord of 60^, taken from the 
line of chords on the mariner's scale, describe 
the horizon circle, and draw the north and 
south line N. S. From the line of rhumbs 
take the chords of the several courses, and 
as these are all southerly they must be laid 
off from the south point S, those which are 
westerly to the left, and those which are 
easterly to the right, their extremities being 
marked 1, 2, 3, <fec., in the order of the 
courses. This done, lay off from any scale 
of equal parts, and in the direction of a1, 
the distance ab sailed on the first course ; 
then in the direction parallel to a2, the dis- 
tance BO sailed on the second course ; in the 
direction parallel to a3, the distance cd on 
the third cooiBe ; in the direction parallel to 




..-"^^p^^^^x^^ 



aA, the ^Udm dx on die fauth oooiae ; wtd, iMt^, in tin direolioo 
pwallel to Afi, the ^sUldm ur on the fifth .aoffrt ; thea x will r opw a on t 
the pUoe ot the ship at the eod of the tnmne ; VA, brin^ implied to the 
■cab of eqnal parts, will show the dirtanoe made good, and the daorA of 
tha arc includifd botvT«<^o thia dwtanoe, and the mieridii^ bfing qiplied to 
the line of rhumte. will Hhow the direct ooana. &| titf preaent eaee the 
intercepted arc will be 0, ihowing that r ii on fte merifiaa of A. 

2. A ship fmni Cnp..' Clear, in lat fil° 2S' N^ taib lat, S.SJL i K, 16 
mUes; W. E.RE., L>:1 niile«i 8d, aW. by W. } W, M mOea; 40, W. 
I N^ 12 ndlea; Sth, S£ by B. i E^ 41 milw: reqnired t 
aamde jpod, th9 direct oooiw^ and ihe hthode laM^wd t 



camats. 


PT., 


m^. 


.«T«™« or .^T. 


DirAaieai, t 








K. 


«. 


B. 


w. 


B,8.E. i B, 
E.8.E. 


9i 

6 


16 

23 




14-5 

B-8 


91-3 




S.W. by W. i W. 


5( 


ae 




17-0 




31-6 


W.JN. 


li 


13 


1-8 






11-9 


S.E. by E. i E. 


5t 


41 




SM 


35-fi 










(•8 


61-4 

1-8 


63-3 
43*7 


43-3 




69-fi 


19>6 



Liit.Mt 


61° 86' ». 


Di£ lat fS9>e mila 


1 & 


ULin 


60 26 N. 



Then by meaiu of the whole di£ of lat and d^ which are A» tvo 
perpendicular sidee of a right angled triangle, one of the aoata angloa 
and hypothenuse, or the direct coarse and diitanoe, may be oompsted aa 
fbllowa: 
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diff. lat 69*6 log. 1*77525 
departure 19*6 log. 1*29226 


log. 
log. Bm 


1*29226 


ooune 18^ 12' log. tan 9*51701 


9*49462 






distance 62*74 


1*79764 



therefore, as the difference of latitude is south, and the departure east, the 
direct course is S. 18^ 12' £., and the distance made good 62*74 miles. 

To construct this traverse, describe, as before, the horizon circle, with a 
radius equal to the chord of 60^, and taking from the line of rhumbs the 
chord of the first course, 2^ points, apply it from S to 1, to the right of 
8 N, as this course is south-easterly ; apply, in like manner, the chord of 
the second course, six points firom S to 2, also to the right of the meri- 
dian line ; apply the chord of the third course, 5^ points from S to 3, to 
the left of the meridian, the chord of the fourth course, 7^ from N. to 
4, to the left of N S, this course 
being north-westerly, and, lastly, 
apply the chord of the fifth 
course, 5^ points, firom S to 5, 
to the right of SN. In the 
direction a 1, lay off the distance 
AB = 16 miles from a scale of 
equal parts; in the direction 
parallel to a2, lay off the distance 
Bc = 23 miles ; in the direction 
parallel to a3, lay off cd = 36 ; 
in the direction parallel to a4 lay 
off DE = 12 miles ; and, lastly, 
in the direction parallel to a5, 
lay off EF = 41 ; then f wiD 
be the place of the ship at the 
end of the traverse ; consequent- 
ly, AF will be the distance made 
good, and the angle fas the 
direct course; applying, there- 
fore, the distance af to the scale 

of equal parts, tre shall find it reach from to 62 J ; and applying the 
distance Sa to the line of chords, we shall find it reach from to 18°, or 
by the scale of rhumbs it will be found to measure one point and a lud£ 
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3. A ship from lat. 28° 32' N^ has run the foUowing ooontiB, viz., Ist, 
]^.W. by N^ 20 miles; 2d, S.W^ 40 miles ; Sd, N.K by K, 60 miles; 
4th, S.E. 55 miles; 5th, W. by S^ 41 miles; 6th, E.N.EL, 66 miles. 
Required her present latitude, the distance made good, and the direct 
oourae from the place left. 

The direct course is due east, and distance 70*2 miks, the ship being in 
the same latitude at the end as at the beginning of the travene. 

4. A ship from lat 41° 12' K, sails S.W by W. 21 mUes ; 8.W. i S. 
31 miles; W.S.W. i Q^ 16 miles; & | EL, 18 nnles; S.W. i W., 14 
miles ; and W. ^ N., 80 miles ; required the latitude of the place amved 
at, and the direct course and distance. 

Lat 40O 5' N. ; course S. 52<> 49' W. ; dktance 111*7 miks. 

5. A ship runs the following courses, viz. 

1st, S.E., 40 miles ; 2d, N.E., 28 miles; 8d, S.W. by W., 62 miles; 
4th, N.W. by W^ 30 miles; 5th, aa£^ 36 miles ; 6th, 8. R by R, 58 
miles ; required the direct course and distance made good. Direct course 
8. 25° 42' £., or S. S. K i E. nearly ; distance 05*69 miles. 

These examples will sufficiently illustrate the principles of plane sailing, 
in which, course, distance, difference of latitude, and departure, are the 
only quantities which enter into the problem, two of them being always 
given. The determination of the difference of longitude made on any 
course, which is the distance between the meridians measured on the 
equator, cannot be effected by these principles, for this element is not the 
same as if the meridians were all parallel to each other, as is the case 
with the other elements. The finding of the difference of longitude is 
the easiest when the ship sails due east or due west, that is, upon a 
parallel of latitude ; this is called 

PARALLEL SAILIirG. 

99. The theory of parallel sailing is comprehended in the following 
proposition, which admits of a variety of other applications. 

The arc of a great circle comprehended between ttoo of its secondaries 
is to the arc of a parallel small circle, comprehended between the same 
secondaries^ as radius unity is to the cosine of the distance between the 
great circle and its parallel, measured on one of the secondaries. (See 
Spherical Geom., Prob. 2, Cor. 6.) 

Applied to the case under consideration the aboye proposition would 
run as follows, viz : 

The cosine of the latitude of the parallel is to the distance run as the 
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raditis to the difference of longitude. This may be demonstrated as 
follows : 

Let iQH represent the equator, and 
BDA any parallel of latitude ; ci will 
be the radius of the equator, and 
CB the radius of the parallel. Let 
BD be the distance sailed, then the 
difference of longitude will be mea- 
sured by the arc iq of the equator, 
and since similar arcs are to each 
as the radii of the circles to which 
they belong, we have 

CB : CI : : dist bd : diff. long, iq 

But CB is the cosine of the latitude is to the radius oi, and as cosine 
and radius are proportional in different circles, 

CB : 01 : : cos lat. : r 

The first two terms of these proportions being the same, the last are 
proportional, and we have 

cos lat. : Rad. : : distance : diff long. (1) 

Corollary : hence if the distance between any two meridians, measured on 
a parallel in latitude l be d, and the distance of the same meridians, 
measured on a parallel, in latitude l' be d', we shall have (Spher. Geom., 
Prop, n.. Cor. 6), 

cos L : D : : cos l' : d' (2) 

for both the ratios of (2) will be equal to r : diff long. 

By referring to proportion (1) it -will be seen that if any one of the legR 
of a right-angled triangle represent the distance run on any parallel, and 
the adjacent acute angle be equal to the degrees of lat of tliat parallel, 
then the hypothenuse will represent the difference of longitude, since this 
hypothenuse will be determined by that proportion. 

The right angled triangle used in plane sailing may therefore be 
employed here, changing the names of its elements, viz., course into 
latiivde^ difference of latitude into distance^ and distance into difference of 
longitude. 

And a traverse table computed to degrees and fractions of a degree 
instead of points and quarter points, may be employed to solve problems 
in parallel sailing. 
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Formuk (1) above may be exprowed by the foDowipg rule. DividetkB 
diaiamte sailed hy the eoeine of ^ kUUudef and the quotient wiU be the 
dijferenceqf longUude. 



1. A ahip from latitade 58^ 56' N^ longitude IQP 18^ K, bw Mfled 
due w6Bt, 286 mfles : required her present longitade. 
By the rule 



lat dd^'dd 


kg. COS 0«76001 


dkt 286 


kg. 2*87291 


di£ long. 400 


log. 2*60800 


Long, left 


10® 18' R 


Attn 

JM, long. = -— degrees as 


6 40 W. 


Long, reached 


8 .88 E. 



2. If a ship sail K 126 miles, from the North Gape, in lat YO^' WJSf^ 

and then due N., till she reaches lat 73^ 26' N. ; how &r must she sail 
W. to reach the meridian of the North Cape ? 

Here the ship sails ou two parallels of latitude, first on the parallel- of 
71^ 10', and then on the parallel of 78^ 2G', and makes the same dif- 
ference of longitade on each parallel. Hence by the corollary, 

As COS. lat 71° 10' arith. comp. 0*49104 

: distance 126 3*10037 

: : cos lat 73 26 9*45504 



: distance 111*8 2*04645 

3. A ship in latitude 32° N. sails due east, till her difference of longi- 
tude is 384 miles ; required the distance run. 

825*6 miles. 

4. K two ships in latitude 44^ 30' N., distant from each other 216 
miles, should both sail directly south till their distance is 256 miles^ what 
latitude would they arrive at? 

82° 17' N. 
d. Two ships in the parallel of 47° 54' N., have 9° 85' difference of 
kngitude, and they both sail directly south, a distance of 836 miles : 
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required Uieir distance torn each other at the parallel left^ and at that 
rwcbed. 

S85'fi iDiles, and AS'fl mika. 

lUDDLI LATITUDB BAIUNO. 

100. Having seen how the longitude which a ship makes when sailing 
on a parallel of latitude may be determined, we come now to examine the 
more general problem, riz., to find the longitude a ship makei whun 
•ailing upon any obliqne rhumb. 

There are two metiiods of tolving thia problem, the one by what ia 
called muldU latitude tailing, and the other by Mtrealor't lotilinff. The 
fiist of these methods is confined in its application, and is moreover some- 
what inaccurate even where applicable ; the second is perfectly general, 
and rigorously true ; but still there are cases in which it is advisable to 
employ the method of middle latitude sailing, in preference to Chat of 
Mercator's sailing; it is, therefore, proper that middle latitude sailing 
should be eipluned, especially since, by means of a correction to be bere- 
a&at noticed, the usual inaccuracy of this method may be rectified. 

Middle latitude sailing 
proceeds on the supposition 
that the departure or sum 
of all the meridional dis- 
tances bi\ k\ dd\ k^ from 
A to B, ia equal to the dia- 
anoe h'm of the meridians 
of A and B, measured on 
the middle parallel of lati- 
tude between A and a. 

This supposition becomes 
very inaccurate when the course is small, and the distance run great; for 
it ia plain that the middle latitude distance between the extreme meri- 
dians will be much greater tlisn the departure, if the track a b cuts the 
suGceesive meridians at a very small angle. 

The principle approaches nearer to accuracy as the angle a of the 
course increases, because then as but little advance is made in latitude, 
the several component departures lie moro in the immediate vicinity of 
the middle latitude parallel. But nnce in very high latitiides, a emafl 
advance in latitude makes a considerable difference in meridional distance, 
this prindple is not to be recommended in such latitudw if much acoorsCT 
is required. 
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By means, however, ot a smaU table ci oorrectioiia, oonstructed by Mr, 
Workman, the imperfectioDs of the middle latitude method may be 
removed, and the result of it rendered in all cases accurate. This table 
we have given at the end of the present volume. 

The rules for middle latitude sailing may be thus deduced. 

It has been seen at (Art 07), that the differenoe of latitude, departure, 
and distance sailed on any oblique rhumb, may be j£ 
all accurately represented by the sides ab', b'b, ab, 
of a right angled plane triangle. Now, by the pre- 
sent hypothesis, the departure b'b is equal to the 
middle latitude distance between the meridianB of 
the places sailed from, and arrived at, so that the dif- 
ference of longitude of the two places of the ship is 
the same as if it had sailed the distance b'b on the 
middle latitude parallel ; the determination of this 
difference ci longitude is, therefore, reduced to a case «A. 
of parallel sailing ; and since, as we have seen (p. 215), the formula for 
parallel sailing is a proportion which expresses the relation between the 
elements of a right angled plane triangle in which the base is the dist 
sailed, the angle at the base the lat, and the hypothenuse the dsSL of 
long., let b'ba' be this triangle, in which, according to the theory of mid. 
lat. sailing, the departure b'b takes the place of the dist sailed. From these 
triangles, the two partial ones of which are right angled, and the total one 
not, we have the following theorems, viz., in the triangle a'b'b, 

cos a'bb' : bb'' : : radius : ba' 
that is, 

I. Cos. mid. lat : departure : : radius : diff. of long. 

In the triangle a'ba, which is not right angled, 

sin a' : ab : : sin a : a'b ; 
that is, 

n. Cos mid. lat : distance : sin course : diff. long. 

In the triangle abb', we have the proportion (Art 41), 

R : tan A : : ab' : : bb' 

comparing this with the first proportion above, observing that the extremes 
of this are the means of that, we have 

ab' : a'b : : cos a'bb' : tan a ; 
ihatis^ 

UL Di£ lat : diff. long. : : cos mid. lat : tan course. 
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These three proportions comprise the theory of middle latitude sailing, 
and when to the middle latitude the proper correction, taken from Mr. 
Workman's table, is added, these theorems will be rendered strictly 
accurate. 

This is Table XXIX; the middle latitude is to be found in the first column 
to the left ; in a horizontal line with which, and under the given difference 
of latitude, is inserted the proper correction to be added to the middle 
latitude to obtain the latitude in which the meridian distance is accurately 
equal to the departure. The formula for constructing this table is obtained 
as foUows '* 
Let 

d = proper diff. of lat 

D = meridional di£ of lat. 

m = middle latitude. 

M = m + correction. 

L = diff. of longitude. 

Then (Art 100, Form UI.), 

cos M X L 

tan course = -z 

a 

But (Art 101, Rule Ij, 

. rad X L 
tan course = 

D 

cos M X L rad X L rad rf 

/. J = .'. cos M = 

a D D 

- rad. d 
.•. correction = cos ""* m 

D 
EXAMPLES. 

1. A ship, in latitude 51^ 18' N^ longitude 22° 6' W., has sailed S. 
33° 5' E., required her latitude and longitude. 
The required latitude is found by plane sailing, as follows : 

Course 33° 5' log. cos 9*92318 
Dist 1024 log. 3*01030 

Diff Lat 858 2*98348 

* Tho investigatioo of this fonnula should be postponed until after reading the 
next article, and may be omitted entirely. 
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Lat left 61^ 18' N. 

Diff. lat 14 18 



Latroquired 87® IT. 
To find the kffigitude by mid. lat sailing. 

Lai. left 51<' 18' 

*" readied Sl^ 



Sum 88 18 

iSom 44^ 9' mid. lat 



Then by the proportion ni. above, 



coe. mid. lat 44^^ 9' ar. oomp log. 0*14418 

: tan oourse 38 5 log. 9*81390 

: : diff; lat 868 log. 2*98849 

: di£ long. 119 log. 2*89167 



In this operation the middle latitude has not been corrected, so that the 
difference of longitude here determined is not without error. To find the 
proper correction, look for the ^ven middle latitude, viz., 44^ 9' in the 
table of corrections, the nearest to which we find to be 45° ; against this 
and under 14° diff. of lat. we find 27', also under 16° we find 31', the 
difference between the two being 4' ; hence corresponding to 14° 18' the 
correction will be about 28'. Hence the corrected middle latitude is 44° 
37', therefore, 

cos. corrected mid. lat 44° 87' ar. comp. log. 0*14763 
: tan course 33 6 9*81390 

:: diff. lat 868 2*93349 



: diff. long. 786*3 2*89502 

therefore, the error in the former result is about 6( miles. 

Long, left, 22° 6' W. 
Diff. of long. 785 = 13° 5' 

Long, required, 9° 1' W. 

2. A ship sails in the N.W. quarter, 248 miles, till her departure is 
135 miles, and her difference of longitude 310 miles ; required her course, 
the latitude left^ and the latitude come to. 

Course N. 82° 59 W. ; lat left 62° 27' N. ; lat in 66° 62' N. 
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S. A ship, from latitude 37° N., longitude 9° 2' W., having sailed 
between the N. and W., 1027 miles, reckons that she has made 564 miles 
of departure ; what was her direct course, and the latitude and longitude 
reached? 

Course N. 33° 19* W. or N.W. by N. nearly ; lat. 51° 18' N. ; 
long. 22° 8 W. 

4. Required the course and distance from a point in lat. 37° 48' N., 
long. 26° 13 W., to a point in lat. 50° i3' N., long. 3° 38' W., the 
middle latitude being corrected by Workman's Table. 

Course N. 51° 11' E. ; distance 1189 miles. 

msroator's sailing. 

This is for the determination of difference of longitude when a ship sails 
on any oblique rhumb. 

101. It has already been seen that when a ship sails on any oblique 
rhumb, the diiBference of latitude, the departure, and the distance run, are 
truly represented by the sides of a right-angled plane triangle. Let ab'b 
in the annexed diagram be this triangle, a representing the course, ab' the 
diff. of lat., and b b the departure. Let ao be a sufficiently greater dif* 
ference of latitude to make the corresponding departure cc equal to the 
difference of longitude required. This increased difference of latitude ac^ 
is called the meridional difference of latitude, ab' 
being called the proper difference of latitude, by 
way .of distinction. The solution of the triangle 
Ac'c then will serve to determine the difference 
of longitude c c. In this triangle we know the 
course a, and we shall now show how to construct 
a table for finding the side ac , the meridional 
difference of latitude. The departure b b repre- 
sents the sum of all the very small meridian dis- 
tances, or elementary departures, b'b, c'c, dec, in 
the diagram at Art. 100, the difference of latitude 
ab' represents the sum of all the corresponding small differences in the 
figure referred to, and the distance ab the sum of all the correspondu^ 
distances a6, 6c, cd, <&c., and each of these elements is supposed to be 
taken so exceedingly small as to form on the sphere a series of triangleSi 
differing insensiUy from plane triangles. 

Let Abb in the annexed diagram represent one of these elementary tri- 
angles, b'b will be one of the elements of the departure, and Ab\ the oor- 
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reBponding difierence of latitude ; and as 5'5 is a small portion of a paral- 
lel of latitude, it will be to a similar portion of the equator, or of the 
meridian, as the cosine of its latitude to radius (Art 09), this similar 
portion of the equator, or of the meridian, being the difference of longi- 
tude between b and 6. Suppose now the distance aI prolonged to p, 
till the departure ppvi equal to the difference of longitude of b\ and 6, 
then b'b will be to ;/p as the cosme of the latitude of 6 6 to the radius ; 
but b b : p'p w hh' \ kp' ; hence the pfx>per difference of a^ is to the 
increased difference kp as the cosine of the latitude of Vb to the radius. 
Galling, therefore, the proper difference of Utitude df, the increased differ- 
ence of latitude d, the latitude of b\ /, and the radius 1, which it is in 
the table of natural sines, this proportion will be in symbols, ^ 

df : D : : cos / : 1 

rf , . . 1 



.'. D = 



i = df sec / nnce sec = — (Art 88.) 

cos / cos ^ ' 



The ship, therelbre, having made the snudl departure b\ and the dif- 
farence of latitude a6, must continue her course till the difference of lati- 
tude becomes d, in order that her departure may become equal to the dif- 
ference of longitude corresponding to Vb. Conceiving all the elementary 
distances to be in this manner increased, the sum of all the corresponding 
increased departures will necessarily be the whole difference of longitude 
made by the ship during the course. The determination of ac' requires 
the pre\nous determination of all its elementary parts ; if rf be taken equal 
to 1', each of these parts will be expressed by d = 1 ' sec /, or d = sec /, 
that is, sec / expresses the meridional difference of latitude corresponding 
to a proper difference of latitude of 1 ' at the latitude /, giving / successively 
the values 1', 2', 3 , &c., up to 90°, and adding the result of the second 
substitution to that of the first, and so on, we shall have in succession, the 
values of the increased latitude corresponding to 1', 2 , 3', <S?c. of proper 
latitude ; these values are called the meridional parts, corresponding to 
the several proper latitudes, and when registered in a table, form a table 
of meridional parts, given in all books on Navigation.* 

The following scheme nuiy serve as aspecimen of the manner in which 
such a table may be constructed, and, indeed, of the manner in which the 

* Id other words, a table of meridional parts is a table of differences of latitude 
ezprassed in geographie miles, each difierence of latitude being enough greater than 
its corresponding proper difierence of latitude, to make the departure equal to the 
diflbrence of longitude. The table gives the meridional diftrence between the 
e<inator and any given Utitude. 
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first table of meridional parts was actually formed by Mr. Wright, the 
proposer of this ingenious and valuable method. 

Mer. parts of 1'= nat. sec 1'. 

Mer. parts of 2'= nat sec 1'+ nat sec 2'.* 

Mer. parts of 3'= nat sec 1'+ nat sec 2'+ nat sec 3'. 

Mer. parts of 4'= nat sec 1'+ nat sec 2'-}- nat. sec 3'+ nat sec 4', 
<Src., <Src 

Hence, by means of a table of natural secants, we have 

Nat fees. Mer. parts. 

Mer. parts of 1 ' = 1 -0000000 1 • 1 0000000 

Mer. parts of 2'= 1-0000000 + 1-0000002 = 2-00000002 
Mer. parts of 3'= 2-0000002 + 1-0000004 = 3-00000006 * 
Mer. parts of 4'= 3-0000006 + 1-0000007 = 4-00000013 

There are other methods of construction, but this is the most simple 
and obvious. The meridional parts thus determined are all expressed in 
geographical miles, because in the general expression d = 1' sec /, 1' is a 
geographicid mile. 

Having thus formed a table of meridional parts (Table III. at the end), 
if we enter it with the latitudes sailed from, and reached, and take the 
difference of the corresponding parts in the table, tlie remainder will be 
the meridional difference of latitude, or the line Ao' in the preceding 
diagram. 

The angle a is the given course, so tliat there are known in a right 
angled triangle ac'c, an angle and the side adjacent, to find the side 
opposite. The following is the rule. 

1. Tlie tangent of the course X meridional difference of latitude = the 
difference of longitude ; or if the departure be given instead of the course, 
then from the similar triangles ab'b, ac'c, the proportion wiU be 

2. As the proper difference of latitude is to the departure^ so is the 
meridional difference of latitude to the difference of longitude. Other 
proportions immediately suggest themselves from the preceding figure. 

* Observe that the meridional parts, or meridional difi*. of latitude from the equator 
to 2' of latitude will be the sum of the meridional parts from the equator to 1', plus 
the meridional parts from 1' to 2', which latter is nat. sec. 2'. Again^ that the 
meridional parts from the equator to 3' is the sum of the meridional parts from the 
equator to 2', and the meridional parts from 2' to 3', which latter is the nat seo. S'« 
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BXAMPLE8. 

1. A ship from latitude 42° 31' N., and longitude 68° 61 W., having 
failed S.W. by S. 300 miles, required the latitude and longitude at which 
she has arrived. 

To find the diE of lat by plane sailing. 

Dist 800 log. 2*41112 

Course, 33° 46' log. cos 0-91986 

Proper dif. kt 249-4 log. 2*39697 

To find the diff. of long, by Mercator's sailing. 

Lat left, 42° 30' N*, mer. parte 2822 

Prop. diff. lat 249 = 4© 9' 

Lat reached, 38^21* mer. parte 2495 

Long, left, 580 61' Mer. diff. lat 327 log. 2-61465 

Diff. long. 219 = 3° 39' Course, 33° 46' log. tan 9*82489 

Long, reached, 62° 30' Diff, of long. 218-6 log. 2*33944 

*2. Required the course and distance firom Cape Cod light-house, lat 
42° 3' N., long 70° 4' W., to the island of St Mary's, lat 36° 69' N., 
long. 25° 10' W. 

Cape Cod, lat 42° 3' N. Mer. parte, 2786 Long. 70° 4' W. 

St Mary's, lat. 36° 69' N. Mer. parte, 2391 Long. 26° 10' W. 

44° 64' 
60 



5° 4' Mer diff. lat 


396 


60 




Prop. diff. lat 304 




To FIND THE Course (by Rule 1.) 


To riKD I 


Merid. diff. lat 395 log. 2-59660 




Diff. of long. 2694 log. 3-43040 




Course 81° 40' log. tan 10-83380 


log. cos. 


Proper diff. lat 304 miles 


log. 


Distance 2098 miles 


1<^. 



Diff. long. 2694 miles. 

To FIND DISTANCX BY PlaNE SaILING* 



9-16116 

2*48287 

3*32171 

* Enter tab. of mer. partn with the argument 42<^ 30', and take out the mer. parts 
eorre^onding, viz., 2823, which is the meridional difT. of lat. from the equator to 
420 30' N. Again enter the tab. with the argument 38^ 21' ; the corresponding 
mer. parts, or mer. difT. of lat., from the equator to lat. 38<^ 21' N. will be found to 
be 2495. Subtract the latter from the former, and the remainder will be the meri- 
fional diff. of lat. between 38o 21' N., and 42^ 30' N. 
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8. A ship from latitude 37^ N., and longitude 32"^ 16' W., has sailed 
in a north-westerly direction 300 miles, till she has reached the latitude 
of 41^ N. Required the precise course on which she has sailed, and the 
longitude at which she has arrived. 

Ans. Couree 36° 62' ; Long. 36o 8' 
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GREAT CIRCLE SAILING. 

1. Thb shortest path from one point to another on the surface of a sphere is the 
arc of a great circle (Geom., App. III., p. 2). A ship, therefore, sailing on the are 
of a great circle, joining her point of departure and point of destination on the sur- 
face of the earth, will make a shorter voyage than if she sails in the direct course, 
that is upon the rhumb line joining the same two points. 

The practical application of great circle sailing will consist in determining as often 
as the ship's place is found, that is to say her latitude and longitude, which, under 
ordinary circumstances, occurs daily, the direction which she ought to take, in order 
to sail on the great circle from the point where the ship is, to the point of destina- 
tion. This problem is, in eflect, solved in the example on p. 137. In the diagram 
at that place, s denotes the point where the ship is, s' the point of destination, and 
the angle rss' the course which the ship ought to steer, in order to sail on the great 
circle from s to s'. The solution of the problem of Great Circle Sailing, it appears, 
from the example referred to, requires the application of Napier's Analogies, forms 
IX. and X. of Art. 86. In a practical treatise on Great Circle Sailing, which 
appeared in 1846, by S. T. Coit, a table will be found called the " Great Circle 
Table." It is a table of double entry, in which the logarithm of the ratio of the 
cosine of the half sum, to the cosine of the half diifercnce, and of the' ratio of the 
nne of the half sum to the sine of the half difference of the colatitudcs of s and s', 
will be found computed for any two latitudes. You enter this table with the less of 
the given latitudes at top, and the greater at the side ; under the former, and on the 
range of the latter, in the column entitled sine, is found the logarithm of the ratio of 
the sine of half the sum to the sine of the half difference, and in the column entitled 
cosine, the ratio of the cosine of the half sum to the cosine of the half difference ; 
if to each of these bo added the log. cotangent of the difference of longitude of 
the point where the ship is, and the point for which she is destined, the results will be 
the logarithmic tangent of the half sum and half difference of the angles s and s', 
the former of which, viz., s will be the course upon which the ship should be 
directed. 

The example at p. 137 adapted to this place should read as follows: 

1. Ashipfromlat20^, long.41o34'26", is bound to a point in lat. 51^ 30', 
long. 10^, upon what course must she sail in order to pursue the shortest path to her 
destination ? 

Am, 30O 28' 12". 
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9. A ship in lat. 40o 30' N., long. 70o W., is bound for a place in lat. 51o 23' 
N., long. 90 37' W., reqoired the ooune for Great Circle Sailing 7 

Am. N. 540 3' E. 

The computation of the third aide ss' in the same triangle gives the distance 
sailed. "^ 

As a steamer in ordinary weather pnrsoes steadily the course of the great circle 
from port to port, it may be convenient to calculate beforehand the position of the 
points in which this great circle intersects the meridians for every five degrees of 
longitude (five degrees being about the daily progress of a first class steamer), and 
then if the vhip lays upon the direct course for these points successively, it will be 
nffioient, since the rhumb line difiers insensibly from the arc of a great circle for so 
short a distance. The method of determinmg these is simple. For when the angle 
8 is calculated, it is only necessary to employ the last two forms, XI. and XII. (Art. 
66) of Napier's Analogies, which are used for solving a spherical triangle when two 
angles and the inteijaoent aide are given. 

The data will be the colatitude of the point s, the course pss' previously calculated, 
and the angle which the meridian PS makes with the meridian whose point of inter- 
section with the great circle course from s to s' is to be calculated ; hi other words, 
the difference of longitude of these two meridians. 

The logarithm of the ratio of the cosines and sines of the half sum and half dif- 
ference of the given angles may be taken from ** The Circle Table,'* entering it with 
the complements of these angles ; the log. tangent of the given side will be the same 
in the calculation for each meridian ; the solution of the triangle for each meridian 
giving the colatitude of the point in which the great circle path intersects the 
meridian, and the course which the ship ought to take in departing from that 
meridian. 

EXAKFLE. 

A ship sailing from the port of Now York to Havre or Liverpool, by the shortest 
path, would steer from Sandy Hook, lat. 40<3 27' 30", long. 740 00' 48" W., E. ^ 
S.*running on the rhumb line, and thus give tlie south shoal of Nantucket a berth 
of about 15 miles ; from this she would sail to a point in lat. 41^, long. Gd^, on 
southern part of George's shoal, in 25 fathoms of water. From this point she 
would commence Great Circle Sailing, nothing being gained in taking the great 
circle rather than the rhumb line in the previous short distances. As the great circle 
from this point to that of destination would pass over Newfoundland, it is 
recessary to divide the voyage between two great circles, the first terminat- 
ing at Cape Race, and the second terminating at Cape Clear, the soutli point of 
Ireland. 

Required the course from the south shoal of Nantucket to George's Shoal, and 

the points at which the great circle from lat 41^ N., long. 68°, W., to Cape Race, 

in lat. 46o,39' 24", long. 53° 04' 36", intersects • the meridians of 60^ and 550 

W. ; and the points in which the great circle from Cape Race to Cape Clear, in 

lat. 51^3 22' N., long. 9- 37' W., intersects the meridians of 45^, 40c», 35°, 30^, 

25 ,20=, and 15^ W. 

AnM, The course from Nantucket to George's is 

* This allows for variation of compass. 
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The first great circle intereects the meridian of 60o at 44^ 24' 25'', of 55^ «t 
460 5' 28" of N. latitude. 

The second great circle intersects the meridian of 45^ at 48° 55' 47* "5, of 40^ 
at 490 58' 27", of 35^ at 50"3 46' 6", of 30^ at 51° 19' 44", of 25° at 51© 40' 
3", of 200 at 510 47' 28", and of 15° at 51° 42' 7".* 

The following, from Mr. Coit's work, to which the student is referred for a 
variety of useful problems, and interesting information, will furnish a number of 
exercises. 

TRACK OF THE AUG OF A OBEAT CIBCLE FROM CHESAFEAEE BAT TO BORDEAUX. 

Table showing the longitude of the intersections of the latitudes crossed by the 
arc of a great circle from Cape Henry's light-house, mouth of Chesapeake Bay, to 
the Corduan light, near Bordeaux ; also showing the courses from the points of 
intersections of the latitudes crossed, and from intersection to intersection. 



Fiatitudoii 
crosved 



C. Henry. 360-56' 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 
Max. Lat. 48 •41 

48 

47 

46 

Corduan. .45 '35 



Long, of the intprsec. of 
the lat. croKscd. 



From 


the! 


Meridian uf 


Greenwirh. 


760 


•04' 


75 * 


•55 


74 • 


'02 


72 * 


•01 


69 • 


'52 


67 • 


'36 


64 * 


'25 


62 • 


'22 


59 • 


'19 


56 • 


'27 


51 • 


'52 


46 • 


'55 


39 • 


'56 


27 • 


'25 


14 • 


'54 


7 • 


'55 


2 ' 


•58 


1 ' 


'10 



From the 
Meridi.-tn of 
Cordunn. 



74^-54' 
74 -45 
72 -52 
70 -51 
68 -42 
66 -26 
63 -15 
61 •12 
58 -09 
55 -17 
50 -42 
45 -45 
38 •46 
26 -15 
13 -44 
6 ^45 
1 -48 

• 



Cnnrses towards 
Corduan Hroin 

the points 
of inioraection. 



N. 5.50.4O' 

- 55 -46 

- 56 

- 58 



59 
61 
62 



•55 

•10 
•32 
•01 
•41 



94 -31 
66 ^37 



03 
53 
29 
38 



- 69 

- 71 

- 75 

- 80 

East. 
s. 80 ^38 

- 75 ^29 

- 71 ^53 



E. 



Coanted towards 
Capo Henry from 

the points 
of Intersection. 



S. 550»46' W. 

- 56 •.55 - 

- 58 -10 - 

- 59 ^32 - 

- 61 •Ol - 

- 62 ^41 - 

- 64 ^61 - 

- 66 ^37 - 

- 69 •Ol - 

- 71. -53 - 

- 75 ^29 - 

- 80 ^38 - 

West. 

N. 80 -38 w. 

- 75 .29 - 

- 71 -53 - 

- 70 ^36 - 



On this track the difference or saving is 110. 

* The great circle cour:<es and distances are as follows : From George*s Shoal to 
the meridian of 60^, 57 14' and 407 miles. From 60° to 55° N„ 62^ 40' E., and 
334 miles. From 55 ' to Cape Race N. 66^ 13' E.,and 87 miles. From Cape Race 
to the meridian of 45' N. 6P 19' E., and 353 miles. From 45'J to 403,N. 70° 
18' E., and 205 ni=lo^. From 40'^ to 35^, N. 74° 6' E., and 197 miles. From 
350 to 30^N. 77^ 57' E.. and 191 miles. From ,30'^ to 25o,N. 80° 50' E., and 
188 miles. From iif. ■ to 20o,N. 85^ 45' E., and 186 miles. From 20o to 15° 
N. 890 43' E., and 186 miles. From 15° to Cape Clear S. 86^ 23', and 203 mileiu 
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For farther infonnation on Great Cixele Sailing, tee " The Praetioe of Navigation 
and Nautical Astronomy, by Lieut. Raper, of the Royal Nary," Art. 336, in whieh 
work will also be found a convenient table (tab. 5) called the Spherical Traverse 
table, for solving problems in this kind of sailing. 

See also a small collection of " Tables to facilitate Great Circle Sailing," hj 
John Thomas Towson, published by order of the Lords CommissionerB of the 
Admiralty. 

BTTmni'S MRTBOD. 

This is a method discovered recently by accident, and consists in calculating the 
■hip's longitude by chronometer for two assumed latitudes, the one of which is the 
nest even degree lees, the other the next even degree greater (without odd minutes) 
than the latitude by dead reckoning. The two positions of the ship thus determined 
from the longitudes found and the assumed latitudes, being projected on a Mercator's 
chart, the line joining them passes through the true position of the ship, and any 
land it may happen to pan through in the vicinity, will have the same bearing from 
the ship that this line makes with the meridian. 

The theory is, that this line is a small portion of what the author tenns a parallel 
of equal altitude, that is, a small circle of the terrestrial sphere, the pole of which 
is the point of the earth's surface, at which the son is vertical or in the zenith at the 
instant of observation. To all places situated on this circle the sun will have the 
same altitude at the instant. Now since in the two computations in the above 
problem the latitude only is different, the altitude and declination, which are the 
other data, remaining the same, the altitude of the sun is therefore the same at the 
two positioDs determined, and they are in the same parallel of equal altitude, and 
as the observed altitude of the ship is also the same, the ship, too, is upon the same 
parallel of equal altitude, a small arc of which may be regarded as a straight line. 

A perpendicular to the line determined as above will be in the direction of the 
sun's boaring, and the angle it makes with the meridian will bo the sun's azimuth. 
For the perpendicular to an arc will pass through the pole of the arc. 

If two altitudes of the sun be taken, and two lines projected as above, passing 
each through the place of the ship, its actual position is determined by their 
intersection. 

For the method of allowing for the change of place of the ship between two 
observations for altitude, and for a variety of problems based upon the principle 
above explained, see Sumner's work. 



PART IV. 



SURVEYING. 
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SURVEYING 

1 02. Has for its object to make upon paper an exact delineation called 
a map, plot, or draft, and sometimes to find the contents of ground. 

The most common mode of proceeding is to measure a base line upon 
the ground, as at Art. 10, and take the angles at each extremity with 
some instrument suitable for the purpose, thus determining the position of 
a distinct point. This is transferred to paper, by means of a scale of 
equal parts, and a semicircular protractor, as described in the same article. 
As many points upon the ground as may be desirable can thus be trans-^ 
ferred to the map. If two points thus determined be the extremities of 
some straight boundary, as a wall, fence, or side of a building, the boun- 
dary itself is drawn by uniting the two points by a straight lino. If the 
boundary be curved or irregular, as the bank of a stream, a coast, the 
border of a wood, &c., the prominent points should be determined on the 
map, as above described, and the boundary then traced, through tliem with 
the hand, by the eye. 

The positions of points on a map may also be determined by taking 
their direction and distance from some point used as a basis or base point 
for the whole survey. Or, when more convenient^ some one of the points 
determined from the first base point may itself become a base point for 
the determination of others more in advance. The direction of one point 
from another is expressed by the angle which the line of direction makes 
with some known line. A very convenient line for this purpose is a meri- 
dian or north and south line, for the direction of this latter may always 
be known by means of a magnetic needle, and the direction of any line 
from a north and south line by a compass. Allowance must of course be 
made for what is called the variation of the needle, which is determined 
by astronomical observations, in a manner to be hereafter explained. 
Distances are measured upon the ground with a tape or chain. The 
measuring tape is covered with wax, to prevent the effects of varying 
degrees of moisture, in contracting and expanding it. It is divided usually 



284 BravBTiNo. 

• 

into feet and inches. The cham is of iron wire, each link being the 
hundredth part of the whole duun, which is 4 rods, or 66 feet, or 792 
inches, so that each link is 7*92 inches in length. Eveiy ten links is, for 
convenitooe of counting, marked by a piece of brass, with as many 
tongues as the brass piece is tens of links from the extremity of the chain. 
A line is measured on the ground, as follows : Two persons take hold, 
one of each extremity of the chain, and one going in front, towards the 
point whose distance is to be measured, carries in his hand a staff and ten 
marking pins, of iron wire, each about two feet in length, sharpened to 
stick in the ground at the extremity of the chain measured off. 

The one behind, by a motion of the hand to the right or left, indicates 
to the other whether the staff which is held at the end of the stretched 
chain is on the alignment of the distant point or not As soon as he 
discovers it to be so, he makes a motion with his hand downward, and 
the other places a marking pin. Both then move on, the one behind 
taking up the marking pins which the other has left in the ground. 
When all the pins have been passed from one to the other, ten chaiDB 
have been measured off. 

For fixing the position of points of ground upon a map, the best 
instrument, when the survey is of moderate extent, is one which inrveys 
and plots at the same time, called the 

PLANE TABLE. 

This consists of a rectangular board, mounted upon a three-legged 
stand, called a tripod, to which it is attached by a ball and socket move- 
ment, that is to say, there is a socket fastened to the tripod and a ball 
clasped by the socket, which moves in it, the ball being fastened to the 
underside of the table. This permits the table to bo placed exactly hori- 
zontal. To ascertain whether it is so or not, a detached spirit level is 
placed upon the table temporarily, and the table is levelled by means of 
three screws, which pass through a horizontal circle of wood or brass 
which projects round the top of the tripod, the screws working against 
the table underneath. These screws are placed near the outer edge of 
the circle, and at distances of 120^ from each other. If one of them be 
screwed in one direction, it lifts the table on that side ; if in the opposite 
direction,- it lets it down. In order to level the table by means of these 
screws the spirit level is placed over the line joining two of them, and by 
moving them the bubble is brought to the centre ; this renders one line 
of the table horizontal. Hie spirit level is then placed in a direction 
perpendicular to its former one, and the bubble brought to the centre by 



PLANS TABLE. 285 

tnnimg the third screw, leaving the others untouched ; two lines of the table 
are then horizonta], and consequently the table itself.* The spirit level, 
which is a tube of glass inclosed in one of brass, and containing spirits of 
wine, rests on short feet at the ends, one of which is made movable by a 
screw, and should be adjusted by reversing the level, end for end, on the 
table, after the bubble is first brought to the centre, when, if it departs 
from the centre, it must be brought back half by the foot screw 
of the level itself^ and half by the levelling screws of the table. 
This process is to be repeated till in both positions of the level the 
bubble remains in the centre. A necessary appendage to the plane table 
is a brass ruler, with a thin edge, upon which are mounted either plain or 
telescopic sights, the line of vision being parallel to the edge of the ruler. 
Plain sights consist of two upright flat pieces of brass, one at each end of 
the ruler, &cing each other witli a narrow vertical aperture in each, to look 
through. Sometimes the aperture is made wider in the one towards the 
object, and a vertical thread or hair stretched down the middle of it, 
which serves for a sight. Larger orifices are made at some parts, in which 
to catch sight of the object, which is then brought down to a fine sight in 
the narrow part of the aperture. 

When the sights are telescopic, the telescope may be mounted like that 
of a transit instrument (if the ruler is very wide) upon the upright piers 
of brass, by means of a small horizontal axis. Or upon a narrow ruler 
the telescope is supported at the top of a single column of brass, by a 
stout axis projecting from one side. At the focus of the object glass of 
the telescope two lines of spiders web cross each other exactly in tlie optical 
axis of the telescope. When the ruler is placed upon the table, by turn- 
ing the table round a vertical axis cidled the axis of the instrument, the 
line of sights may be turned in any horizontal direction at pleasure. The 
telescope has a small vertical play also upon the horizontal axis, for the 
purpose of directing it to objects somewhat elevated or depressed. To use 
the instrument, place it over one end of the base line on the ground, so 
that a line to represent the base line drawn upon paper, stretched tightly 
and immovably upon the table, may be in the same direction. This is 
done by placing the edge of the ruler upon the line on the paper, and 
then turning the table upon the vertical axis of the instrument until a 
staff placed at the other end of the base line is seen upon the line of 
sights. There is a convenient arrangement for accomplishing this, con- 
sisting of what are termed a clamp and tangent screw, or screw of slow 

• This operation has gsoerally to be repeated, as the levelling of the second lins 
dsnuifas a little the level of the fiist. 



motion, an Hnuigemsat which ii applied to almost all hutrnmeiita. Thla 
oooristsof aaorew woiidiigiiMritBlie*d,iuaeolUrmwhich it hai do'Iob- 
ptudiiud motion, the thread of the wraw working in a piece of hnx w\at3t 
it at pleaBora looM from or tcrowed againat the ataiid below, by a Beoood 
acnv,ca]ledtheelamp>orew,theflntb^iigGalIedthetaiigentaerew. Wban 
the imtznment ia^ damped," the tangent acrew being torued, pnahea the 
aide of the table to iriiich ita ooQar ia attached slowly away from the part 
of the tjipod below, thns giving a dight motion to the table on Its verlj- 
eal azia. The line of aighta being thus ananged in the direction c^ tfae 
hue line on the gnnind, whilat the edge of the rnler eoinddea with tlia 
baae line npon the paper, keeping now the edge of the rnler pa««ng 
throngh one eztremi^ of the latter, whilst the table u held immov^e 
by the clamp tcrew, iq>oa the tripod, tnm the line of nghta accurately 
towards one of the points to be plotted, and draw a line along the edge 
of the ruler upon the paper, marking it 1. Tnm the line of ugfats suo- 
eeaeively to ^ the points in new to be plotted, drawing Unea on the paper 
from the extremi^ of the base line on the paper, in the directions of them 
ptnnts, as before, and numbering them 2, 8, and so on, in otdta. Let the 
inetrument now be taken np and carried to the other extremity of the baae 
fine, levelled, and the edge of the ruter being placed upon the base line 
on the paper, in a reversed position, bring the line of sights in the direc- 
tion of the station at the first extremity of the base, by turning the table 
on its verticsl fixis, using the clamp and tangent screw, as before. Pro- 
oeed in the manner just described, to draw lines also from this extremity 
of the base on paper, in the directions of the same objects, by sighting 
towards them in the same order, and numbering the lines as before. 
Where 1 meeta 1 will be the posiUon of the first object on the map; 
where 2 meeta 2 the position of the second object, and bo on. 

The telescope of the plane table has sometimes an arrangement by 
which distances can be measured without the use of the tape or chain. 
Two sets of cross wires, as the spider lines are technically called, are placed 
at the focus of the ol^ect glass, the points of intersection of each pair 
being a small distance apart, the one above the other. If a staff be 
placed 100 feet from the telescope, and a space of eiiactly one Exit be seen 
intercepted between the intersection of the wires ; if then the staff be 
removed to a distance of 200 feet, two feet will be seen intercepted on 
the stafiT, because, according to an optical law, the size of the image formed 
at the focus of the object glass is inversely as the distance of the object 
from the instrument, so that the space between the wires at the fbctu, 
where the image is formed, being occupied 1^ 1 foot at the dhtaace of 
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100 feet, the image of this 1 foot at tlie distance of 200 feet will occupy 
only half the space, or it will take an image of two feet to occupy the 
whole space. 

To ascertain the proportions of the instrument by experiment, place a 
staff at such a distance that 1 foot may be intercepted between the inter- 
sections of the wires ; measure this distance, and it will be the distance 
to be multiplied by the number of feet and fractions of a foot seen inter- 
cepted when the instrument is used for measuring distances. The staff 
used should be about two inches broad by one in thickness, and painted 
white, the divisions and numbers upon it being black or deep red, and 
made very distinct 

THE SURVSTOR^S COMPASS. 

This instrument is a circular box of brass about six inches in diameter, 
and half an inch deep, mounted upon a tripod with ball and socket 
motion. The bottom of the box on the interior is silvered, and the cir- 
cumference of this silvered bottom is graduated. In the centre of the 
bottom stands up a pivot upon which a long magnetic needle is accurately 
balanced. The top of the box is of glass, in order that the whole interior 
may be seen. Ujxjn the box above, in the direction of a diameter, is a 
line of sights which may be plain or tel<iscopic. The graduation is num- 
bered from each end of the diameter, and runs to 90° each way.* 

To survey a polygonal field with this instrument place it at one of the 
comers of the field, and direct tlie lino of sights to the next corner along 
one of the straight boundaries of the field, and measure with a chain the 
length of this boundary line. Enter in a field book, ruled in three 
columns, in the first column the number of the station beginning with 
Btation 1 ; in the second column the Bearing (which would be, for instance, 
N. 30° E., if the line of sight were directed to the right of the north end 
of the needle marked A^-itli a cross, and the needle point^^^d to 30° on the 
graduated circle ;f ) and in a third column the distance measured with the 
tape or chain. Take the instrument now to the corner whose position has 
just been determined, calling it station number 2, and determine the posi- 
tion of station number 3, a third corner of the field and the bounding 
line connecting stations 2 and 3 in the same manner, and so proceed quite 
ound the field. (See p. 233.) To plot this assume tlie point on the paper at 

* Sometimes the graduation is numbered from 0^ to 360^, the and 180 diameter 
being the line of sights. 

t If the graduation of the compass box be from to 360, it will only be necessary 
to record the number to which the north end of the needle points. 
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which you will hav« the first comer of the field, draw thiongh it * Ifaie t6 
represent a magnetic roeridianf or north and south line, and another fine 
making an angle with this, equal to the firet bearing, as 80^ above, whicih 
will be laid off with the semi-circalar protractor to ihe ri|^t of the meri- 
dian line if the bearing be east, and yice yersft ; then from a scale of equal 
parts lay down the distance taken from the third colonm of the field book, 
and this will determine the second station of the mi^ ; through this drvir 
a north and sonth line parallel to the filst drawn, and lay off the second 
boondary by its bearing and distance, in the same manner, and so pro* 
oeed till the plot is complete. The aocoraoy of the work will be tested bj 
the last bearing and distance, reaching exactly to the first ttatioii firam 
which the work commenced. 

The same method may be pursued with the plane table, in an obviooa 
manner. It is only necessary, as the table is moved from comer to comer 
of the field, to place the line on paper which has just been determined 
parallel to the corresponding line on the ground, by placing the ruler upon 
it, and sighting back from the 2d to the Ist station, turning the table on 
its vertical axis, for the purpose. The line joining the 2d and 8d station 
may then be drawn by sighting to the 3d station, the edge of the ruler 
passing through the 2d station in the paper, and by a scale oi equal parts 
the length of this line laid down, and so on. 

The compass may be employed to survey an irregular Hne, as a road, 
the border of a stream, a wood, a coast, <fec., by taking stations sufficiently 
numerous to include portions nearly straight between them. 

Thus: 




A.nother mode is to run a straifjht line along the irregular boundary, 
and measure offsets^ that is, perpendiculars to the main line, extending to 
the boundary at points where there are remarkable changes. 

Thus: 




The perpendiculars not only are measured with the chain, but the dia- 
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taDces between them. To plot such a piece of Bunreying, the main line 
having been laid down on paper by its bearing observed with the com- 
pass, the measured distances between the perpendiculars are laid off on 
this line by a scale of equal parts, the perpendiculars drawn and laid off 
by the same scale, and the boundary traced by the hand through their 
extremities. An instrument for taking of&ets is the surveyor's cross, con- 
sisting of two pairs of plain sights, at right angles to each other. Place 
the cross on the principal line, sight with one pair to a distant staff upon 
it, the other pair will be directed in a perpendicular to the principal line. 
Where a survey is extensive, the relative positions of distant points are 
fixed with an instrument of greater accuracy for taking angles than any 
we have yet described, by a process similar to that mentioned at p. 236, 
called triangulation. The instrument used for this purpose, of which that 
described at Art. 10 is a rude imitation, is called 

THE THEODOLITE. 

This consists of a horizontal circle of brass resting upon a tripod by 
three foot-screws or levelling screws. The circumference of tlie circle is 
silvered, and divided into degrees and parts of a degree, numbered from 
to 360. Directly above a diameter of this circle is supported a small 
telescope, to which is attached a vertical circle, the plane of which is 
parallel to its optical axis. There are various modes of supporting the 
telescope. The best is by means of two upright columns of brass, stand- 
ing upon a horizontal circle concentric with the horizontal limb, and moving 
upon or within it, round a vertical axis.* Between these columns the tele- 
scope is suspended, by means of two projections from the sides of its tubes, 
resembling the trunnions of a cannon, the ends of which rest in notches 
in the tops of tlie upright columns, called y'. These projections are 
called the supporting axis, and this passes through the centre of the ver- 
tical circle, which is firmly attached to it at one end, and which revolves 
with this axis. The circumference of the vertical circle is also graduated, 
and called the vertical limb, the numbers on this limb running from to 
90° four times. 

The indices which show the number of degrees i)assed on the horizon- 
tal limb in a horizontal direction, or on the vertical limb in a vertical 
direction, thus indicating the angular motion of the line of vision, or 
optical axis of the telescope, are of peculiar construction, and called 
verniers^ from the name of their inventor. As they are used upon many 
inatruments, we shall presently describe them in detail. 

* This mounting is similar to that of the transit instrument. 
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There are usually three of these upon the horizontal limb, and two 
upon the vertical, at distances from each other of 120° in the one, and 
180° on the other. The object of having more than one is to correct for 
wrong centring of the circle, or excentricity. Those which apply to the 
horizontal limb are attached to the concentric movable circle which sup- 
ports the telescope, and move with it A clamp screw serves to fasten 
this circle to the hmb, «ind a tangent screw to give it a slow motion along 
the limb. Those which beloncr to the vertical limb are attached to the 
supports of the y', immovably except for adjustment, the hmb moving 
past them with the telescope about the supporting axis. 

The line of sights is marked by two wires, one vertical, the other hori- 
zontal, crossing each other at the focus of the object glass of the telescope. 

These wires are fastened across a diaphragm smaller in diameter than 
the tube of the telescope, and held within it by means of screws passing 
through from the outside of the tube on the right and left By tightening 
the right, and loosening the left, or vice vers&, the diaphragm may be 
moved laterally. The instrument is used for measuring either horizontal 
or vertical angles. A horizontal angle is one formed by two lines in a 
horizontal j^lane ; or it is the angle included between two vertical planes 
which meet. A vertical angle is one formed by two lines in a vertical 
plane. An angle of elevation is a vertical angle formed by a horizontal 
line, with an oblique Hne coming from above to meet it. An angle of 
depression is a vertical angle formed by a horizontil, with an obli(|ue line 
meetinix it from below. For the measurement of such anfjles it is evident that 
the axis about which the verniers of the horizontal limb move, which is called 
the axis of the instrument, should bo truly vertical, that the supporting 
axis on which the vertical limb turns, should be truly horizontal, and that 
the line of vision of the telescope should bo exactly perpendicular to the 
latter. The processes of placing them so are called adjustments. The 
last mentioned, which is the first in order to be made, is called collimation. 
This is accom])lished by placing the intersection of the wires u})on some 
distuit, well-defined point, then reversing the supporting axis in the y', by 
turning it end for end. If the intersection of the wires passes through 
the same object, as the telescope is turned round the supporting axis, the 
instrument is collimated, and no adjustment is necessary. But if not, the 
intersection of the wires must be brought half way, by estimation, towards 
the object by means of the screws of the diaphragm, and the other half by 
the tangent screw of the horizontal limb. This process must be repeated, 
owing to the difficulty of estimating just half, till in both positions of the 
supporting axis the intersection of the wires passes through the same 



THE THEODOLITE. 211 

distant point.* The second adjustment in order, consists in rendering 
the supporting axis horizontal. This is accomplished by m*^ans of 
a spirit level, composed of a glass tube, not quite filled with alcoh<^ 
leaving an air bubble at top. This tube is partly encased in a brass one, 
which rests by its ends upon two feet, notched at the bottom, to stand upon 
the ends of the supporting axis, so that the tube of the level is above, and 
parallel to the supporting axis, striding over the telescope, and hence the 
name of striding level, by which it is known. First, to adjust the axis of 
the level tube into parallelism with the supporting axis, when the feet of 
the striding level rest upon its extremities. Bring the bubble to the 
centre by the levelling screws of the instrument ; reverse the level upon 
the axis, turning it end for end ; if the bubble does not continue in the 
centre, make half the correction by the levelling screws, the other half by 
filing away the notch in one of the feet, viz., that nearest to the bubble, as 
being the highest. Sometimes the foot of the striding level is made capa- 
ble of being lengthened or shortened, by means of a screw, by turning 
which the adjustment may be made. The parallelism between the axis 
of the spirit level and the supporting axis being established, whenever the 
bubble is at the centre, the latter of these axes is horizontal. To make 
the supporting axis perpendicular to the vertical axis of the instrument 
bring the bubble of the level to the centre, by the levelling screws, turn 
the instrument round the vertical axis 1 80° ; if the bubble now departs 
from the centre, make half the correction by the levelling screws, the 
other half by screws which elevate or depress one of the y'. 

The above are the principal adjustments. To measure an angle, with the 
instrument thus adjusted, one plane passing through the vertical axis of 
the instrument, and perpendicular to the supporting axes, is made vertical 
by bringing the bubble to the centre in one position ; then turning the 
instrument round the vertical axis 90°, bring the bubble again to the 
centre, and the vertical axis will be truly vertical, because it is perpendicu- 
lar to two horizontal lines which intersect, viz^ the lines determined by the 
spirit level, and consequently to a horizontal plane. The instrument is 
now prepared for the measure of either a horizontal or vertical angle, 
having its vertex at the centre of motion of the instrument For the 
former, turn the telescope in the direction of one of the sides of the angle, 
and take th^ reading of the degrees from one of the three verniers on the 
horizontal limb (which are engraved each with one of the letters a, b, o), 
and of the minutes and seconds firom all three. A mean of the minutes 
and seconds is taken by adding up the three readings for the minutes and 

* For the theory of this procen see transit inBtmment, p. 149, note. 
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seconds, and dividing the sum by three. The telescope is now turned in 
the direction of the other side of the angle, by sighting to a station at its 
extremity, and taking the reading from the three verniers as before. The 
difference between this reading and the former one will give either the 
angle required in degrees, nunutes, and seconds, or else a number which, 
subtracted from 360^, will give the required angle. As for instance, if 
the vernier stood first at 350^, moving a short dbtance past 360^ to IQo, 
the angle passed over would be only 20^, which is obtained by subtracting 
the difference between 360^ and lOo, or 340^ from 360^. 

In some theodolites the horizontal limb itself as well as the vernier 
drde, has a motion round the vertical axis of the instrument^ and a damp 
and tangent screw. This is for the purpose of introducing the repeating 
process into the measurement of horizontal angles, which is conducted as 
Mows. Sight first to the object in the direction of one of the sides of 
the angle to be measured, and take the reading ; loosen the damp screw 
of the vernier drde, and turn this with the tdescope round the vertical 
axis of the instrument to sight to the second object in the direction of the 
other side of the angle, using the damp and tangent screw of the vernier 
drde for making the sight exact Loosen now the damp screw of the 
limb, keeping that of the vernier drde tight, and bring the telescope 
back to the first object, damping the limb there, and adjusting the sight 
by the tangent screw of the limb. Repeat this process several times, end- 
ing with a movement of the vernier circle to bring the telescope upon the 
second object ; take now the reading ; the difference of the two readings 
divided by the number of times that the vernier circle has been moved 
forward, say six times, will be the angle required, with a probable error 
of observation of } what it would have been without the repeating 
pVocess. 

To measure a vertical angle with the theodolite, level the instrument, or 
make its vertical axis truly vertical as before ; elevate or depress the tele- 
scope to the object, in the direction of the inclined side of the vertical 
angle, and take the reading by both verniers of the vertical limb. Turn 
the instrument on its vertical axis 180°, and bring the telescope to be^r 
upon the same point as before, taking the mean of the two verniers again. 
Half the sum of the mean of the results of the readings in the two posi- 
tions of the telescope will be the angle of elevation, or depression, as the 
case may be corrected for index error.* Half the difference of the same 

* Because if the index be a little ^hind the zero on the limb when the telescope 
is horizontal in the one position, it will be a little before the zero in the reverse 
position, alter turning the instroment 180^ on its vertical axis. 
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same results will be the index error which must be applied as a correction 
if the reading for an observation afterwards is taken only in one position, 
or with the &ce of the limb one way, either to the right or left. 

It will be proper now to describe the vernier, which serves to read 
accurately smaller divisions of the limb than could be done with a simple 
index. The vernier is a short arc of a circle, in which divisions are cut, 
as in the limb, but smaller ; so little smaller however, that the difference 
between them shall be equal to the smallest denomination which the 
instrument is intended to read. If the first division of the ▼emier, marked 
with a crow-foot, and called the zero of the vernier, be made to coincide 
with a division of the limb, the last division of the vernier will be observed 
also to coincide with a division of the limb ; and, on counting the divi- 
sions, there will be found to be one more on the vernier than upon the 
same length d the limb. Suppose the smallest division of the limb to 
be denoted by a, and a division of the vernier by x, and suppose that 
n'divisions of the vernier are equal to n of the limb, then 

n'x=na (1) 

x=-a (2) 



a-x=a(l-^) (3) 



This last being the difference between a division on the vernier, and a 
division on the limb, is the expression for the smallest denomination which 
can be measured with the instrument. 

A common division of the limb of the theodolite is into degrees or 
half degrees, or 30' spaces ; and of the vernier such that 30 of its divi- 
sions cover 29 of the limb. The second member of formulas (3) above, 
by the substitution of these numbers, becomes 

30'/l— H?\orr 



1-^) 



The smallest angular space which the instrument is capable of 
measuring in this case is one minute of a degree. 

The first dividing line or zero of the vernier coinciding with a 
dividing line of the limb, if the vernier be moved forward, till the second 
dividing line of the vernier coincides with the next line of the limb, the 
zero of the vernier will have moved past the dividing line of the limb, at 
which it stood a distance equal to the difference of a space on the vernier, 
and a space on the limb, or once the smallest denomination which the 
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iiMtnunent meaBaree. If the yenuer be moved stiD fbriiier fi>rward, tiR' 
ito ihird diTiding fine, or second fixm the aero^ ooinddeB with iJie fine of 
the fimb, the sero of the vernier will have moved forward again, a 
distance eqnal to the diflferenoe between a space on the vender, and a 
space on the fimb, or altogether twice the smallest measnre of the instm- 
meni To take a reading, therefore, ftom a theodofite divided as above 
mentioned, observe the number of d^rees and half degrees pcnnted ont on 
the limb by the crow-foot or sero of the veinier, and if this line be a little 
past one of the dividing fines of the limb, count the number of divisions 
on the vernier from the sero to a divi^ng line which coincides ezacUy 
with one of the limb ; this will be the number of single minutes to be 
added to the d^rees and half d^rees indicated by the crow foot 

The use of two verniers 180^ apart, in correcting for exoentridty, 
may be thus explained. An ezoentric angle, or one having its vertex not 
in the centre of a circle, is measured by half the sum of the opposite 
arcs. The mean of the two opposite verniers, therefore, gives the true 
angle moved over by the telescope. If the number of verniers be 
increased beyond two, error of graduation and of figure in the circle are 
proximately efiminated, as well as error of exoentricity, by taking the 
mean of all the verniers. 

TRIANGULATION OF A COUNTRY. 

This is a process which consists in measuring a base, and taking the 
angles at its extremities with the theodolite, for the purpose of deter- 
mining the positions of points, the sides of the triangles thus determined 
becoming bases for new triangles.* 

SURVEY OF A LARGE ESTATE. 

A good instrument for the purpose is a compass with telescopic sights, 
graduated from to 360°. And a good method of proceeding is to 
select three stations on elevated ground at remote parts of the estate. 
Setting out from one of them, (tq in the direction of one of the othero, having 
previously taken the hearing of the line joining them with the oorapaas. 
This line may be kept by its bearing in plungfing into the low grounds, 
out of sight of the principal stations. Distances must be measured along 
the line to points opposite objects on either side of it, whidi are to be 
introduced upon the map, and ofl&ets to these objects measui^ Oblique 
instead of perpendicular ofi&ets will sometimes be found more convement^ 

* This will be fully treated in our chapter on Geodesy. 



BURVBT OF A LAEOB E3TATB. 245 

in which case their bearing must be obAorved with the compass as well as 
their lengths measured. Or if an object be too inaccessible to measure 
the o&et to it, its bearing with the compass may be taken from two 
points on the principal line, which will serve to fix its position. The 
method of keeping the field book is oxliibited on the next page but one. 

The record commences at the bottom of the page, and goes upwards, 
till one page of the field book is filled, and then commences at the bottom 
of the next, and so on.* The bearings and distances are entered in the 
middle column of the page, the ofl&ets on the right and lefL Distances 
are usually measured in chains and links, or decimals of a chain. The 
objects to which the ofkeia are measured may have their names written, or 
still better, may be roughly drawn. The points at which streams, roads, 
stone walls, hedges, <fec. cross the principal line, are indicated in the field 
book by drawing representations of these in the proper direction on both 
sides of the central colomn, and where they cross obliqudy, recording 
their bearings upon them. 

On reaching the second station, a line is drawn across the page, and a 
line is run in a similar manner from the second to the third station, and 
finally firom the third to the first 

The sum of all the partial measured distances upon any one of these 
sides of the great triangle will be the length of that side, and the lengths 
of the three sides being known, the triangle may be plotted. The 
o&ets will be plotted as described at p. 243, or where they are oblique, in 
an obvious manner. A turn to the right, on reaching a station, may be 
marked r at the side of the page, and a turn to the left 1 . 

The great triangle with the ofifsets being completed, other points may 
be taken within, as the vertices of smaller triangles having the sides of the 
large triangle for bases, and, if necessary, other points again within these, 
mitil all the systems of triangles with the ofi&eta from their sides include 
every object desirable to be placed upon the map. 

On p. 24G is a map of ground with the great triangle and o&ets, and 
on p. 247 is the corresponding field book. 

* This 18 in order that tho book and the ground may lie in corresponding positioiia 
before the eye of the surveyor. 
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To survey a town or city the same general method would be pursued. 
The principal lines run with the compass would be the main streets, and 
the objects on either side would be brought in by either oblique or i)er- 
pendicular offsets. The points of crossing of the minor streets would be 
noted, and their bearings taken. 



LEVELUNO. 

The instrument employed for this puqxwe is called the level, and con- 
sists of a telescope mounted hori7X)n tally upon a tripod. At the top of 
the tripod, firmly fastened to it, is a small horizontal circular plate of 
brass, parallel to which, and a few inches above it, is another of the same 
size, the two being separated by levelhng screws, and called levelling plates. 
From the centre of the upper levelling plate rises vertically a spindle, 
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which fits into a socket in the middle of a horizontal bar, about a foot or 
more in length. At the eztremitieB of this bar are two stout uprights of 
two or three inches in length, the tope of which are formed as t*, in which 
the telescope rests, in a position parallel to the horizontal bar. One of 
these T* has a vertical motion, by means of a screw underneath it, which 
passes up through the end of the horizontal bar. A spirit level is sus- 
pended below the telescc^ and parallel to it^ having a horizontal move- 
ment by means of a screw at one end, and a vertical movement by the 
same means, at the other. 

1. To coUimate the instrument, bring the intersection of the wires upon 
some well-defined distant point, and then turn the telescope on its optical 
axis in the y*, till the spirit level comes at top. If the intersection of the 
spider lines be not in the azis of motion, it will depart from the object, 
and will be as much on the opposite side of the axis after this demi-revo- 
lution. It must, therefore, be brought back half way to the object, by 
the screws which move the wires. This experiment must be repeated till 
the intersection remains ou the object, during the revolution of the tele- 
scope on its optical axis. 

There are three lines of the instrument which ought to be parallel to 
each other, horizontal, and perpendicular to the vertical axis about which 
the instrument turns, viz., the line of collimation, the axis of the spirit 
lord, and the horizontal bar. 

2. To render the axis of the spirit lev(?l parallel to the line of collima- 
tion, bring the air bubble to the centre by turning the levelling screws, 
having previously phiced the level in the direction of the line joining two 
of them ; take the telescope out of the y*, and reverse it, turning it end 
for end ; if the bubble remaias in the centre, botli lines, that is to say, the 
hne of eollimation and the axis of the level, are horizontal ; if not, bring 
the bubble half way back to the centre, by means of the screws at the 
end of the spirit level, and the other half by the levelling screws. Repeat 
this process until, in both positions of the telescope, ihe bubble remains in 
the centre. The axis of the spirit level may also be oblique to the line 
of eollimation in a lateral direction. To a'^certain whether it is so or not, 
turn the te»lo«»copo on its optical axis as it rests in the v*, till the 
spirit level comes out at one side, not so far, however, as to cause the 
bubble to disapjwar ; the lateral obliquity will then be converted into an 
obliquity partially vertical, which the departure of the bubble from the 
centre will render sensible. This obliquity must be corrected by the screws 
at the other end of the spirit level, which give a lateral motion to its tube. 

3. To render the line of eollimation and axis of the spirit level now 
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parallel to each other, both parallel to the horizontal bar, or rather per- 
pendicular to the vertical axis of the instrument^ round which the hori- 
sontal bar turns, by means of the spindle fitting into the socket at its 
centre ; bring the bubble to the centre, by means of the levelling screws, 
turn the instrument round the vertical axis 180*^,* and if the bubble 
remains in the centre, the axis of the spirit level, and consequently its 
parallel, the axisf about which the telescope revolves, are perpendicu- 
lar to the vertical axis of the instrument, and the latter, though not verti- 
cal, is in a vertical plane, perpendicular to the line of coUimation. To 
make it vertical, which must be done every time an observation is 
made with the instrument, the above adjustments being completed, bring 
the bubble to the centre by means of the levelling screws, then turn the 
bar 00^ on the vertical axis, and bring the bubble to the centre again ; 
the vertical axis will then be truly vertical. 

In connexion with this instrument two rectangular staves, called level- 
iiDg staves, are used, divided into feet, tenths and hundredths of a foot. 
The staves are painted white, and the division lines are made very 
distinct, in black or red, the feet being numbered with distinct numerals . 
the hundredths are painted, the whole of each division, alternately white, and 
black or red. Two or tliree lengths of 6 feet of staff fit together by joints, 
so as to make a length of 12 or 18 feet A plumb line suspended at the 
side of the stafi^ or in a groove covered, the lead part with glass so as to 
be visible, serves to place the staff exactly vertical. 

In order to find tlie difference of level between two points of ground 
or the height of one above the other with these instruments, let an 
assistant hold one of the levelling staves vertically, standing upon one of 
the points in question, and anoilior assistant the other staff, at some point 
in the direction of tho secuiid point ; ilit^ olwcrver turns the toloscopo, aflor 
tlie vertical axis of the instriiineut bus kvn made truly vcrtiwil, and takes 
the reading cut by th^j horizontal wiro, first on one of the levelling sta^ 
and then on tlie othur^J roc<:)riling tlh-ni in separate columns of a field 

* If there is a horizontal compass box attached to the iDstrument this may bo done 
by observing the number of de<rrecs to which tho needle points. If not, the instru- 
ment must be placed on the line of two staves, and between them, sighting first to 
one, and then to tho other. 

t This axis, by the first adjustment, is identical with the line of collimation, 
or line of vision, when the inten^ection of the wires is brought upon an object. It is 
not the optical axis of the telescope, though it should be as nearly as possible, but 
the axes of the cylindrical part^ of its tube, which are in contact with the t*. 

X Not only fiset, tenths, and hundredths may be distinctly read, but even thouBindths, 
by estimation. 



the one in he direction in wliich lie is goin^, under (he title of 
" forwafd readings," the otlior under that of reverse readings.* The staff 
on tho given point of grotmd is now taken up tmd carried round ths 
other (which is sinijuly turned About where it stands), to a point still 
brther in the direction of the eecoad given point; the level is aho 
removed to a. point between the levelling staves, and the pruoesa just 
described ia repeated, and so on, till the second given point, batwcen which 
o'lrl the first the djffereni^ of level is Tu<iuifed, is re&ehed, the last levelling 

f being placed (here. The difference between the sum of the direct 
readings and the sum of the reverse readings will be the difference of 
Uvel of tie two given points, or height of the one above the other. 

To make a section of ground which is iLe intersection of a vertic^ 
plane with the surface of the earth, it is Decessary to add three more 
columns to the field book, a column of differences, a column of heights, 
"■"I a column of distances. The first contains the difference between each 

"t and reverse reading ;f the second contains the height of each point 
which tbe levelling staves are placed above a horizontal plane, 

mied at pleasure, usually passing through the first point of the surv^. 

I number in the column of heights will be computed by adding the 

ber of the column of differences to the preceding number in the 

column of heights ; the first nomber in the column of heights is the 

• Tbe lavsl is alwiyB placed nearl; half way betweea iha two staffs, to avoid the 
enoT wbich would b« occuioned by the diflerence between true and appsraal levot, 
tha Dslure of which may bo eiplained by the snneied diagram. Let the circle ia 
the diigrtm be a vertical 
■ectioQ of the earth througb 
the point a, whore the in- 

Btaod. The arc AK will 
be the line of true level. A 
and H being al equal dis- 
tances from the centre of 
the earth c ; the line at 
tangent at A is the line of 
appireni level, deterniined 
by the optical axiH of the 
Instninieut. For a point on 
the opposite side of A, from w, and at the same distance, the diflerance between 
apparent and true level nil] be the aams. Hence the advantage of placing the 
inatniment half way between the points wbow diflerence of level is to ha obwrved, 
t This should be eotend with the negative aign, if the direot exceed Ibe reverae 
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same as toat adjoining in the column of differences. The numbers in 
the column of heights will be negative for points below the plane of 
reference. The third column contains the horizontal distances between 
points at which the levelling staves were placed, supposed to be measured 
with a tape or chain. To plot the section or profile of ground from such a 
field book, a horizontal line must be drawn to represent the section of the 
profile with the plane of reference ; on this the numbers from the colunm 
of distances must be laid off from a scale of equal parts, and at the points 
of division ordinates or perpendiculars must be erected and taken firom the 
scale of equal parts, equal to the numbers in the columns of heights ; 
through the tops of these ordinates the section of ground required can then 
be traced with the hand. The following example of a field book, and the 
profile constructed firom it, will serve to illustrate this subject. 
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CONTOUR OF GROUND. 

The mode of representing this is by means of horizontal sections 
formed bj planes at regular intervals, one above another, these sections 
being all projected upon one horizontal plane, viz., that represented hj 
the map. 

To survey a hill for the purpose of drawing its horizontal sections upon 
a map, place an instrument for taking horizontal angles at the top of the 
hill, and plant stakes along lines diverging from this point down the hill, 
and take the horizontal angles formed by the vertical planes in which these 
lines lie ; then level along the lines, taking the difference of level and dis- 
tance at points where the slope changes. In order now firom such a sur- 
vey to plot the horizontal sections of the hill, draw on the map from the 
point A, corresponding to the one assumed on the top of the hill (sup- 
posed to have been previously determined in position on the map by tri- 
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angulation or otherwise), a system ot lines diverging fixnn this point under 




angles equal to the observed angles, and supposing, to render the oon- 
oeption definite, that the planes forming the horisontal sections are taken 
10 feet apart, the points in which the projections of the sections cut the 
diverging line thus drawn, may be ascertained by proportion as follows : — 
The difference of level between two points on one of these lines is to 
the horizontal distance between them, as 10 feet is to the horizontal dis- 
tance from the upper point, at which a plane of section ten feet below this 
point would cut the diverging line. Commencing with the upper point 
of all, A, and determining thus the points a, 6, c, d, at which the projection 
of the section 10 feet below cuts each of the diverging lines, it may 
be traced throucrh them bv the hand. In a similar manner another 
section 10 feet lower, and so on to the bottom of the hill. Where the 
sections are convex, are the ridges, or bitck hones of the liill ; where the 
sections are re-entering are the ravin«\s ; and in general, tlie vnrying forms 
of the sections present to a practised eye an exact notion of tlio general 
configuration of the hill. In topographical maps these sections aro 
drawn in pencil, and the hill shaded with irregular line>*, in India ink, per- 
pendicular to the sections, as seen between r and </, which is the direction 
in which water or alluvion would flow down the hill. These shading lines 
are best drawn with a pen of short coarse nib, and very short portions of 
a number of them at a time. The light should be supposed to fall 
obliquely in a certain direction, and the sides of the ravines towards the 
source of light will be darker than the opposite sides. The tops of the 
back bonea will be quite light. The summits of the hills being usually 
more nearly perpendicular, will present deeper shades than the bases, 
which usually slope gently into the level ground. 
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Water is shaded by making the line of shore quite black, which should 
be first drawn all round the map, including the islands, then a second 
and finer line all round, as near the first as possible without touching it, 
then a third a little more distant, and so on, broader and broader, till the 
shadings firom opposite shores meet midway.* 

SURVET OF ROADS, RAILWAYS, AND CANALS. 

The problem ordinarily is to ascertain the shortest and cheapest route 
from one point to another on the surface of the earth, having no greater 
and more sudden elevations or depressions than are compatible with the 
nature of the locomotion to be employed upon itf 

The case frequently presented^ not only for the whole route, but in 
minor instances, along its course, is that of a dividing ridge between two 
valleys, from one to the other of which it is necessary to pass. 

It becomes necessary then to ascertain the lowest point of the dividing 
ridge. A good indication may be obtained proximately by a simple inspec- 
tion of the course of the streams upon a map, inasmuch as the direction ot 
their flow must be governed by Uie topography of the country over which 
they pass. One or two examples will sufficiently illustrate the principles 
which are to guide such an inspection. 

If two streams run 

aloni; two valievs. and 

tributaries proceed from 

near the same point 

j^ — s,^.^ J A of Uie dividing ridge 





U) f'Hipty into them, 

then the point a is 

a low })oint of the 

dividing ridge. For the 

waters accumulating for 

the formation of the 
sources of the tributaries at the point a must flow from higher ground 
on both sides of this point 

Again, if two tributaries running at first nearly parallel to the prin- 
cipal streams, turn outward at a point a, this is a low point For the 

* For further instnietioD in topographical drawing see an azcellent little work by 
S. Eastmait, U.S.A. 

t This will of course be modified by variooB ciraamstances. aach aa the greater or 
iMi difficulty of workiog the ground, from the nature of the soil ; the vicinity of 
large towns, to pass through which the construction would turn aside, the existence 
of minea, or valuable products of any kind, for which it would afibrd tranq)ortation. 



tributaries at first desoending into a lower country than that at their 
sources, encounter rising ground^ which prevents their progress in that 
direction, and turns them off towards their principals. 

These examples will suffice to point out the nature of the investigation 
to which an ordinary map should be subjected. A good topographical 
map, exhibiting contour of ground, would of course be a far better guide. 
ConfiicUng points of passage of a ridge may be compared by means of 
an altitude and asmuth instrument or theodolite; by first levelling 
the instrument, elevating the telescope till the line of sight passes 
through one of the points in question, and then turning the instrument in 
azimuth till the line of sight passes by the other point in question ; if it 
passes above, the latter point is lower than the former, and vice versi. 

Next, a personal reoonnoissance of the country should be made, and 
information sought froiQ the inhabitants as to the nature of the ground^ 
convenience for obtaining constructing materials, the mineral and agricul- 
tural wealth of the region, etc, etc. Three or four routes may thus be 
selected, one or other of which is to be finally dedded upon by a rough 
survey of them alL This survey is conducted with the compass and 
chain, and level. The former instruments furnish a plot of the route by 
the method pointed out at p. 288, and the latter, a continuous profile or 
longitudinal section of the ground along the whole route, as seen at 
p. 251. A comparison of the compass plots of the different routes will 
determine which is the shortest, in a horizontal direction, and a compari- 
son of the profiles will show which presents most elevation and depres- 
sion to be overcome. The route being thus finally selected, it must be 
surveyed with care, another column being added to the field book, entitled 
grade ^ the numbers in which express the height of the roadway or bottom 
of the canal above the plane of reference at the same points of the route, 
for which the column of heights expresses those of the natural ground. 
The numbers in the column of grade will depend upon the elevation or 
depression of the natural ground, and the slope which the construction 
permits, that of a common road being greater than that of a railroad, 
and the latter being greater than that of a canal. The detennination of 
these numbers will require an exercise of eye and judgment. A prime 
object to be had in view is the equalization of excavation and embank- 
ment ; «. e., the grade should be so adjusted to the natural slope of the 
ground as to cut off as much earth as would be required to fill the 
depression adjoining, up to the level of the grade. The survey being 
finished, a double profile must be made, one of the natural ground in black 
ink, the other of the grade in red, upon the same base line, and with the 
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same absdflsas or horizontal distances between tbe ordinates or lines of 
heights. An inspection of this, and a computation, if necessary, of areas 
between the black and red lines of section, will serve to show how well 
the excavation and embankment have been equalized, and the result may 
require a modification of the grade to adapt it better for the purpose in 
question, to the natural ground ; cross-sections of the route must also be 
surveyed at all points of change in the longitudinal or latitudinal slope, 
and more frequently, if these occur at long intervals. The amount of 
excavation and embankment may be then obtained with sufficient accuracy 
for an estimate of expense, by computing the areas of the cross-sections 
of the work as it will be when completed, and multiplying half the sum 
of the areas of two of them by the longitudinal distance between them. 
The cross-sections, when the work is in embankment, will be of the form 
exhibited below, and the same turned upside down when the work is in 




excavation. These are easily drawn from the field book. The cross-sec- 
tion bac being plotted, a corresponding to the point where it intersects the 
longitudinal section of ground, af will l>e the difference of the numbers 
in the columns of height and grade?, <//", /tf, each equal to half the breadth 
fixed upon for the top of the road or bottom of the canal, dc, eh are then 
drawn at the proper slopes, for common earth 1^ base to 1 in height. 
These sections may be regarded as quadrilaterals, and each diNided into 
two triangles, for the purpose of obtaining their area.* Where the cross- 
section of ground is parallel to the top of the road, or bottom of the 
canal, they are trapezoids, and the area will then be ^ the sum of the 

* To compute the area of the cross-section from the numbers in the field book, 
conceive parallels to be drawn fiom the points h and c in the diagram, to af, meeting 
de, produced both ways ; a trapezoid will be formed, from which, if two right angled 
triangles be deducted, the area of the sections will be obtained. If d denote the 
difierence of level between 6 and /, (2 will be one parallel aide of the trapezoid, and 
the altitude of one of the triangles, the base of which if the slope be 1^ will be J d. 
And if d' denote the difierence of level between e and /, similar expressions will be 
had for the other ride and altitude ; and the expressions for the area of the section 
will be, 6 being the breadth of the roadway. 
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parallel sides de, df, multiplied bj tho alUtado of, Notes of the natare of 
the soil are kept in the field book of the com)»aRs, and the amount of 
digji^ing and wheeling or carting that can be don(» in a day in different 
kinds of earth, having been ascertained by experiment, and the price <^ 
day labor being known, the data for dftermiiiing the <^x])en8e of the work 
are all known. To the above must be added the accidental expenses of 
culverts, blasting rocks, construction uf tunnels, <&c., which are all sub- 
jected to the same general rules, and are functions of the price of mate- 
rials, mechanic labor, and experiments as to relations of time and amount 
of performance. 

TO COMPUTK THB CONTENTS OP FIBLD8. 

1. Compute the contents of the figures, whether triangles or trapeziums, 
drc, by the proper rules for the several figures. If the linear measures be 
in hnks, the result is acres, after cutting off five figures on the right for 
decimals. Then bring these dedmals to roods and perches, by multiply- 
ing first by 4, and then by 40. 

2. In small and separate pieces, it is usual to cast up their contents 
from the measures of the lines taken in surveying them, without making 
a correct plan of them. 

3. In pieces bounded by very crooked and winding hedges, measured 
by oflfeet**, all the parts bolween the oflfeets are most accurately m«';u»ured 
separately as small trapezoids. 

4. liut in larger pieces, and w^holc estates, consisting of many fields, it 
is the common practice to make n rough plan of the whole, and from it 
compute the contents quite independent of the measures of the lines and 
angles that were taken in surveying. For, then, new lines are drawn in 
the fields in the plan, so as to divide them into tra}>eziums and triangles, 
the bases and perpendiculars of which are me,asured on the plan by 
means of the scale from which it was drawn, and so multiplied together 
for the contents. In this way th'* work is very expeditiously done, and 
sufficiently correct ; for such diim.nsions are taken as afford the most easy 
method of calculation ; and, amoui^ a number of parts thus taken and 
applied to a scale, it is likely that some of the parts will be taken a small 
matter too little, and others too cye&i ; so that they will, upon the whole, 
in all probability, very nearly balance one another. Alter all the fields 
and particular parts are thus coni[)uted separately, and added all together 
into one sura, calculate the whole estat4^ independently of the fields, by 
dividing it into large and arbitrary triangles and tra})eziums, and add these 
also together. Then if this sum be equal to the former, or nearly so, the 
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woilcis riglit; but if the sums have any considerable diflference, it is 
wrong, and thej mnst be examined and recomputed, till they nearly 
agree. 

6. But the chief secret in computing consists in finding the contents 
of pieces bounded by curved or yeiy irregular lines, or in reducing 
such crooked sides of fields or boundaries to straight lines, that shall 
inclose the same or equal area with those crooked sides, and so obtain the 
area of the curved figure by means of the right-lined one, which will com- 
monly be a trapezium. Now, this reducing the crooked sides to straight 
ones, is veiy easily and accurately performed in this manner : — ^Apply the 
straight edge of a thin, dear piece of lantern-horn to the crooked line 
which is to be reduced, in such a manner that the small parts cut off from 
the crooked ^guie by it, may be equal to those which are taken in ; which 
equality of the parts included and excluded you will presently be able to 
judge of very nicely by a little practice ; then with a pencil or point of 
a tracer, draw a line by the straight edge of the horn. Do the same by 
the other side of the field or figure. So shall you have a straight«ided 
figure equal to the curved one, the content of which, being computed as 
before directed, will be the content of the curved figure proposed. 

Or, instead of the straight edge of the horn, a horse-hair may be 
applied across the crooked sides in the same manner ; and the easiest way 
of using the hair is to string a small slender bow with it, either of wire, 
or cane, or whalebone, or such like slender or elastic matter ; for, the bow 
keeping it always stretched, it can be easily and neatly applied with one 
hand, while the other is at liberty to make two marks by the side of it, to 
draw the straight line by. 



Let it be required to find the contents of the irregular figure below^ 
to t^ scale of 4 chains to an inch. 
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Draw tiie fyor dotted Btraight lines ab, bo, on, da, ootting off equal 
quantities on botih lideB cf tliem, whicii they do as near as the eye can 
judge ; so 18 the crooked figure reduced to an equivalent tight-lined one 
of four sides, abod. Then draw the diagonal bo, which, by appljring a 
proper scale to it, measures 1266. Also the perpendicular, or nearest di»- 
tance, from a to this diagonal measnras 456 ; and the distance of o from 
it m 428. 

Then, half the sum of 466 and 428, multiplied by the diagonal 1256, 
fffeb 565,152 square Hnks, or 6 acres, 2 roods, 8 perehea, the content of 
the traperium, or of the irr^^ular orooksd j^ece. 

TO ran) iSB oomnmrr ow a wibld wxthoot plotting. 

lUce the bearings and lengths of the ades of the field, and enter them 
in a field book as course and dsBtsnoe, and take out the difference of 
latitude and departure correspondii^ to each, and enter them in two 
double columns, marked b. b. and b. w. as al Art 98. To obtain these, 
if the bearings are given in degrees, recourae may be had to a taUe of difier- 
once of latitude and departure fx every degree and minute of the quadrant, 
such as is found in Bowditch's Navigator, or instead of this, the difi^nce 
of latitude and departure may be calculated for each course and distance.* 
Another double column must be added, entitled double meridian distances. 
The meridian distance of any line is the distance of its middle point firom 
an assumed meridian, which shoqjd be taken through some comer of the 
field. The double meridian distance^ corresponding to tlve first course 
adjoining the assumed meridian, will be equal to the departure of that 
course. Double the meridian distance of any other course will bo equal 
to the double meridian distance of the preceding course^ plus tlie dejxirture 
of the preceding course, plu^ its own departure.^ 

In applying this rule, distances to the right should be considered +, 
those to the left — . The double meridian distances east of the meridian 

* The sum of the nnmbers in the column marked n. ought to equal that of the 
numbers in the column marked s. If such be not the case, the difiercnce between the 
two sums should be half of it subtracted from the numbers in the column having the 
greater sum, being distributed among them in proportion to their magnitude ; the 
other half should be added in the same way to the numbers in the column producing 
the less sum. For in going round a field and returning to the same point, the dis- 
tance gone north must be equal to tliat gone south. The same remark applies to 
the columns marked e. and w. New columns will then be derived which may be 
called corrected difT. of lat. and departure. 

t This may be seen by making and inq)ecting a diagram. 
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■hoiild be entered ia a column marked e., and those west in a column 
marked w., the eolumn of double meridian distances being made double 
for the purpose. By means of this double column of double meridian 
distances, and the double column of differences of latitude, the content 'jf 
the field may be computed by the following rule. 

The difference between the northings multiplied hy the eastings plus 
ike doutkinffi multiplied by the westings^ and the northings multiplied by 
the fffeeUngSy pius the southings multiplied by the eastings, will be equal 
to double the area of the land. 

The proof of this is left as an exercise for the student 

In the following example the bearings were taken with a compass reeembling the 
mariner's in principle. A metallic graduated circle, one diameter of which, that joining 
the zero and 180^ points, being an attached needle, the graduated circle was held sta- 
tionary in space by the magnetic force of the earth. The nombering was from zero to 
360 in the direction shown in the annexed diagram. Tiie compass sights were plain, 
and the nunber on the line of sights towards the extremity next the eye was the one 
read and recorded in the 1st column p. 261. The equiva- 
lents of these readings in bearings of the compass courses y>^ — li^^N. 
or sides of the field from the meridian, are recorded in the /^ \ 
2d column. These are ascertained by considering in what 9o| ]r!o 
part of the dreumference in the diagram ab<ive the No. 
in the let coimnn would fall ; the course would be in the 
direction from this point to the centre of the circle. ^^ 

The third column contains the !ength.s of the courses or siilcs of the field, moa<(iired 
with a chain. Then follow the columns of difference of latitude and departure,* and the 
columns of corrected diff. of lat. and departure. The assumed meridian from which 
to estimate the double meridian distances is taken throu^ the point at which the 
survey commenced.t The double meridian distance of the fimt coui.^ then, 
according to the rule, will be equal to its departure 234*1, and is w. becuueK>! tlio 
departure is w. Double the meridian distance of the second course i» equal to thnt 
of the preceding course 234»1 -f- the departure of the preceding course 234»1 -f- its 
own departure 50*3. (See rule.) All these numbers being w., their sum in thn 
arithmetical sense, 518*5, is taken as the double meridian distance uf the 2d course. 
For the next course the departure 17*6 is e., and on the general analytic principle 
that quantities estimated in a contrary sense must have contrary signs, this may be 

* The sum of the column n. 264*5 exceeds that of the column s. 263*0 by 1-5 ; 
half this, or *8 is subtracted from the numbers of the first column n., •& from the 1st 
No. in the column, and •! from each of the other two, to obtain the Nos. in the 2d 
column N., and «7, in the same manner, is added by distribution among the five num- 
bers of the 1st column s., to produce those of the 2d column s., ^lc. 

t It would be most simple to assume it through the westernmost point of the land, 
in the present example at the commencement of the 3d counie, where the reading 
was 1630. Here the courses, which were previously all w., begin to turn e. The 
adrantage of this is that the double meridian distances would be all s. 
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DiATJ I r WB icgard th? preTtoiia Qumbora emplored in compotiiiK tbs 

aniiUJo nusridian distances, wbicli ate all w. u aegatiie. To add thia 17*6 ihea, in 

iH nlgebraic mubb. io the mm of 51B'5, and 50-3, aacordiag to ths rale, will ba id 

i whirh gives S51-S for iha 3d n, m. p. For a auntlar leason the 

r 3 being liotli c, oiaM be Bubttaated from SSl'3, wbicb i« w., to 

irodaoa " h. d. ; and ao ou till we arrive al the 7th coutio, marked 1^0^, in the 

at udId the sum of the two depattuies, 96-7 and 59-3, bothi-.Tii,, 15S'9 

niceeds the Ian D. M. o., 135*9, which ie nil] w., and as tbef have oontntry togns, 

their lUgebraic nun will b« theit difTereace with the lign of the grealer, which h i., 

md this dif&renoe 30*0 mual be i!DleiHl in tho caliunn t. of doable meridiaa dis- 
atem. The b. h. d. of the lul coune 'a obtained b; adding 59-3 and SO'O both 
., and aubcrautiag 40*1, which is w., from their aum. The double meridian dia- 
tncee £., which hare cocraapondiog dillercnce of latitude, n., are now mullipUed by 
tn according to (he rule -, and the double mBtidian distanoea w., whiob have oM- 
, —ponding difTerences of lititudi? s., and tbe producla all entered in a column 
entitled n. X £. -\-a. i( w., and their aum taken. Of the N. X w. + a. X R.. which 
'.he remaining pan of Ibe rule require! lo be fanned, ibere ii but one product in this 
cample an h X w. 196*3 by 334*1. or 45930-42, for which an additional column, 
hioh would ordiuaril; be employed, i» ool woilb while. Tbia prodncl ii «ubtrao(ed 
iiom the eum of tbe former, and the lamainder, 68103-90, ie by the nile eqnal lu 
double the area of the laud m wjuate linka, 10,000" of which make a square chain. 
'-.If thi^ will be the area, which is converted into aquate cbain9 by removing the 
^imsl point 4 places to the left ; and thb again into serefl. by removing the deci- 
mal point one place (iiTtber to the left aUll, linca tbete aie 10 aq. ohaint in an acre. 
Tbe decimala of an acre are converted into roodi and perehea by multiplying by 4 
and by 40. 

The ploliing of the above example will b« an eierciae. A circle ihoald be 
described on the paper, and points marked on it, according to the oompaia readings 
in the Sist column, the n. and a. line correqiondiDg to the 0° and 180° points, as in 
the laat diagram. Lines drawn from the points thus marked to the centre of the 
circle will be parallel to the boundary linea of the nurey. For further direotiona 
aae p. 337 at bottom. 

* Wbich is the square of 100, the Ko. at linlia in a cham. 
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HTDBOORAFHIO SUBYXTING. 



In the flurvej of harbon, after having surveyed and plotted the outline of 
the shore, it beoomes neoesaafj to set down upon the map the depths of 
the water in feet or &thoni8 at a sufficient number of points to serve as a 
guide to navigators. The depth is ascertained by sounding, and the 
problem is to fix upon the map the points at which the soundings were 
made. One method consists in rowing a boat uniformly in a straight line 
from one point on the shore to another opposite, casting the lead at regu- 
lar intervals by a watdi ; this line being drawn on the mi^ and divided 
into as many equal parte as there were casts, the points of division will 
be the points required ; upon these the numbers obtained by the sound- 
ings are to be put down. Another method is to place three signals upon 
the shore, not in the same straight Hne, and with a sextant* in the boat 
to measure the angles subtended by the lines joining these signals ; then 
having these lines plotted upon the map, construct upon each of them a 
segment capable of containing the observed angle subtended by it (see 
Plane QeonLj Prob. 21), and the intersection of the arcs of these segments 

will determine the points on the map 
at which the boat was situated at the 
time of observatsofi. The sounding 
of course should be taken at the 
same point, and recorded at its position 
(6) thus determined on the map. 

^tf^^*^ ^ A third method consists in having 

two theodolites, and taking the angles 
with them from the extremities of a 
base line on the shore, by which means the position of the boat is deter- 
mined. In this method a system of signals is requisite, by which the 
observers on shore may know the instant at which the sounding is made. 
A very perfect one was invented by Mr. Thomas H. Norris, of New 
York, and practised in the survey of the mouths of the Mississippi. This 
consisted in having at one of the two stations on the shore (which in the 
low lands of the Mississippi were elevated platforms of wood) a flag which 
could be run up and a chronometer. The boat also carried a chronome- 
ter. The intervals of tinoe at which the soundings should be made having 
been previously agreed upon, about 10 seconds before one of these 
intervals expired, the flag was run up, and both theodolites brought to 
bear upon the boat, or rather upon a staff" at its bow, from which the 

* See the iustniment of this name described at p. 290, note. 
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Bomidixig was made. The tangent screws served to keep the instruments 
steadily upon this point, and the instant the 10 seconds were up, the 
flag was lowered, the lead was cast, and the readings taken from the hori- 
zontal limhs of the instruments and recorded. This mode was found to 
be very rapid and accurate. By way of experiment the boat was fre- 
quently made to cross its track, and the agreement was exact By rowing 
the boat along at oar's length from the shore, and determining its position 
at frequent intervals, as above described, the line of shore could be traced 
upon the map. This was found particularly convenient in the survey of 
the bayous or inlets of the low muddy banks. 

Horizontal sections of the bottom of a harbor may be determined, 
making the plane of the water a plane of reference, in an obvious 
manner, and the bottom represented in the same manner as a hill. This, 
however, is not often practised. 

Points at great diatanoea oat at sea are obtained by triangulating ontwaid widi 
thsae vesBela ane ecMl vely moored at points more and more remote from ikud shore. 



f 



PART V. 



APFUOATXOK OY BFHIBIOAL TBIOOKOKBTBT TO 



NAUTICAL ASTRONOMY. 



PART V. 



APFUOATION OF SPHERICAL TRIOONOMXTRY TO 



NAUTICAL ASTRONOMY. 



^i^^90^^t^m0*^^0^^^^rm0*m^^^%0^^^ 



103. Navigation, as we have seen, is the determination of the plaoe 
of a ship at sea, that is to say her latitude and longitude, by the ^ dead 
reckoning.'' 

The dead reckoning proceeds upon the hypothesis that the ship's course 
and the distance she sails are accurately known ; and if this were really 
the case, her true place might be found by the methods given in Part IIL 
But this is impossible. 1. From the difficulty of steering exactly upon 
the intended course. 2. From the uncertainty of lee-way. 3. From 
errors of the log, occasioned by the heaving of the sea, unknown cur- 
rents, and the rudeness of the instrument itsel£ 

The ^^ dead reckoning" is, however, indispensable in determining the 
ship's place during cloudy weather, and is useful at all times lor detecting 
the existence and velocity of currents. 

The main reliance must be upon astronomical observations, and the 
method of determining a ship's place by means of these constitutes the 
science of nautical astronomy. 

DEFINrnOKB. 

104. For the purpose of measuring the angular distances of the 
heavenly bodies from each other, and from the horizon, it is convenient to 
suppose them all situated as they really appear to an observer on the 
earth, viz., in a spherical concave surrounding the earth, and concentric 
with it This imaginar)' concave, which the student may suppose identi- 
cal witlk the blue vault of the sky, is called the celestial sphere. 

The position of a point on the celestial sphere, lik* Um positioii of a 
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point on the terrestrial sphere, is fixed by its latitude and longitude. On 
the celestial sphere the circle of longitade is the ecliptic ; and seoondaricB 
passing, therefore, through the poles of the ecliptic, are the drcles qf 
celestial latitude ; the point from which longitude is measured is the vet- 
nal equinoctial point Commencing at this point, the ecliptic is divided 
into twelve parts called signs ; a sign is, therefore, 30^. The twelve signs 
are named, and symbolically expressed, as follows : ^ 



1. T Aries. 

2. V Taurus. 
8. n (}eminL 



4. s Cancer. 

5. a Leo. 

6. ns Virgo. 



10. Y3 Caprioomus. 

11. •£?* Aquarius. 

12. X Pisces. 



1. ^ libra. 

8. H Scorpio. 

9. t Sagittarius. 

The yemal equmoctial point is called the first point of Aries. Hie 
longitude is measured from this point in one direction, viz., in the order 
of the signs, or firom w. to x. 

Parallels of latitude on the terrestrial sphere correspond to parallels or 
declination on the celestiaL Of these, the two which touch the ecliptic in 
the fiist points of Cancer and Capricorn, are caUed the tropia of Cancer 
and of Capricorn. These first points of Cancer and Capricorn* are 
respectively called the summer and winter soUtiee ; because for a day or 
two before and after the sun enters them he appears to be stationary, and 
the days to be of equal length, so slowly does his declination at those 
times change, for his motion is obviously very nearly parallel to the equator. 
The declination circle, through the solstitial points, is called the solstitial 
colure, and that through the equinoctial points the equinoctial colure. 

Secondaries to the equator, we have said (Art. 70), are called declina- 
tion or hour circles. 

The declination of a heavenly body is its distance from the equator in 
degrees, minutes, and seconds, measured on the declination or hour circle 
which passes through the body. 

The right ascension of a heavenly body is the number of degrees and 
fi'actions of a degree measured on the equator, between the vernal equinox 
or first of Aries, and the circle of declination which passes through the 
body. Another definition of right ascension is the angle at the pole of the 
equator or of the earth, comprehended between the hour or declination circle 
through the vernal equinox, and the hour circle through the heavenly body. 

Right ascension is now commonly expressed in hours, minutes, and 

* At the first of these points the sun, which op to the time of its arrival there had 
been moving north, begins to move backwards towards the soath ; at the second 
from going sooth he begins to climb upwards towards the north, whence it appears 
that the points in qnaition we named in allusion to the habits of the animals aflei 
wUfihtfaiyaie oaUad. 
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seconds of time, allowing 15^ to the hour, 15' to the minute, and 15" to 
the second of time. 

The right ascension is also the difference in the time of transit of the 
heavenly body and of the first point of Aries over the meridian of any place. 

The difference of right ascension of two stars is the difference in 
their times of meridian transit at the same place. Or it is the angle 
con^rehended between the two hour circles which pass through the stars. 

A catalogrie of stars is a list of them with the right ascension and 
the declination of each annexed.* 

Having described the principal circle and points of the celestial sphere 
which are consddered as permanent, or which do not alter with the situa- 
tion of the observer on the earth, wo come now to describe those which 
change with his place. The principal of these is the horizon, which has 
been defined already (Art. Id), and vertical circles, which are secondaries 
to the horizon, and on which the altitudes of celestial objects are measured. 

These vertical circles all meet in two points diametrically opposite, viz., 
the poles of tlie horizon ; one of which is directly over the head of the 
obsener, and called his zenith, and the opposite one his nadir. The ver- 

* The late catalogue of the British Aasociation, the name of which is abbreyiated 
B. A. C, gives the north polar distances (iv. p. d.) of the stars instead of their decli- 
nations. The north polar distance of a star is its distance from the north pole of 
the heavens, measured on the circle of declination passing through the star. The 
right ascension of the star fixes the position of this circle in the heavens, and the 
north polar distance fixes the place of the star upon the circle, so that its position is 
completely determined by these two co-ordinates. In the British Catalogue is a 
column containing the annual variation in r. a., and four columns marked a, b, c, d, 
at top ; also a column containing the annual variation in n. p. d., and four columns 
marked a', b', e', d'. The numbers whose logarithms are in these columns may 
be regarded as constant for a period of about ten years. In the Nautical Almanac, 
on p. XXII. of each month, will be found four columns marked a, b, c, d, at top, 
coutaining the logs, of numbers, which vary with the time, or are ephemeral. 

To find the r. a. of a star for any given time, take out its r. a. for the epoch of 
the catalogue, viz., 1850, to which add the product of the annual variation in b. a., 
by the number of years between the given time and 1850. The result will be the mean 
B. A. at the beginning of the given year. Take out fit>m the columns a, 6, e, d, the 
logs, opposite the given star, and from the Nautical Almanac, from the coluxmis a, 
B, c, D, the logs, corresponding to the given date, for which the apparent b. a. is 
required, and with these logs, compute the following formula : 

da = Aa -{- B& -|- cc 4" ^^ 
da being the correction to be applied to the result before found, to obtain the b. a. 
required. This will be the time at which a star ought to make its meridian tranait by 
the oderial clock. The formula for the correction in declination is 

d^ = Aa' + b6' + cc' +]Mf' 
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tieal drde which panes through the east and west points of the horixon 
is called the prime vertical; it necessarily intersects the meridian of the 
place (which passes through the north and south points) at right ang'cs. 

The azimuth of a celestial object has been already defined to be an arc 
of the horiiion, comprised between the meridian of the obseryer and the 
vertical circle through the objecti and hence vertical circles are sometimes 
called aamnth drdet. 

The ampUtude of a celestial object is the arc of the horizon comprised 
between the east point and the point where the object rises, or between 
the west point and that where it sets ; the one is called the rising ampli- 
tude, the other the setting amplitude. 

ON THX CORRBOnONS TO BK APPLIKD TO THK OBSBRVED ALTTTUDKB OW 

OXLBSnAL 0BJX0T8. 

105. The true altitude of a celestial object is always understood to 
mean its angular distance from the rational horizon of the observer. 
This is not obtained directly by observation ; but is the result of certain 
corrections implied to the observed altitude.* These we shall now enume- 
rate and explain. 

* The obflerved altitude is olrtained by means of an instrameot called a quadrant 
of reflection, or simply a quadrant. This instrument is a frame of wood in the form 
of a Bcctor of a circle, the arc of which is graduated to Jo^rrees and parts of a 
degree. This frame is suspended so that the plane of the circle shall be vertical. It 
has an arm, one extremity of which is attached to the centre of the circle, and 
which is movable about this point ; upon this arm is a small mirror, and oppo.site to 
it is a plane glass, half of which is mirror, and half transparent. When a heavenly 
body, seen by double reflection in these two mirrors, is brought by the movement of 
the ann, upon which one of the mirrors is placed, to coincide with the line of the 
horizon at sea as seen through the transparent part of the opposite gloee^ the outer 
extremity of the arm points out upon the graduated arc the number of degrees of 
altitude of the heavenly body above the horizon. 

The construction of this instrument depends upon the optical principle that the 
angle of incidence is equal to the angle of reflection. The angular movement of 
the image of the heavenly body is double the angular movement uf the arm, so that 
to measure the greatest altitudes, the limit of which is 90^, the graduated arc need 
be but the eighth of a circumference ; the desrreee upon it are however numbered ai* if 
h were a quadrant, to save the trouble of doubling them. The instrument takes its 
name from the amount which it measures, instead of from the magnitude of its are. 
There are colored glasses attached, which can be interposed so that the rays of light, 
coming from the heavenly body to the eye, can be made to pass through them when 
taking the altitude of the sun. 

More complete instruments of this nature are the sextant and repeating eirelOi or 
circle of reflection, for full descriptions of which see p. 390, and p. 299. 
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106. Let B represent the 
place of the observer's eye, ele- 
vated to the height ba above 
the fturfiEKse of the earth, and a 
the plaoe of a heavenly body ; 
the first object is to obtfun its 
apparent altitude above the 
horizontal line eh ; that is, the 
angle see. Now, since to tli<> 
observer, the visible horizon is 
in the direction ebh', the alti- 
tude taken with the instrument 
is the angle seh^ ; hence from 

this observed altitude the angle heh', called tlu^ Dip or Depression of 
the Horizon^ must be subtracted to obtain the apparent altitude seh. 

The angle heh', or its equal c, is calculated for various elevations, ae, 
of the eye above the surface of the sea, by resolving the right angled 
triangle ebc, in which are known cb, the radius of the earth, and so 
equal to the radius increased by the height of the eye. The results are 
registered in a table (Table XXXI.), the argument of which is the height 
of the eye. 

The depression thus obtained must be lessened by the amount of ter- 
restrial refraction, which is very uncertain ; ^^ of the whole quantity has 
been allowed in computing this table. 



8EMIDIAMETER. 



107. The foregoing correction for dip having been applied, the result will 
be the apparent altitude of the object observed, above the sensible horizon. 
If this be the upper or lower edge of the disc of the sun or moon, called the 
upper and lower limb, a further correction will be necessary to obtain the 
apparent altitude of the centre. The angle at tlie eye of the observer* 
subtended by the semidiameter or radius of the sun or moon, must be 
added to the altitude of the lower limb, and subtracted from that of the 
upper limb. This quantity, which is continually vaiying both for the sun 
and moon, in consequence of the variation of their distance from the 
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15 git. be NaulJcal Almanac for every day in the year.* Bnt 

in lae case ot tbu moon the semtdiameter itself re^juirea a gmall oor- 
reclion depending upon the observed altitude. For the semi diameter, 
furnished by the Nautical Almanac, is the apparent Koriiontal aemidiame- 
ter, I. e. the apparent semidiameter when the moon is in the bonEon, 
where the distance from the observer is greater than when she ia in the 
zenith by the semidiameter of the earth. Consequently her apparent 
semidiameter, nhich is inreTsely as her distance, will be least in the hori- 
oQ, and greatest in the xenith ; and its value between these limitE will 
luy with the sine of the altitude, as may be easily seen by coostructing a 
uiagram. 

■Ae distance of the moon being about 60 Bemidiamelets of the earth, 

noon's horiiontal semidiameter will be increased about j'n part in the 

zenith. Therefore, if to the logarithm of the sine of j'j of the B'a hori- 

tonlAl semidiameter or the log. of the arc itself, which m Ismail, we add 

!t m giren for oooii of eiich day for the sun, and far noon snd midoigbl for tbe 

1, SQd 19 found for my otbei time ol dsy by Ihe [iroportion : As 24 or 13 

lOnra : Ihe TsrialiOD in 3-1 or IS bours : : ibe Ikne aflOE nooa ot raidnighl. al Gn<eii- 

nieh : the vaiialion in Ihil lime, which mun be iitded Id the nemidiameler given in 

tbe Almiiioc or gubtnicled, uccording as iht^ eeniidianitler is incren^uig or duniniBb- 

ProporlioDS of thin lund, in which the tenna contiia two or three denominationi, 
as houra atiil minutes, minutea and eecanda, or hoDiv, minutac, aad seconda, degieee 
and minuteti, &,c., tnay be reaalied convenieallir by means of the table of propor- 
tional logariibmH. Table XXIL 

The following example will illoairau ihe mode of procesdiag. 
34* : 16' 19" : : B" 3» 

Taking Iba first and third lenna one grade lower, we find their proportioaal 

logarittima (F. L.) on pp. 134 and 133, writing the arilh. camp, of the fonDer, and 

ttkiag from p. 133 tbe r. l. of 16' 19", llu calcnladoc will be aa (bllowa : 

34- ar. comp. r. l. 9'194g 

16' 19" r. L. 1*043S 

»• 3* r. L. 1*3504 

5' 28" r. L. 1-5179 

Iq tbia as in many other problems of Nautical Astronomy, tbe tims at GrMowieh 

at the Inatant of obeerratioD ia required, and may be foimd by adding or nibtiaoting 

tbe difiereace of longitude in time, according >■ the place ia w. or i. of Greenwlefa. 

Thne the time at Greenwich, eomepondiag to any given time at New York, la 

(bund by tddiag 4* 59* 4* (Iba diOerancB of longitnde betweeo the two plaees) to 
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the log. sine of the D's altitude, the result will be the log. of the apparent 
semidiameter at the ^ven altitude. 

In this way is formed the Table at the end, entitled Augmentation of 
the MoorCs Semidiameter (Table XXXIIT.), which contains the proper 
correction to be added to the given horizontal semidiameter, to obtain the 
true semidiameter. 

On account of the great distance of the sun, no such correction of his 
semidiameter is necessary. 

The corrections for dip and semidiameter being thus applied, the result 
is called the apparent altitude of the centre. In the case of the stars, 
the Only correction for the apparent altitude is the dip. 

To obtain the tru£ altitude requires two other corrections, viz. for 
refraction and for parallax. The former of these has indeed an effect 
upon the two preceding corrections, dip and semidiameter, which require 
certain modifications in consequence, which we shall notice after explaining 
the nature and ef^ of 

REFRACTION. 

108. The rays of light coming from a heavenly body, having to pass 
through the atmosphere, are bent towards the vertical by refraction. As 
the atmosphere grows more and more dense in approaching the surface 
of the earth, the light bending continually towards the vertical pursues 
a curvilinear path in a vertical plane, and enters the eye in the last 
direction of its motion, which prolonged is a tangent to the curve, and it is 
in the direction of this tangent that the object emitting the light appears. 
The curve being convex upward, the tangent lies above it, and the effect 
of refraction is therefore to elevate the object, or to make the apparent 
place above the true place. The correction for refraction, therefore, like 
the correction for dip, is always subtractive ; it decreases from the hori- 
zon, where it is greatest, to the zenith, where it vanishes (as the rays from 
objects in the zenith enter the atmosphere perpendicularly) in accordance 
vnth the optical law that the ratio of the sine of the angle of incidence 
to the sine of the angle of refraction is constant 

At the end of the volume we have given a table of refractions oon- 
taining the correction for refraction to be applied to every altitude, from 
the horizon to the zenith,* and adapted to the mean state of the atmo- 

* It will be observed that there is in the table a coltunn of differences for 1' of 
altitade. The nomber in this opposite the degrees in the given altitude must be mnlti- 
plied by the given minutes and the resolt sobtracted from the correction, or added to 
the altitade. 

18 
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spliere (Table XXX.).* When the tempentare of the atmosphieie m 
raised, which is indicated by the thermometer, the refraction decreases ; 
and when the density of the atmosphere k incresfied (indicated by the 
rising of the mercury in the barometer), its refractive power increases. The 
change in refraction for a difference of 1^ of Fahrenheit, and of 1 inch in 
the barometer from the mean state, is given in separate colimins, and must 
be multiplied the one by the number of degrees whidi the thermometer 
differs from 50^, and the other by the number of inches and fractions of 
an inch which the barometer differs from 80^, and the result added or 
subtracted, as the case may require. It should be observed thai below 
i° the refraction is very variable and uncertain, and such ]fm altitudes 
should be avoided as much as possible at sea. 

It will be unnecessary to use the correction for the state of the barome- 
ter and thermometer, when the latatnde of the ship is the only object of 
the observation, as this could seldom make a difference so great as half a 
mile in the resulting latitude ; but, in determining the longitude by the 
Lunar Obgervations, the neglect of these small corrections would some- 
times introduce an error in the resulting longitude of mora than thirty 
miles. 

When the foregoing oorreotbns have been applied to the observed alti- 
tude, the result will be the true altitude of the centre above the sensible 
horizon, and it now remains to apply the correction necessary to reduce 
this to the true altitude of the centre above the rational horizon ; that is, 
to the altitude which the body would have if the olwerver were situated 
at the centre of the earth instead of on its surface. This last correction 
is called 

PARALLAX. 



109. In order to explain the nature 
and effect of parallax, let s represent 
the place of the object observed from 
the surface of the earth, at e ; then the 
angle seh, that is, the observed angle, 
when corrected for dip, semidiameter, 
and refraction, will be the true altitude 
of the object, in reference to the 
observer's sensible horizon eh; and 
the angle scr will be the true altitude 

* Such a table might be formed by oomparing the obeerved altitude of a star with 
its altitude computed from the declinatiou or n.f.d. hoar angle and latimde. 
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iQ reference to the rational horizon cr ; and the differenoe of these angles 
is the parallax called parallax in altitude when the object is above the 
horizon as at a, and horizontal parallax when it is in the horizon as at h. 

Since the angle se'h is equal to the angle scr, eu and cr being paral- 
lel by definition, we have for the parallax in altitude sr'h — seu = esc 
(Qeom. Th. 15), that is, the parallax is the angle which the semidiameter 
of the earth subtends at the object ;* it is obviously greatest in the hori- 
zon, and nothing in the zenith, and is the quantity which must be added 
to the true altitude above the sensible horizon to obtain the true altitude 
above the rational horizon. 

The sun's parallax in altitude is given in a Table at the end (Table 
XXXIV.), his horizontal parallax being nearly constant ; and the moon's 
horizontal parallax is given for the noon and midnight at Greenwich, of 
every day of the year, in the Nautical Almanac, and from the horizontal 
parallax thus obtained, parallax in altitude must be calculated. This is 
easy ; for since in the triangle sec we have the proportion 

sc : BC : : sin ssc = sin sez = cos 8eh : sin ssc ; 

it foliows (since so, the distance of the heavenly body, as well as bc, the 
semidiameter of the earth, may be regarded as constant for a single day), 
that the sine of the parallax in altitude varies as the cosine of the alti- 
tude ; but when the altitude = 0, as in the case of horizontal parallax, 
COS. altitude = 1, and the constant ratio sc to ec, the above proportion 
shows to be equal to tlie sine of the horizontal parallax. But from the 
proportion itself we see that it is necessary to multiply this ratio by the 
cosine of the altitude, to have the sine of the parallax in altitude ; but as 
the parallax is always a very small angle, it is usual to substitute the arc 
for its sine, or par. in alt = hor. par. X cos. alt, so that 

log. hor. par. in seconds + log. cos. alt — 10 = log. par. in alt in seconds. 

We must observe here that the horizontal parallax, given in the 
Nautical Almanac, is calculated to the equatorial radius of the earth ; 

* Hiis result might be arrived at much more simply hj means of oar definition of 
an angle (Geometry, def. 10), vix. *' the difference of direction of two lines," and a 
definition of parallax, viz. the difference of direction in which an object is seen from 
the centre and sm&ee of the earth, or in a more enlarged sense of the term, from any 
two points. This in the diagram will be the diflerence of direction of die two lines 
C8 and £8, t. e. the angle en, or the angle subtended by the line joming the two 
points of observation. 
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and, therefore, except at the equator, a small subtractive oorrection of the 
horizontal parallax will be neoessary, on aooount of the spheroidal figun* 
of the earth, in oonsequenoe of which the radius of the earth is smaller 
eveiywhere else than at the equator, and consequently subtends a smaller 
parallax. A table of such corrections is given at the end. (See Table 
XXXV.) It must evidently be a table of double entry, the two ail- 
ments being the equatorial horizontal parallax and the latitude, upon 
which two quantities the correction depends. 

110. Such are the corrections necessary to be applied to the observed 
altitudes of celestial oljects, in order to obtain their true altitudes. A few 
other preliminary, but very simple and obvious operations, must also be 
performed upon the several quantities taken out of the Nautical Almanac, 
in order to reduce them to their proper value at the time and place of 
observation ; for the elements furnished by the Nautical Almanac are 
computed for certain stated epochs, and their values for any intermediate 
epoch must be found by proportion. But ample directions for these pre- 
paratory operations are contained in the " Explanation of the Artidea in 
the Nautical Almanac,^* to be found in the last pages of that work. 

* It may be well, however, to give here ■ome geoenl aooount of the arrangement 
of the Nautical Almanac. The first twenty-two pages contain the right ascension, 
declination, semidiameter, and a variety of other elements relating to the son and 
moon for every day of the month of January, the right ascension of the sun at 
mean noon and at apparent noon, that of the moon at the beginning of every hour 
of mean time throughout the day at Greenwich. The next twenty-two pages con- 
tain the same elements for the month of February, and so on, each month occupying 
twenty- two pages, marked with the Roman numerals, I. II., 6lc. The year thus being 
gone through, after a few pages containing the sun's co-ordinates, follows the 
ephemeris of the planets, beginning with Mercury, the one nearest the sun. This 
contains the eeniidiameter and declination, apparent right ascension, as afiected by 
aberration of light, and some other elements of the planet for every day in the year 
of mean noon at Greenwich, and also at the time of the planet's meridian transit at 
Greenwich, each month occupying two pages. Tins Ephemeris extends from p. 275 
to p. 455, in the almanac of 1850. The next three pages contain the mean places 
or right ascension and declination on the 1st of Jan. of 100 principal fixed stars, with 
their annual variations in right ascension and declination, marked -f" <)f — • 

The latter multiplied by the fraction of the year which has elapsed, which is given 
in the last column of p. XXII. of each month, will be the quantity to be added or 
subtracted, in order to have the mean r. a. and Dec. at the time. To obtam the true 
places, corrected for nutation, dec, recourse must be had to formulas and tables 
given in the next three pages of the Almanac, except that of a number of the prin- 
cipal stars, the true r. a. and Dec. are given for every ten dajrs from p. 468 to p. 501, 
in the edition of 1850. The remaining matters contained in the Nautical Almanac 
will be noticed as occasion requiiee. 
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EXAMPLES OF THE CORRECTIONS. 

1. On the 14th of July, 1833, suppose the observed altitude of the 
sun's lower limb* to be 16° 36' 4'', the observer's eye to be 18 feet above 
the level of the sea, the barometer to stand at 29 inches, and the ther- 
mometer at 58° ; required the true altitude of the sun's centre. 



16° 36' 4" 




4 -4 


16 


32 




3 14f 




+ 6-5t 




+ 3-2§ 


16 


28 55-7 


+ 


16 46-4 




4- 8-4i| 


16 


44 49-5 



Observed alt. ®'s L. L 

Depression of the horizon (Tab. XXXI.) 

App. alt of L. L 

Refraction 

Correction for Barometer .... 
Correction for Thermometer 

True altitude of L. L. above the visible horizon 

Sun's semidiameter (Naut Aim.) 

Parallax in altitude 

True altitude of the sun's centre . 

2. On the 23d of June, 1850, in longitude 4* 66* 4* W., latitude 
about 40° 43' N., at 1 1-* 44" 55' mean time, the double altitude of the 
moon's upi)er limb was observed by reflection from Mercury to be 
58° 14' ; the index error of the sextant was 15" subtractive ; the baro- 
meter stood at 30*14 in., and the thermometer at 76°, required the true 
altitude of the moon's centre. 

The object in this example being the moon, it is necessary to com- 
pute her semidiameter and parallax in altitude at the instant of obser- 

* The limb of the sun or mooo is the edge or border of the disc. 

t TalLB out the refractions for 16^ 30' of altitude from the table, then tlie difT for 1' 
of altitude in the column adjoining, multiplying the latter by 2, and subtracting the 
product from the refraction for 16o 30'; the result will be that for 16^ 32', when the 
barometer is at 30 in. and the thermometer at 50^. The correction for refraction 
is always subtractive. 

t The barometer standing at 29 in. the number taken from the column entitled 
cor. for -|- 1 must be subtracted from the refraction or added to the altitude, the 
atmosphere being less dens>e than in its medium state. 

^ The thermometer standing at 8*^ above its medium state, the atmosphere is more 
rare, and the number taken from the column Diff. for 1*^ Fah., after being multi- 
plied by 8, must be subtracted from the refraction, or added to the altitude. 

II Table XXXIV., the parallax in alt. for 10° is 9", and for 20^ is 8". There- 
fore for 16^ by proportion it is 8"*4. This correction for par. in alt. is always 
additive. 
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yation since these elements, for the moon changes senubly in a very ahcHi 
time. The semidiameter of the moon at noon and midnight is given in the 
Nautical Almanac for every day in the year, at page IIL of each month, 
and the difference between these will be the variation of the semidiameter 
in 12 hoars. Therefore we must say as 12^ : the variation in 12^ : : the 
interval between the preceding noon or midnight and the instant of obeer- 
vation : the variation of the semidiameter in that interval ; the fourth 
term of this proportion added to or subtracted fiom the semidiameter at 
the preceding noon or midnight, according as the semidiameter is observed 
from the numbers in the almanac to be increasing or decreasing, will g^ve 
the semidiameter at the instant of observation. 

In a similar nuuiner must the moon's horiaontal parallax, which is given 
for every noon and midnight on the same page of the Nautical Almawai*^ 
be reduced by proportion to the time of observation. 

The computation of these elements is as follows : 



Mean time of observation at the station 
Add longitude of the place of observation 

Corresponding mean time at Gh'eenwich 
Time alter midnight Gr. June 2dd 



11* 44* 65* 
4 56 4 

16 40 59 
4 40 59 



Semidiameter previoos mid- 
night, June 23d (Nam. 
Aim.) 14' 50" 

Semidiam. noon (June 24th), 14 48 



Variat. in 12* 2 

.. 12*:2"-2: :4*40-»59'*: 

Semidiam. at midnight (2dd), 14 50 

Semidiam. at time of obs., 14 49 
Augmentation for 29° of alt.t -f 7 



Apparent semidiam. to obs., 14 56 
Subtract contraction ,t — 1 



True semidiam. to observer, 14 55 



54' 27"-3 
54 19 •! 



Horizontal parallax preceding 

midnight, June 23d (Naut. 

Aim.) 
Hor. par. noon (24th), 

Var. in 12* 

.-. 12* : 8"-2 : : 4* 40" 59« : 

Hor. par. at midnight, 

Hor. par. at time of obs.. 
Ditto in seconds, 

Diminut. of par. for lat. 41o§ — 4 •? 

Hor. par. at station^ 



8 

3 

54 27 



2 
1 
3 



54 24 '2 
3264"-2 



3259"-5 



* This is the interval from midnight at Greenwich to the instant of observation. 

t Table XXX HI. This augmentation is in consequence of the moon being nearer 
to the observer, as it approaches the zenith. See p. 272. 

t This is occasioned by the efiect of refraction, which is to make every vertical 
arc, such as the vertical semidiameter of the sun or moon, appear shorter in the 
heavens than it really is. This will obviously be the case, because the lower 
extremity of the arc is more elevated by refraction than the higher, and consequently 
the two extremities are brought nearer together, and thus the arc is shortened. The 
oontraction is obtained from Tab. XXXH. 

i Table XXXV., see p. 275, last paragraph of Art. 109. 
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58° U' 00 
15" 

58 13 45 
29 6 52*6 
14 55*2 

28 51 57*3 



Observed doable altitude ^'s U. L. 
Index error subtractive, 

Double altitude corrected for index error, . 
Half this is the obs^d altitude of D^s U.L. • 
Corrected semidiameter, . • • . 

A^pparent altitude D^s centre, 

FOR THE PARALLAX IN ALTITUDE 

App. alt >'b centre, . . . 28o 51' 5'7"*3 cos 9*94239 
Horizontal parallax at station, . . 3259"*5 log. 3-51315 

Parallax in altitude, .... 2854''-G 3-45554 

App. alt D's centre, 28° 61' 57 "-3 

Refraction, _ 1 44 -9 

Barometer, — 2 -7 

Thermometer, + 5 -6 

Parallax in altitude, + 47 34 -6 

True ah. of cent from cent of the earth, . . 29 37 49 -8 

These two examples will serve for specimens of the corrections to be 
applied to an observed altitude, in order to deduce from it the true altitude 
of th^ body's centre. In the case of the moon, the corrections, when the 
utmost accuracy is sought, are rather numerous, as the last example shows. 

But in finding the latitude at sea, it is usual to dispense with some 
of these, more especially with the corrections for temperature, for the 
contraction of the moon's semidiameter, and for the spheroidal figure of 
the earth ; because an error of a few seconds in the true altitude will 
introduce no error worth noticing in the resulting latitude. When, how- 
ever, the object of the observer is to deduce the longitude of the ship, 
all the data, furnished by observation, should be as accurate as possible ; 
for the problem is one of such delicacy that by neglecting to allow for th<» 
influence of temperature would alone introduce in some cases an error of 
from 30 to 40 miles in the longitude. 

When the object observed is a star, several of the foregoing corrections 
vanish ; the only corrections in this case requisite are those for dip and 
refraction, modified as usual for the temi)erature. 

111. To determine the latitude at ttea from the meridian altitude of 
any celestial object whose declination is Jenoum, 

The determination of the latitude, by a meridian altitude, is the most 

* See p. 375. 
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easy and safe method of finding that element ; the observations and sub- 
sequent calculations being few, are' readily performed, and with but little 
liability to error in the result ; this method, therefore, is always to be pre- 
ferred at sea, unless clouds obscure the meridian whilst other portions of 
the heavens are left visible. 

The declination of the object observed is supposed to be given in the 
Nautical Almanac, when it culminates or makes its meridian transit at 
Qreenwich ; its declination when it culminates at the meridian of a ship, 
may be found by means of the longitude by account,*^ which will always 
be sufficiently accurate for this purpose, although it should differ very con- 
siderably from the true longitude, because declination changes so slowly 
that even an error of an hour in the longitude would cause an error in 
the declination too small to deserve notice. 

The declination being the distance of the object from the equator, and 
the observed altitude, properly corrected, being the distance of the same 
object from the ship's zenith, the distance of the zenith from the equator, 
that is, the latitude, immediately becomes known. 

Let the full circle in the diagram be the meridian. 

1. Let 8 be the object observed, the zenith z being to the north of it, 
and the object itself north of the equator, eq, then the latitude sz is equal 
to the zenith distance, or co-altitude zs + the declination es, and it is 
north. 

2. Ijei 8 ' be the object, still north of the equator, but so posited that 
the zenith is south of it, then the latitude ez is equal to the difference 
between the zenith distance s'z, and declination s'e, and is still north. 

3. Let now the object be at s", 
south of the equator, and the zenith 
to the north of the object, then the 
latitude kz is equal to the difference 
between the zenith distance s"z and 
declination s"k, and it is north. 

We have hero assumed the north 
to be the elevated pole, but if the 
•«oiith be the elevated pole, then 
we must write south for north, and 
north for south. Hence the follow- 
ing rule for all cases. 




* For this purpose the variation of the declination in 1 hour, which is given in the 
Nautical Almanac for the sun, must be multiplied by the longitude in hours and 
fraction? of an hour, and the product added or subtracted will produce the declina- 
tioD at the time of meridian transit at the ship. 
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Call the zenith distance north or souths according ca the zenith is north 
or south of the object. 

If the zenith distance and declination ,he of the same name, that is, 
both north or both south, their sum will be the latitude ; but if of differ- 
ent nam£Sj their difference will be the latitude, of the same name as the 
greater, 

XXAMPLE. 

1. Ship Admiral, from New York to Havre, at sea Jan. 4th, 1850. 
Longitude 26° W. 

Observed merid. alt. o's lower limb, . . . 18° 64' 20" 
Dip (for height of 17 feet) — 3 67 

App. alt o's L. L. 18 60 23 

Refraction, — 2 49 

Parallax in alt +8 

Semidiameter, 16 17*3 

o's true alt 19 3 69*3 

0*8 zenith dist N. 70 66 00*7 

o's declination* S 22 43 37*9 

Latitude, N 48 12 22*8 

2. At sea Jan. 11th, 1860. Long. 2° W. 

Observed alt o's L.L 18° 4' 00" 

Allowing for semidiameter (Dip 3' 26") parallax, <fec. + 12 29 
Required the latitude. 

Ans. 49° 67' 29" N. 

3. On the 1st of January, 1850, the meridian altitude of Capella was 
27° 35', the zenith being south of tlie star, and the height of the eye 22 
feet ; required the latitude. 

* This is obtained by taking out from the Nautical Almanac, the declination for 
apparent noon, p. I., which is 22^ 44' 5''*2. Then computing the change in decli- 
nation for li hours, the time in which the sun is passing from the meridian of Green- 
wich to that of the ship in long. 25^ W., by multiplying the number 16"'38, found 
in the column in the Almanac entitled DifT. for 1 hour by 1}. The product 27"*3, 
subtracted from 22<^ 44' 5"*2, because the declination is decreasing will give the 
declination at the meridian transit of the sun at the ship. 
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Observed altitude, 27o 35' 0" 

Dip, _ 4 80 

Apparent altitude, 27 30 30 

Refraction, — 1 51 

True altitude, 27 28 39 

Zenith distance, 62 31 21 S, 

Star's dec (Nautical Almanac), . . . . 45 60 20 N. 

Latitude, 16 41 1 S. 

4. Suppose that the altitude of the moon, as given in Example 2, p. 
277, was observed when the moon was upon the meridian, required the 
latitude of the place of observation. 

The true altitude of the moon's centre being known, after applying the 
corrections as at p. 278, it remains to find her declination at the instant 
of observation. The Nautical Almanac gives the moon's declination for 
every even hour of the day of every day, on pages V. to XII. of each 
month, and the variation in declination for 10" of time. The required 
declination would therefore be computed as follows : 

D's dec. June 23d, at 16* (Nautical Ahnanac), 19° 36' 48"-8 
Diff. dec. for 41" * 1 35 

Dec. at the inst. of observation, . . . 19 38 23 'S S. 
D's zouith (list. = (90^ — 29° 37' 49"-8f) . 60 22 10 -2 N. 

Latitude required, 40 43 46 ^4 

If the time of observation were not known, it could be computed from 
the fact that the moon is on the meridian. 
The moon passed the Meridian of Greenwich 

June 23d (Nautical Almanac, p. IV.), at . . 11* 38" 0' 

June 24th, " " 12 21 7 

The interval between the two transits is . . 24 48 7 

That is in 24* 48" 7* the moon is retarded in coming to the meridian, 
by her proper motion from W. to E. 48" 7* 

.-. 24* 48" 7' : 48" 7* : : 4* 56" 4't : 9" : 39* 

• The time of obs. was 40*" 59* past 6* or nearly 41"». The Naut. Aim. gives 
23"*17 diff. of dec. for lO"" .-. 10°> : 23"«17 : : 41'« : V 34" the change in dec. in 
41'"» which as dec. is increasing must be added. Second diflerences are not used. 

t This is the true alt. of the D's centre from the centre of the earth, p. 279. 

} This is the longitude of the place of observation. 
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This last number is the retardation of the moon in passing from the 
meridian of Greenwich to that of the place of observation. The moon 
having crossed the meridian at Greenwich at 1 1* 33" on the 23d, will 
cross that of the station 9"* 30' later, so that the time of meridian transit 
at the station will be 11* 36* 39* * 

It saves trouble to note the time of meridian transit by a watch, or still 
better by a chronometer, keeping Greenwich time. 

SOHOUUM. 

These examples will, no doubt, be found sufficient to put the student in 
possession of the method of applying the various corrections to the 
observed meridian altitude of a celestial object, in order to deduce from it 
the latitude of the ship. But it should be remarked, that in most works 
on Nautical Astronomy, subsidiary tables are inserted for the purpose of 
abridging some of the foregoing corrective operations ; such tables, there- 
fore, oflfer very acceptable aid to the practical Navigator. Bowditch's 
Navigator is the most complete work of the kind. 

It should also be observed here, that in the preceding examples the 
celestial object is supposed to be on the meridian above the pole ; that is, 
to be higher than the elevated pole. But, if a meridian altitude be taken 
below the pole, which may be done if Uic object is drcumpolar^ or so near 
to the elevated pole as to perform its apparent daily revolution about it 
without passing below the horizon, then the latitude of the place will be 
equal to the sum of the true altitude, and the codeclination or polar 
distance of the object ; for this sum will ob\ioasly measure the elevation 
of the [)ole above the horizon, which is equal to the latitude.f 

112. To determine the latitude at sea^ by means of two altitudes of the 
sun, and the time between the observations. 

In the i)receding article we have shown how to determine the latitude 
of the ship by the meridian altitude of the sun, or of any other heavenly 
body, whose declination may be found. But, as already remarked, the 
object we wish to observe may be obvured when it comes to the meri- 
dian, and this may happen for many days together, although it may be 
frequently \isible at other times of the day. As therefore the opportunity 

• This diflers slightly from the time of obporvation eiven. The moon changes so 
npidly in declination that her greatest altitude w not always tiK- rnexidian altitude. 

t That the elevation of the pole above the horizon is equal to the latitude of \\w. 
place is evident from the fact that the xenith is 90^ from the horizon, and the polo 
90° from the equator. 
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for a meridian observation cannot be depended upon, it become) an impor- 
tant problem to determine the latitude at sea, by observations made out 
of the meridian ; and considerable attention has accordingly been paid, by 
scientific persons, to the method of finding the latitude by . ^ double alti- 
tudes," and various tables have been computed to facilitate the operation. 
But the direct method, by spherical trigonometry, though rather long, 
involving three spherical triangles, will be more readily remembered, and 
more easily applied by persons fiuniliar with the rules and formulas of 
trigonometry than any indirect or approximate process ; we shall therefore 
explain the direct method. 

Let p be the elevated pole, z the 
zenith of the ship, and s, e' the two 
places of the sun, when the altitudes 
are taken. Then, drawing the great 
circle arcs as in the figure, we shaU 
have these given quantities, viz., the oo- 
declinations pb, pb'; the coaltitudes 
zs, zs', and the hour angle bps', which 
measures the interval between the 
observations ; and the quantity sought 
is the colatitude zp. Now, in the tri- 
angle pss', we have given two sides 
and the included angle to find the third side ss', and one of the remain- 
ing angles, say the angle pss'. In the triangle zss' we have given the 
three sides to find the angle s'sz ; having then the angles pss', s'sz, the 
angle zsp equal to their difference, becomes known, so that we have, 
lastly, two sides and the included angle in the triangle zsp, to find the 
third side zp. 

Before the application of the trigonometrical process, the observed alti- 
tudes must, of course, be reduced to the true altitudes, as in the preceding 
examples. Moreover, as tlie ship most probably sails during the interval 
of the observation, an additional reduction becomes necessary, as follows : 
Let z be the zenith of the ship, 
and s the place of the sun, at 
the first observation z' and s' the 
same at the second. Then the 
angle z'zs will represent the 
bearing of the ship's path from 
the sun, which may be observed 
with the compass; considering 
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ihis angle as a course, and the distance sailed, zz', as the corresponding dis- 
tance, 6nd by the table (or by the formula zz' cos z*zt) zt which subtracted 
irom zs will give z's nearly, which, instead of zs, should be used with z's' 
in the solution before given. This must be subtracted from the first zen. 
dist. if the angle z'zt is less than 90° ; but it must be added when the 
angle exceeds 90°. If the angle is 90°, no correction for the ship's change 
of place will be necessary. 

Where great accuracy is aimed at, account should be taken of the ship's 
change of lon^tude during the interval of the observations ; when con- 
verted into time it must be added to the interval of time between the 
observations when the ship has sailed eastward, and subtracted when she 
has sailed westward. This correction is very easily applied. 

Having thus mentioned the necessary preparative corrections, we shall 
now give an example of the trigonometrical operation. 

EXAMPLE. 

Let the two zenith distances corrected be (see last figure but one), zs 
= 73° 54' 13", zs' = 47° 45' 51", the corresponding declinations 8° 18' 
and 8° 15' north, and the interval of time three hours ; to determine the 
latitude. 

Considering ss' to be the base of an isosceles spherical triangle, of 
which one of the equal sides is J (ps + ps')* = 81° 43' 30", and the 
vertical angle equal to 3* or 45°, let the perpendicular pm be drawn, then 
we have in the triangle pms right angled at m, ps = 81° 43' 30", and 

450 
p = — — = 22° 30', given, to find sm = ^ ss' as follows. 

1. TO riND SS' FROM THE TRIANGLE PMS. 



sin PS 81° 
sin p 22 


43' 
30 

15 


30" 


11*4 

2 


9*99545 
9*58284 


sin SM 22 


9*57829 






88' = 44 


30 


22*8 





• Which we may, without Moaible error, where the base is 00 email. 









TO FIND psb' vruu tbb tbuholx psa'. 


unss' 


44° 30' 22*8" ftrith. comp. 0*15429 


man 


81 46 


9-99548 


ma sps' 


45 


0-84948 


sin pas' 


88 88 53 


0'00925 


That mgh is acute like ils oppoute side 


(seep- 196). 


m. TO FIND «9' » TBK . 


TRIAKOI.E IBS'. 




IB' 47° 45' 61" 






dnz8 73 54 13 


aritt]. comp. 0*01737 




in as' 44 30 22-8 . 


aritb. comp. 0*16429 




2)166 10 26-8 




i., 


ira = 83 5 ia'4 


«n{i.um- 


-zs) V U 0*4 . 


. 8'20302 


«n(J«um- 


-Bs') 38 34 50-e . 


. 9-794M 




2)19-16960 



sin^zaB' 22 36 26*4 .... 9*68480 

.-. zsh' = 45*^ 12' 62*8" 
Fss' = 86 38 G3 
FBI = 41 26 0*2 



IT. TO nm> TBB TWO UNXNOWH ANOLB8 OP ' 

wi(w+w) 770 48'sa"«i.i:oinp. 0-67555 w.eomp.Hin 0-0O99O 

eo«i Cia~ra} 7049'17" . . . 9*99594 tia 9-13381 

itim 20O43' 3" . . .10-42228 10-43328 

11'09377 tMii(»_i)a(K>13'32" 9-5S599 



• Tlii» sign ™ ■ employed to eipren tb« diflerenae between (wo qnuititiM, which- 
«r mar ^ tba gtMter. 
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y. TO FIND ZP IN THE TRIANGLE ZSP. 

008 J (z — p) 20° 12' 32' ar. comp. O«O27503 

008i(z + p) 85° 23' 31" 8-904822 

tan i (z8 + Ps) 77° 48' 62" 10-665068 

tan J ZP 21° 37' 14" 9*698073 

ZP = 480 14' 28" 

Upon the same principles may the latitude be determined from the 
altitudes of two fixed stare, taken at the same time ; in this case s, a', 
in the preceding figure, will represent the two stare : ps, ps', their known 
polar distances, and the angle bps', the difference of their right ascensions ; 
the same quantities are therefore given as in the case of the sun, but, as 
in the case of two stars, ps, pb', may differ very considerably, ss' cannot 
be considered as the base of an isosceles triangle, but must be computed 
from the other two sides and their included angle. 

For other modes of determining the latitude, see the next Appendix. 

ON FINDING THE LONGITUDE. 

The determinataon of the longitude of a place always requires the 
solution of these two problems, viz. : 1st, to determine the time at the 
place at any instant ; and, 2d, to determine the time at the firet meridian, 
or that from which the longitude is estimated, at the same instant ; for 
the difference of the times converted into degrees, at the rate of 16° to 
an hour, will obNnously give the longitude. 

When the latitude of the place is known (and it may be found by the 
methods already explained), tlie time may be computed from the altitude 
of any celestial object whose declination is known ; for the coaltitude, 
codeclination, and colatitude, will be three sides of a spherical triangle 
given to find the hour angle, comprised between the codedination and the 
colatitude. 

(See Art. 84.) The following example will illustrate the mode of pro- 
ceeding. 

At Columbia College, January 13th, 1860, the double altitude of the 
sun's lower limb was observed by reflexion firom Mercury to be 42° 29'. 
Thermometer 40°, and Barometer 30 in. 

Time by the watch, 10* 6* 10* A.M. 

Index error of the sextant, 62" additive. 

Latitude of station 40° 42' 40". 

Longitude from Greenwich in time, 4* 66" 4*. 

Required correct time of Obeervation and error of the watoh. 
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Equation of time at ap. noon, January Idth, 1850, 9' 00" *27. 
Difference per hour =0 •926.* 

Sun's declination at ap. noon, January IStli, 1860, 2lo 29^ 19' *5 S. 
Difference per hour = 26"*1. 

Observed double altitude, 42° 29' 

Index error of sextant Additive (see 2d note, p. 290). 52' 



Double altitude corrected for index error, . 42 29 52 



Altitude, 21 14 56 

Refraction (Th. 40), (B. 30), Table XXX., . . — 2 35 •S 

Sun's Parallax in Altitude, Table XXXTV., . . 8 

Semidiameter (Nautical Almanac) • 16 16 •S 



and semidiameter 
•'s zenith distance ( 90° — Altitude) . 

Approx. time at station, 
Longitude from Greenwich in time. 

Time at Greenwich, . . . . 
Equation of time, subtractive. 

Time after apparent noon at Greenwich, 

®'s declination at time of observationf. 



Bax, 


6" 
56 


21 


28 45 


•8 


. 


68 


31 14 


•7 


10* 

4 


' 10* AM. 

4 




3 


2 
9 


14 
3 


•08 




2 


53 


10 


•92 




21 


28 


4 


•18 8. 






* This must be multiplied by the time after apparent noon at Greenwich, foimd 
below, reduced to hours and decimals of an hour, and the product added to the 
equation of time at noon above, to obtain the equation of time at the instant of 
observation. 

t This is computed from the data in the third and fourth lines from the top of the 
page, in the same manner as the equation of time. 
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PSor2 = ®'8 n.pj)=(90o+d)=111O28' 4"«18 ar.co.log. sin 0»08 122 
pz or 9 = Ck>latitude 49 1 7 20 ar. co. log. sm 0*12033 

zsor^ = Zenith distance 68 31 14 •I 

8 229 16 38 '88 

^8 114 38 19 -44 

^8 — 2 3 10 16 -26 log. sin 8*74285 

^8 — 8 65 20 59 -44 log. sin 9*95850 

2)18*85290 

i p 15° 29' 1" log. sin 9*42645 

Hour angle = 30° 58" 2'. 

Yj =: Hour angle in time,^or apparent time before noon, 2^ 3" 52' *1 
Subtract hour angle from 12 

Apparent time, a.m. by observation, . . . 9 56 7 *9 

Equation of time, additive, 9 3 *08: 

Mean time by observation, 10 5 10 *98* 

Mean time by watch, 10 6 10 

Error of watch (too fast) . . * . . 59 *02: 

2. Ship Admiral at sea, March 5th, 1850, at 10 o'clock, A. M. 
Observed altitude sun's lower limb, .... 27° 44 
Height of eye above the level sea, 16 feet. 

Time at Greenwich, by mean of three chronometers . 12* 41" 12* 
Lat at time of obs. north, 49° 54' 00" 

XXTRA0T8 FBOM NAUTICAL ALMANAC. 

At mean noon. 
March 6th, o's semidiameter, 16' 7"*9; eq. of time, — 11" 80**98* 

7th, « ** 6 7 -6 " ** — 11 16 *56 

o's dec. at apparent noon Gr. (6th) ... 5° 40' 48"*3 S- 

Diff: for 1*, 58"*20t 

Required the time of observation. 



Am. 



A « • 



8. March 12th, at 4 P.M. Astronomical Account. 

Alt of the sun's lower Ihnb, 18° 42' 40" 

Time at Greenwich by mean of chronomeierB, . 7* 51* 30* 

Lat of ship at time of obe 41^ 41' 30" 

* To be BQbtncted from mean time. 

t The dec. is of eonne Himinkhing till the equinox Mmh 31ft. 

19 
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At tofaa noon. 

March 12lli, eq. of time — O" e9"U Bemidiam. Ifl' 6"-3* 

" 13th, " " — 9 42 •71 " 10 6 
S'a dec at app. noon, March lath (Or.) 3° 20 11- 7 S. 

Var. of dec. in 1' b 69 ''02. 
Reqnired Uie time. j4n». * " *. 

To find the ijine at Oreennicli requires the aid of additional data, 
besides thone furnished by obserrationa made at the place. Tbe Qreeo- 
wicU time may, indeed, be obtained at once, independently of any obser- 
vatioua at Iba place, by mean* of a chronooieter, carefully regulated to 
Oreenwicb time, provided it be subject to no irregularities after baving 
been once properly adjusted. A ship furuinbed with such a tomeptece 
always carries the Greenwich time with her. and the longitude then 
beoomea reduced to the problem of finding Uie time at the place. 

Time computed by ttn aldtode of the ann, as at p. 38S, 

WH •* iS-lO- 

Chnmometer showed Oreeuwich time at the uutant ot 
observation to be 60 20 

Difference of longitude of the place of observation ftam 

Gr. in time, 3 6 10 

To convert time to apace multiply by ... . 16 

Longitude of the ship west of Greenwich, . . , 46° 17' 30" 

The same method applies to examples 2 and 3, p. 289. 

Still, however, as the most perfect contrivance of human art ia subject 
to accident, and ibe more delicate the machine the more liable is it to dis- 
artfrngeraent, from causes which we may not be able to control, it becomes 
highly desirable, in so important a matter as finding the place of a ship 
at sea, to be possessed of methods altogether beyond the influence of ter- 
restrial vicissitudes, and such methods the celestial motions alone can supply. 

The angular motion of the moon in her orbit is more rapid than that 
of any other celestial body, and suffidently great to render the portion of 
her path passed over in so short a time as two or three seconds, a measur- 
able quantity even with a small portable instrument (the neitsiit).f 

■ In computing the D's win I -diameter and partllu, aeeond difiereacea need not 
be naed, the coaseqneiit error being leea tbaa 0"-I. 

tTHE SEXTANT 
ii coDMmcled npan iba utne principles u tKe qiiudranl. It contiitt of ft gciidatud 
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It is obvious, therefore, that if the distance of the moon^s centre from 
any celestial body, in or near her path, be computed for any Greenwich 
time, and this distance be found the same as that given by actual obser- 
vation at any place, then the difference between the time of observing 

brazen arc of 60^, nambered double, however, for the same reason as in the quad- 
rant, or to 120^, called the limb, upon which moves a vernier attached to one end 
of an index, the other end of which is at the centre of the arc. Upon the latter, in 
a direction parallel with it, and perpendicular to the plane of the limb, is a mirror 
called the index glass, adjustable by three screws to perpendicularity with the plane 
of the limb. Opposite the index glass, and parallel with its plane when the index is 
at zero, i? another glass, half mirror and hnlf transparent, called the horizon glass. 
A small telescope parallel to the plane of the limb is placed before the horizon glass, 
and directed so as to look through the latter. 

There are three adjustments. 1. To make the index glaee perpendicular to the 
plane of the limb. This is done by moving forward the index to the middle of the 
limb, then looking with the naked eye into the index glass ; if the part of the limb 
seen by reflection appear in the same plane with the part seen direct, the index glass 
is perpendicular to the plane of the limb ; if not, it must be adjusted. 

2. To make the horizon glaea perpendicular to the plane of the limb. — The index 
glass having been adjusted, hold the instrument in a vertical po.sition, and bring the 
direct and reflected images of the same object to coincide ; if this can be done 
exactly, no adjustment is required, but if one image appear at the right or left of the 
other, the horizon glass must be adjusted by a screw or screws attached to it for the 
purpose. 

3. To make the axie of the telescope parallel to the plane of the limb. — Bring 
the images of two object^ wliich are more than 90^ apart, to coincide upon one of 
the parallel wires in the teloscopo, and then by turning the instrument in the hand a 
little, make the objects appear on the other wire. If the coincidence remains, the 
position of the tele^tcope is correct ; if not, it must be adjusted by the screws of the 
ring into which the telescope is screwed. N. B. There are usually two tele.'^cope.i 
accompanying the sextant, the one an inverting or astronomical telescope, and the 
other not. There is also a plane tube without glasses, and either of the three may 
be screwed into the same ring. 

There are darkening glasses to be wed in observing the sun, four near the index 
glass, and three before the object glass. They are red and green, of different shades. 
The latter color is particularly good to take off the glare of the moon. The paler 
one before the horizon glass may sometimes be used with advantage to take ofi* the 
glare of the horizon below the sun, occasioned by the reflection of that luminary 
from the small rippling waves. N. B. The parallelism of the purfaces of the 
darkening glasses should be tested by inverting them, and observing if the coincidence 
of objects be preserved. 

When the index stands at zero the direct and reflected images of the same object 
ought to coincide. If not, there is index error t the amount of which is determined by 
observing how far the index stands from zero when the direct and reflected images 
coincide. The best mode of determining the index error is hy measuring the diame- 
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the phenomenon and the time at Greenwich, when it was predicted to 
happen, will give the longitude of the place of ohtervatioiL Now, in ths 
Nautical Almanac the diatanoes of the moon from thf sun, and from 
several of the fixed stars near her path, are given for evatj three boon of 
apparent Greenwich time, and for several years to come, and the Green- 
wich time, corresponding to any intermediate distance, is obtainable hy 
simple proportion ; so that by means of the Nautical Almanac we may 
always determine the time at Greenwich when any distance observed at 
sea was taken.* (See Nautical Almanac, pp. XITT. to XVHL indoaive.) 
The distances inserted in the Nautical Almanac are the true angular 
distances between the centres of the bodies, the observer bdng considered 
as at the centre of the earth, and to the true distance therefore every 
observed distance must be reduced; it is this reduction which con- 
stitutes the trigonometrical difficulties of this problem. And it oonaiatB in 
clearing the lunar distance from the effects qf parallax and r^finacHom ; 
how to do this, it is now our business to explain. 

ter of the sun by moviDg the index both forwftid tixl bsckwaid, the Umb being 
gndaated a short disUoee behmd the tero for the purpose. Half this diflbrenee of 
the two meararee will be the index error. 

To measure an angle with the neztant, bring the two olgeetB, the line joining 
which subtends the angle, the one as seen direct, and the other by refleetion, to coin- 
cide, by holding the instrument so that the plane of the limb paasee through them, 
and moving the index forward ; the reading shown by the index will be the angle 
required. 

* The proportion would run thus : As the difference between two lunar distaneea 
given in the Almanac, the one greater, the other less than that observed with the 
sextant, is to 3 hours, so is the difierence between the distance observed with the 
sextant corrected for refraction, Slc, and one of those in the Aim., to the diflerence 
between the time of obi^ervation and the time given by the Almanac corresponding 
to the latter lunar diBtance. The Nautical Almanac gives the proportional loga- 
rithm of the quotient of the first term of the above proportion, divided by the eecond 
term which is constant, viz., three hours. If the distance between the moon and a 
star increai>ed or decreased uniformly, the Greenwich time corresponding to a giyea 
distance would be strictly correct ; but an inspection of the columns of proportional 
logarithms in the ephemcris, will show that this is not the case. A correction for 
second differences, or for the irregularity in the lunar distances, must therefore be 
applied. 

At page 602 of the Nautical Almanac for 1850 is given, besides the onlinary rule 
and an example under it, a full explanation of the method of empIo]ring a table 
contained in the Almanac for computing the correction on account of second difier- 
enoes in finding the Greenwich time. The theory of second difleiencee has been 
given ^Algebra, Ail. 235). At the scientific meeting in New Haven, August, ltJ5f> 
Prof Chauvenct of the U. S. Naval Academy presented improvements in the formule 
and tables for lunars, which it is to be hoped will be perfected and published. 
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Let 1PI, «, be the observed places 
of the moon and sun, or of the 
moon and a fixed star, and let m, 
8, be their true places, m will be 
above m, because the moon is 
depressed by paraUax more than 
it is elevated by refraction ; but 8 
will be below s^ because the sun 
is more elevated by refraction than 
it is depressed by parallax. Ob- 
servation gives the apparent dis- 
tance m$, and the apparent zenith 
distances zm, us : by applying the 

proper corrections to these latter, we also deduce the true zenith distances 
£11, zs, and with these data we are to determine the true distance, ms, by 

computation. 

Put d for the apparent distance.* 

D true distance. 

a, <f apparent altitudes.* 




A, A' 



true altitudes. 



Then in the triangle mzs we have (ArL 82), r being 1, 



cos D — sm A sm a , 
COB E =s : ;t 



and in the triangle mzs 



cos z s=s 



cos A cos A 



cos d — sin a sin o^ 
COS a cos a' 



hence, hr the determination of d, we have this equation, viz., 
cos D — sin A sin a' cos rf — sin a sin a' 



cos a cos a 



cos A cos a' 
from which we inunediately g^t 

008 B = (cos a — sin a sm a') ;+ sin a sm a 

^ cos a cos a' 

* In observing A with the sextuit, it is the neareflt point of the limb of the moon 
whiek M made to ooiaoide with the other beavenlf body» and in observing a with tho 
quadrant, it is the limb also which is made to coincide with the horizon ; so that d 
and a must be corrected for the semidiameter of the moon ; ainiilar remarks apply to 
the son, if he be the other heavenly body. 

t Observe that a and a' are the complements of nc and zs. 
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But 008 a oos a' — sin a sin a' = oos (a + a') Art 70 ; tnuttponng 
006 a 006 a', and sulntitatiDg the value of — sin a nn a' thus obtainad, 
we have 

006 </ + 006 (a + a') — ooe a oo6 a' , . . 

006 B = ^ ^- 006 A006A'+8inAamA' 

006 a 006 a' 

Dividing the last term of the numerator by the denominator, the 
quotient is — 1 ; then observing that — oo6 a oo6 a'+ an a ain a' s= 

— 006 (a + a') and that 006 cf + cos (a + a') = 2 oo6 1- (a + a' + <Q 
006 i (a+a' ^ d) Art 88, we have 



^ 2oo6i(a + a^+rf)co6i(a+a^^d)oo6AoogA^ ^^ 



006D 

006 a 006 a 



1. Suppose the apparent distance between the oentrea of the sun and 
moon to be 83^ 57' 83", the apparent altitude of the moon^s centre 2*!<^ 
84' 5'', the apparent altitude of the sun's centre 48^ 27' 32", tbe true 
altitude of the moon's centre 28^ 20' 48", and the true altitude of the 
sun's centre 48^ 26' 49" ; then we have 

d = 830 67' 33", a = 27° 34' 6", a' = 48° 27' 82" 
A = 280 20' 48", a' = 48° 26" 49' ; 

and the computation for d, by formula (1), is as follows: 

d 83° 67' 33'' 

a 27 34 6 ar. comp. cos 052339 

a' 48 27 32 ar. comp. cos 178383 

2)169 69 10 log. 2 801030 

^ sum 79 69 35 cos 9*239969 

i sum ^ d 3 67 68 cos 9*998969 

A 28 20 48 cos 9*944627 

a' 48 26 49 cos 9*821719 



(Reject 40 from index) 1*636926 = log. *d44292 + 

a + a' 76 47 37 nat cos •228460 

True distance 83° 20' 64" nat cos *115832 

Bv glancing at the formula (1), we see that 30 must be rejected from 
the sum of the above column of logarithms, to wit, 20 for the two ar. 
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oomp*. and 10 for r, which must be introduced into the denominator, in 
order to render the expression homogeneous, so that the logarithmic line 
resulting from the process is 9*536926. Now, as in the table of log. 
sines, log. cosines, <fec., the radius Ls supposed to be 10^^ of which the 
log. is 10, and in the table of natural sines, cosines, &c., the rad. is 1, of 
which the log. is ; it follows that when we wish to find, by help of a 
table of the logarithms of numbers, the natural trigonometrical line cor- 
responding to any logarithmic one, we must diminish this latter by 10, 
and enter the table with the remainder. Hence the sum of the foregoing 
column of logarithms must be dinunished by 40, and the remainder will 
be truly the logarithm of the natural number represented by the first term 
in the second number of the equation (1). If this natural number be 
less than nat cos (a + a'), which is to be subtracted from it, the remain- 
der will be negative, in which case d will be obtuse. 

variation of the compass. 

114. We shall conclude this part of our subject by briefly considering 
the methods of finding the variation of the compass, or the quantity by 
which the north point, as shown by the compass, varies easterly or 
westerly from the north point of the horizon. 

The solution of this problem merely requires that we find by computa- 
tion, or by some means independent of the compass, the hearing of a 
celestial object, that we observe the bearing by the compass, and then take 
the diflference of the two. The problem resolves itself, therefore, into 
two cases, the object whose bearing is sought being either in the horizon 
or above it : in the one case we have to compute its amplitude, and in 
the other its azimuth. 

The computation of the amplitude 
is simply determining the hypothe- 
nuso of a right angled triangle msn, of 
which one side is given, viz. the 
declination ns of the object, as also 
the angle opposite to it, viz. the 
colatitude m. The computation of 
the azimuth requires the solution 
of an oblique spherical triangle, 
the three sides being given to find 
an angle ; the three given sides 
are the colatitude pz, the zenith distance of the object zs, and its polar 




i: 



AL TEIOONOMBTRT 



ance ps, ana the azimutli beiiig 

metuured by the angle at the zeiutb z, 

poeiie tbe polar dUlAQi^e, thU is lb« 

_gle sought. We shaU give an eiam- 

ole in each of these casee of the 



1. In Januar;, 1830, at latitude 37° 

' N, the rising amplitiiHfi of AIHe- " 

«an W8I by tka cxmpBM* B, 28° SO* N. ; reqnirttd tha TiriatioB. 

iWn the Naatical Almanao, it iqqwKS that the declinaHcn <^ Ald*- 
Dann at the givea tune wm 16° 9' 8?" S^ thwefbre vnoe, by N'kpiw's 
nile,Bad. Xnudeo. mfaLainp, x«oslat,the<XHupnt«tio&te«iblbM»: 






vav 


Q'Uiftfi 


OM. latitude 2? 


86 


»*94}58 


m amplitude E. 18 


18 17 N. 


«'49l02 




80 ON. 




Variation 6 


11 43 





As the object is farther from the magnetic east than &om the true east, 
the magnetic east has therefore advanced towards the south, and there- 
fore the magnetic north towards the east ; hence the variation is 6° 11' 
43" E 

2. In latitude 43° 50' north, the true altitude of the sun's centre was 
220 2', the declination at the time was 10° IS' 3., and its raagnetio 
bearing 161° 32' Elast. Required the variation. 

■ The compan aniplitnda moM be taken wbea lbs apparaot altitoda of tha object 
■ eqiul to the depreauoQ of the hotiiOD. 
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•*8 polar distaDoe 100° 12' 
lin zenith distance 67 58 ar. oomp. 0*08294 
nn oolatitude 41 10 ar. oomp. 0*18161 



2)209 

i s. 104 

(i B. — zen. dist) 86 

Bin (i 8. — oolat) 68 


2C 
40 

42 . 
80 . 

40" . 
2 


. . 9*77648 
. . 9*96179 


Bin i azim. 69^ 25' 


2)19*94277 
. . 9*97138 







<^'8 true aamnth N. 138 51 20 K 
obfleryed azimuth N. 161 82 K 



Variation 22 40 40 West 

The variation is west, because the sun's observed distance from the 
north, measured easterly, being greater than its true distance, intimates 
that the north point of the compass has approached towards the west 

3. In latitude 48^ 20' north, the star Rigel was observed to set 9° 50' 
to the northward of the west point of the compass ; required the varia- 
tion, the declination of Rigel being b^ 25' S. 

Variation, 22© 38' West 
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A VERY portable and accurate instrument for the measurement of altitudes of the 
heavenly bodies Lb 

THE CIRCLE OF REFLECTION .• 

This instrument is constructed on the same principles as the sextant, the only dif- 
ference being that the circle, as its name imports, has a limb which is a complete cir- 
cumference, measuring on the doubling principle of optics already explained 72(P 
instead of 360o. 

By having two verniers 180^ apart, the instrument corrects its own eccentricity, 
and by having three, as in Troughton's construction, for error of figure and division, 
to some extent also. By reversing the face of the instrument the angle may be 
taken on what is called the off arc, that is, on the other side of the zero. This, by 
taking the mean, corrocis for index error, so that with three verniers six readings may 
be obtained for one angle. 

Dolland*8 circle has an inner movable circle, with a vernier upon it, in consequence 
of which it admit) uf the repenting process explained for tho theodolite, at p. I34Q. 

The horizon glass and telescope are attached firmly to the inner movable circle, 
which has a clamp screw and screw of slow motion. The index glass is attached to 
an arm which moves freely around the centre, and is unconnected with tho inner 
circle, telescope and horizon glass. This arm has a vernier and screw for clamping 
it to the outer circle, and a screw of slow motion. 

The repeating procc&s is conducted as follows: Place the zero of the vernier of 
the inner circle clamped accurately at 720*^ on tho outer, and move the free index 
carrying the other vernier forn'ard until the two objects are brought in contact, as in 
observing with the sextant. Leaving this index fast to the limb, unclamp the inner 
circle, which carries the telescope and horizon glai», and move it forward also, not 
merely by the same amount, which would bring back the horizon gloss to parallelism 
again with the index glass, but move it twice the angular distance necessary for this 
purpose ; the horizon glass will now be inclined to the index glass, just as much as 
when the free index was first moved forward to produce the contact of tho objects, 
but the inclination will be the other way. The contact may igtda be produced 
between the objects by the tangent screw of the inner circle, the telescope being 

* Angles in any plane may be observed with the Circle of Reflection as with the 
Sextant. 



vnted to the other olqect il tbft faet nf the ckclebe contlaned ooe wty.bat to tha 
Mme otyect if tlw faoe of the ciiclo be rerened. The reading now of the Teniier 
•ttkched lo the inner circle would be Iwieo the snglo belWMU the objects. If noi* 
Ih* fiee iodei bo nuived foiwnrd a dbunco equal to the snulo ixtlwron ihe object.-., 
the boiiioD and index slian will be puallel ij[tiD ; ud if it be mOTcd fonr«nl i^till 
liutbar br the mna uMonl. the (luNe oUl be tibial to Mcb othar, osmallr •> a* 
■M, and Ihs eoDtaol of tbe otgaot* nujr be made with llie aoraw of alow motioo 
ittacbed to the free index, tb« laoe of tbe circle being H ■! firit. A^ain, the inner 
sirsle ia to be mored forward aa before, OTer twice the angle between the object*, tbe 
&o« of lbs eircle being iaTerted, the teUeoope directed alwiya to one obiect, and iha 
eontaat made with (he ki«w of alow motion atCMhed to iba inner eirola. The pro- 
Mat above deaeribed ia to be rcf)eatod nntil the Temier of tbe ianer eirola approaahes 
Mar, or la a lltlla paM ibe 790 poM agak. "Aa reading at whiob il aumi*. dJTided 
lif twice Ibe nunber of timaa that tbe inner circle bM beeo mored forwaid, will sive 
ibe angle anbieikded bf the two objecta corrected for all erroca of dinnoD, oentering 
and obaerration. If Ihs angle belweeu tbe objscta be changing, aa ia often the cafe 
wMi eelwdal objaato, tba timas of eeeb eootaot of Ihs obitBt shonld ba noted. The 
nof tbelimSB,<UtlMHlb*aiunbarDf •oBlaoM, wiU bathe BMUttiiiM eones- 
adiat W the maa angU obttasd. m titmdj dsaoribed. Tbs Sextant and 
isflacting Circle an and fin taking altitndea on land, bf tbe aid of a baan of mar- 
M17, ealled an artifiaial koriaoa. Tba taleecopa ia pnaeoted to the tefleeted image 
■f Iba aan or other beaTeolr body, seao in Ihe hmmw;, and the angle betweea tbja 
and the aoD ki lbs heataiB meaamed b; mormg the index forward. TUa aogU will 
be double the iliilade of iha aun. 

The fallowing example of an observation of Ibe altitude of tbe >ud (or time will 

Olwenation with Repeating and Reflecting Ciids, and Box Chionamelar, of tbe 
son'a lower limb. 



" 30 00-6 




" 30 19 




" 30 43-5 




- 31 06.5 




Tiroes of coDlaoto, " 31 34-5 


1170 36' 10" Vernier reading. 


" 31 59-5 


720° 


" 33 15 
" 33 36 


10)837 36 10 


" 33 56*5 


3)83 45 37 


10)313 03 


41 53 48-5 


9*31-18"3 





Tht meu of the anglei being 41° 5Q' 4S"-S, and of Ihe limes, 3' 31- I8»3, the 
former ia tba apparent altitude at the ioBtant expreeeed bj the Utter, with no error 
of oxasalttDitT or gradnation, and a probabis srTor of obaervation ^ that which 
would bnve bean obtained wtthonl the repeating procea. 
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VARIOUS MODES OF DETERMINING LATITUDE. 

LATITUDE BT A SINGLE ALTITUDE. 

The data for this problem are the declination, the altitude, and the hour angle. 
We have thus three elements of the triangle sfz (p. 396), viz., sp, sz, and the angle 
r, known, to calculate a fourth. This method requires an accurate knowledge 
of the time. 

If the latitude be known nearly, which it generally is, by means of the dead 
reckoning, it may be accurately found as follows. From (7) of Art 72 we have 

cosA = l — Q Bin) i A (1) 

which substituted in the formula deduced at Ajt. 82, written thus 

COS a ^coB b cos 6 -|- sin 6 flin e cob a (9) 

gives by (8) of Ait. 70, 

cos a =: cos (6 — e) — 2sin68in e sin* ^ a (3) 

substituting in (3) the sides and angles of zps, calling the polar dist. w, the zenith 
dist. (, and the coUtitode X, that equation becomeB 

cos ^ = cos (r — X) — 2 sin jr am X sin' } f (4) 

But if (' denote the meridian zenith distance of the heavenly body 

J' = ±(,-X) (5) 

Hence (4) becomes 

cos ^ = cos i' — 2 sin r sin X sin* i r 
or, by transposition, 

cos (' = cos ^ 4- 2 sin « sin X sin* i r (6) 

the formula for use in which 

^' is meridian zenith dist. 

^ is observed zenith dist. 

* is polar distance of the object obBetred. 

X is the approximate colatitode. 

p is the hour angle. 

The use of formula (6) is facilitated by Table XXIII., commencing p. 154 of 
Bowditch'a Navigator, entitled log. rising, in which log. 2 sin* ^ p is calculated for 
every value of the hour angle f. To this it is only necessary to add the logarithms 
of tho sines of the polar distance and approximate colatitude, and we have the dif- 
ference between the observed and meridian altitudes, or the correction to be applied 
to the former to obtain tho latter, from which the latitude is calculated as at p. 280. 

A foimola may be derived from either of the forms (b) of Art. 86. Applied 
after clearing of fractions to the present triangle it becomes 

flin*iP8inrahiX=s8in ^ (;+ X— r) Bin ^ (^ + « — A) 
or from (5) above 

■n* i p Bin » Bin X sBin i (1+ {0 » i ((— CO 
Bin i (C — y) = sin* ) p sin r sin X eoBCc i (^4" {0 CO 



ItleniuiiB ( — f, tb* cnmiction fortht wnididisUnM, If In the 

.S menibi kIub of {' be uud. whicli would b* givm by the 

i« of the laiiloda. 



If lb* betieolr body be nMT Uw maridiu, F tod {—{'will b« Taiy Htull, wd 
mdl ■ToaiD pUoe of tbair uam, to whi^ tbaj us loailblr «qnU (7) 
■Mideitosf^f'in the naond member) 

*(f-i') = 4»"*>-ii"X'>oe~t' CB) 

bl whiob the raliie of ibe Gnt inambsr ia expra—ei ia Ismu of the ndini >■ nnitj, 

exprui it in Mcondi of are. iu Ttlae. m well •■ that of r moat be dhrided by 

o iiM td 1", whidb mar be ragaided aa the leogth of 1", fai tenna of ladna a* 

mitr. (8) ihna beeonea, auiking out at the aame tiate die oommoD botoi ' .- 

'~^ = 9"ST'''°'*' ****"*' **' 

I wbieh { — f i> eiprmed tn aeconda of an, aa ia alao r the hoar in^ If p 
noM (ha honr angle in time, I5p moat be anbatitnted tor r, and (9) beeonea 

The value of { — {' bt the aame atatjoD and atar being proportional to fi; if ii 
were calculated for a Tilne of p =; I", U migbt be found for any otber valae of p, 
by mulUplyiDg this by p< in minutea of lime. Table XXXlt. of Bowdi1ch-e Nbtj- 
gator conlaioa valuea of { — i' for p ^ I* for all latiiudea and all declinations Icm 
iban S4°, so thai enlering thia table with the declinalion of the star and proximate 
latitude of the alation m argumentB, the number taken from the table multiplied by 
ihe square of the hour angte. in minutes and decimaH of lime, which ie given in Tab. 
XXXIII. of Bowditch, for erery valae of p up to 13», will produce the correction 
to be applied to the observed altilade, to obtain the meridian altitude, 

{ — ;'may be calculated more accurately by moaue of a table (Tab. XXXVI.), 

adapted to formula ^9) above, in which -^ is equal to the vented sine of r, as may 
be seen by referring to (3) on p. 94, from which, using only two terms an account 
of the smallneas of r, we ha*e 

eoaF = l— 3..ve„r=I-cosr=^ 

Table XXXTI. gitee vera r and the arithmetical complement of the logatiihm of 
the do 1" i> 9'31M. 

H. B. The correelion { — {' ia aublractive fi^m ( the obaervcd zen. diet, to obtain 
(' the merid. isn. diet, or it ia additive lo Ibe obaerved altitude to obtain meridian 
altitude. 

If aeveral alliludee or zenith diatancea were observed near the meridian, and each 
ndnoed to the meridian by the above formula, the mean of the latitudes tlienoe 
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derired would be the troe latitade more nearly in proportion to the number of 
obeenrationB. 

But the mean of the valne^ for ( — <', obuined from (10), since for each the quan- 
tities entering into (10) are the same except p*, may be obtained by taking the mean 
of the values of p', and multiplying this by the constant factors. And if the mean 
of the values of ^ — ^' be subtracted from the mean of the values of ^, the same 
latitude will result as if the latitude were calculated for each observed zenith dis- 
tance, and the mean of all the latitudes taken, but with much less computation. 



Observed circum-meridian altitudes of ®'s lower limb, at head of Upper Mis- 
tigougiche Lake, latitude about 48^, July 24th, 1841, with Repeating and Reflecting 
Circle, Artificial Horizon, and Box Chronometer. 

sun's centre on the meridian BT chronometer at 11* 12«* 48**1*, BAROMETER 

28*9, thermometer 69. 

p«Tab.XXXin. Tab. XXXVI. 



Times of obs. 
11* 09 55*5 


Hour Angles, p. 
2» 52»*6 


10 31 


2 


17*1 


10 47 


2 


1 *1 


11 09 


1 


39*1 


11 30 


1 


18*1 


11 51*5 





56-6 


12 13*5 





34*6 


12 36*5 





11 -6 


12 53 





4*9 


13 11*5 





23 '4 


13 24 





35*9 


13 44 





55*9 



8**3 
5 *2 



4 
2 
1 









•1 

*7 
•7 
•9 
*3 
•0 
•0 
*1 
•4 



-9 



78 

50 

39 

26 

16 

8 

3 





1 

3 

8 



12)24 •6 12)232 



Vernier Reading 19° 26' 20'^ mean 2 •05 

^ — ^' forp= 1" in Iat.480,dec. 19°, Tabl^ XXXII. 2"*6 



19 



( — (' for mean of hour angles = product 



5"*3 



The times in the first column above are the instants of contact of the images as 
observed with the reflecting circle, according to the method described at p. 300. 

The numbers in the 2d column are obtained by subtracting those of the first from 
11* 12" 48**!, the time at which the sun is on the meridian. The numbers in the 
3d column are the squares of those in the 2d, expressed in minutes and tenths. The 
mean of the values of p' is 2'"*05, which, multiplied by 2''*6, the value of { — ^' 
lat. 48^ and dec. 19^, gives 5"*3, the correction required, by which the mean of 
the observed altitudes is to be increased, to produce the meridian altitude. 

The fourth column is for another mode of computation, the numbers in it being 

* This of course depends on the equation of time, and the error of the 
chronometer. 




48P »' k>i.«M 

19 U iDfl. «ca S>97S8 
Inilh DaL, 3» 1ft lo|. •owe 04116 
CooHunl" u-coloff. oa 9'3144 

The reading of Ibe Tamier el the eod of th* obserrBtioiia 19° 36' 90" was mfisr 
two complete rarolntlona of the circle ; tbenfote the whole ugle paaed owmr m 
4 b)P adding ihia to 1440° =tw>oa 730°, and the double altJUKle 1* obuined 
ding ihM b; twice the namber of time* (hat the inDai airele ha« been nof«d 
irward, or bf the whole number of oontaata of imagce, in this cue 13. 
190 X' 90" 
1440 



i3)14SD 


3G 90 


JJoabla altiude, 

AlHtode, 

Kwlactioo to Bl^ridiaii, 


191 
fiO 


37 11*7 
4S 3S-B5 

5*06 
15 4«'4 




61 


4 3741 

- 95M0 


DeclinatioD, 


61 
19 


4 f91 

10 47-3 


CoUtitude. 
LaUtude, 


41 

48 


53 ll'Gl 
6 45-39 



The following meibod of detemuning the latitude by means of three altitnda 
taken near ihe meridian, has been given by Mr. Liltrow, of Vienna. 

Lei A be the tint obaenred altitude corrected for dip, tefj-aetion, parallax, and aami- 

diameter, and T the time. 
A -]- n the seoond observed altitude, CDn«cted also, aad 
T 4* ' 'be correspond inR time. 
A + 0' tbe third altitude, and t + (' ibe time. 

l.«t a' be the meridian allitnde, and T-f-t'the corresponding lime. Tbea Ilia 
tarialions of the altitude near tbe meridian being aa the squares of the TariationB of 
diB lionr angle nearly, we have 

i'_A: i'_«::T't:{i'— ()i 

Br'« = (A'-A)(9r'r — (•) (1) 

Similarij' •'T" = (»' —A) (St'C — O 

a 9t'( — f ol'« — fl't* 



* For a table which gires (he value of the whole fraction in (9) and (10), ••• 



'b Table? and Formula, p. 64, Part III. 
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From (2) may be obtained the value of t', which added to t gives t -f* t', the 
time when the object observed was on the meridian, and from (3) may be obtained 
the value of a' — a, and by adding a, the value of a' the meridian altitude becomes 
known, from which the latitude is to be computed as at Art. 111. 



Determination of Latitude by an Altitude of the Pole Star out of the Meridian. 

Let F be the pole, z the zenith, and consequently rzthe meridian ; 
A the place of the pole i<tar at the time that its altitude a is 
observed. Denoting its polar distance fa by n-, drawing the arc 
AO perpendicular to rz, expressing fo by y, and the hour angle by 
p, in the right angled triangle fao, which may be regarded as 
piano from being so small, we have 

Ao ^= V sin p 

In the right angled triangle zao, za and zo are nearly equal ; 
denoting tiicir difierence by x, wo have zo = 90 — a — x, and by 
Napier's rules, 

cos ZA =. cos zo cos AG 

or, 

sin a =8iii (* + a) cos («- sin ;.) (1) 

But 

sin ( X -(- <i) = sin X cos a -|- cos x sin a sssin a -^x cos a (2) 

since cos x=^l, and sin x = x because x is so small. Abo [p. 94 (2)] 

cos (ir sin p) = 1 — i »» sin* p (3) 

Uniting (2) and (3), (1) becomes 

sin a =: (sin a -f" ' <^^^ ^) (1 — i «* ^P) 

Performing the multiplication indicated in the second member, and omitting the 
term ^ x:^ cos a sin p on accoont of the smallness of the quantities x, v, and p, 
we deduce 

X = ^ V* tan a sin* p 

But in the right angled triangle fao 

tAn y =: tan V coe p 
And (p. 94, note), 

tan r=:a'-|-| w* 

AlflOy (p. 96, note), 

f sstanf — i tanSf 
.•. f =s (» + 1 «*) COB p — J«»coiPp, or y = «eoe p-fi v'sin'p ce« p* 
omitting the powen of w higher than «•. 

* Since sin* p = 1 — cos" p. 
20 
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Janoting me mde reqnued bjr X, il ii ««id«il (see lecood nola, p. 3S3), thnt 

.-. X =o_, oo« p + i .» lu. a sin* p — K, cob J>) (r sin p)» (4) 

To have X in aeconds of nro wo tniut nibstitute for X, X <ia 1", and for •. 
w aia I". Thus 1,4) beconjes, ifier dividiag by <ia 1" 

>=■._, Co«p+i»nl".r'Wna on* p-lBm'l"C'CO.p)(-,BmpJ' (5) 
log. }sin l"= e-3845440 
log. t sin' l" = rS'B9i0a85 

FonnnU (5) » th«t upon which tha rule p. 619 of tho Naui. Aim. of 1850 a 
junded. Tlie irgument for the lirat cortectiao — w cob p, ia the fonnulB, of the 
ibeerteal illitaile, Dece«Bary (<> be applied to obtain ihe altitude of the pole eqoal to 
[he latitude of (be place, is Ihe aiderial liins, upon which p or the boiiT angle 
eTidontlji dopende, tho declinaliaa being regatdod aa conelaal. Tliere will be two 
arguments of the wcoiid ooiTBOlioii i •■ lao a an' p — ( (n ooa p) {» bid p)' to wil, the 
-'^erial lime and the altitude. The third correntioD is the ahoDge in the valne of the 
il, — I coa p, which alone la of eiifficloni magnitude to b« (eniilbly nflbeted by ibe 
onan^ in the right aEwcn^ion and duclinaliuii of tho pole alar. Denoting Ihe chsngee 

bf ia moA dl.tha ohaoge In — w eo« pocoadMMd bj the Ittur will •vidantly be 

sod thai occaaioDed by Ibe foninr da will be 

— ■ (C0« (p — da) — coa p) = — « sin da sin p = — nia sin 1' bid p 
aa will be Been by developing cos ( p — da), and making cob iji = 1 on accooot of tfaa 
■aiallneae of da. Or Ihe above eiprenion may be written 

5380 X 0-OD0073 di aia p = 0-4 dt so p 
The third correctioD is gometimes positive, sometimes negative, but always leas 
than 1', and iherefore 

1' -|- the third correclioD, 

which ia Ihe qaintity given in the table in the Naui, Aim., IB always pontiTe, and 
heocB the neceatdty of subtracting 1 ' according to the rule giien in thai work,* 
It employed for meaBoring altilndas in a filed observatory ir 



BO callaa'becanae il is sustained againet a wait about four feet Ihick, and wide and 

■ Ths above melhod of finding the latitude is so convenient as to be worthy of 
particular alteation. It is nol confined to any precise hour, as is the esse with 
meridian altitudes, but may be employed during the whole night, whenever ihe pole 
■tar is visible. Ad officer of the British Navy has, by means of il and a quadrant with 
1 spirit level attached, thehorizon being iaviaible, been able to run his frigate boldly up 
the English Chaacel, at the rale of eleven knots an hour, in a dark squally night, 
which allowed only occaaonal glimpaea of the pels star between flying cloud*. 

Captain Porter, U.8.N., ia in tha habit of nmning his staamH along ihtt Florida 
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high enough to allow ample space for the circle, which is u.9ually five or six feet 
in diameter. The graduation is not where it usually is, but upon the outer rim, 
the surface of which is normal to the plane of the circle. The degrees run 
from zero to 360. Exterior to the circle, and fastened against the wall, are 
six microscopes, pointing towards the centre of the circle for reading the gra- 
duated rim. They are placed at equal distances, viz. 60^ apart. The circle turns 
round past these microscopes, which are stationary, upon a very strong axis, 
fastened solidly to one side of the circle at the centre, where the axis is about six 
inches thick. This axis passes entirely through the stone wall, tapering to about 
three inches or less at the other side of the wall. Against this small end of the 
axis, screws work both laterally and vertically, by means of which the circle is 
adjusted to the plane of the meridian. This adjustment is efiected by the aid of 
what is called a ghost apparatus. Before describing this it will be necessary to 
mention that the telescope of the instrument is attached firmly to the outer face of 
the circle, in the direction of the diameter, to which it is equal in length, and turns 
with the circle on its axis. The ghost apparatus consists of two small microscopes, 
placed one at each end of the telescope, on the outside of its tube, and pointing hori- 
zontnlly and parallel to the plane of the circle, when the telescope is vertical. From 
a bracket at the top of the wall, moving outward and inward by a screw, is suspended a 
plumb line, which passes down directly before the object glasses of the microscopes, 
between them and a small mother of pearl disc, on which is a black spot, called a 
ghost, which is brought exactly on the line of vision of the microscopes, so as to be 
covered by the plumb line. This being done, if now the plumb line be moved out 
by means of the screw in the bracket, so as to clear everything, and the telescope 
be reversed by turning the circle 180o on its axis, then, if the plumb line, when 
brought back to cover one of the ghosts covers also the black spot in the other, 
the axis of the circle is horizontal. If not, half the correction must be made by the 
adjusting screws of the axis at the rear of the wall, and the other half by moving 
one of the ghosts. This latter movement is effected by turning on its axis the tube 
containing the mother of pearl disc, which tube is in the prolongation of the tube 
of the miaroscope, the connexion between them being broken, to permit the plumb 
line to pass in. The black spot of the g^ost is at one side of the cetitre of the 
in(»thcr of pearl di.^c, so that as the tube containing the disc turns, the black spot i& 
carried from side to side, through a small space, sufficient to bring it into coincidence 
with the plumb line, the latter remaining stationary, and covering the black spot of 
the other ghost. 

The process above described must be repeated till the plumb line coincides with 
the black spot of the ghosts in both positions of the telescope. 

The rationale of this adjustment may be made 
evident by the following diagram. 

Suppose the plane of the diagram to be a 
vertical plane through the centre of the mural 
circle, and perpendicular to its plane ; ab its 
section with the plane of the circle, cd perpen- 
dicular to a6, the axis on which the circle turns, 
ae the fint positioQ of the plmnb line coin- 




ArrBKStx V. 

itf «>1lli lliii I . HpiiU na ill* elicnu a «iiJ fi. Whan tlut MlawDpit W rnvmnl bf 

luiiiloH Uic lUrelu >« lU Ml* ai, ihi> glitwi ( wlil uk* Ibo putliloa /, inA ibo sbdsl <■ 

wjl ti'OK li i, BDii tU» [ilumli Ijuo nuiwuilcd from / will In la tli* duecUoo ft 

Th« l-iwiir tYuvl i will iliiw ba ih* wli<il« diHaiira t|r nvray rruni iba iilumli iiiK _tt- 

\it\{ \\ta cotTocuoa iioM«Fy to htatg ii inio colncldeacc wiib ilu plomb lius, arau 

KTbl'in ^T oiulr by lawvniic llw und e of Ihc iiw, wbidi i* finoly fixed lo ilie 

iLte ai, ull llw puwl i couya In r,* wliigli will mcii1«f Ikw ui* rd huriBaiiI»l. Bud 

I uiW half by movlns (, now at «, lo x, or ib« gliMi /, togoiltei wUh Urn 

tj.uii]ij l^iik', lu a. Tin uia <d » iluu nudo twnionl>t. ■nJ ttac Diivli- aft vrniual 

t lui.ni difRciill lu pi.-inliea h> Iowa', die poiiil c jiu« nnuuitb '" inalie half ihv <:ai- 

^<J1l wliicn wijalJ traAn ed honxaiiul. the proccH hi) lo be repealed. EailIi 

I will briiiB ilia aula iicariit to lliv huriiontil poaJtlon rctiuu«d. «o luuit aa otilr 

l»ii of ihn MnvDiJun uvciHMrf lo lirinit th* (jhiwH Uitu aliiiii>n™t i^ilii tli» |>lunili 

in nniJa by llw moUan of ilw polal « of Iha axis ed. by nuwns of tba sci«wa 

_ cli wutK ajtatait tlua pulot. 

'l'\..: Lia bant I'll" tuiiJe»il Imilioiilal, Iht iimiiunnnl may 1>« collimstuit hy di>: 

mi'lii'iil diT4nl~il ol p US. aTiil n»y U< ndju-lcd lo llm iiH^rldUui, or tis .)<niallti<: 

tliH RiarltliMi JMrnnluioi by t)>* uidlioi] uf bl^h lod law (Ian, piaa al p. 1ST. 

I mcauitc the polat dMatiev ol' a -Amt wilb lliln lii-Uuuiml, iha mtduiK miui \m 

afeen w indicab-d by uo uiJv^ ta polaiar, faatiaiod lo Iha wall a litile uuiiiidv 

^ Jit» ciiwl*! whan itw tclcacopc ijoiiila to the polo of the hoaveua, and aftorwaida 

lakiin WHon the ipltjat^oiw puiiil* lu tliu ata>, 1I14 aireln liatiiig Iwni moved on \ti axis 

paat tlw litdna, whieh imiBliui rlutionar?. The iJlII!;rsauti ln-IwEnii lliuav |tra reniliiigs 

Will ha the polar dlrtance of Iha kiit. 

Tlio lirhl <>!' llie alwvp iii.-iiliunt^J rvuding' is ciil]«d ilie polar zero of the instnuneat. 
It m;iy be found by taking the rcading-i wjih Ihe 1i?lcn;npe poiiiiJDg lo a circumpular 
tt.ir. nt both it* ."iijieriiir and inli-tior transits. Thu middle point between ifaese 
Kndma' or half lltotr ~iini will be tiic polar zero. 

In lakitie the <ib:^'rvBlii>n the tiurizaiiliil wite in the aiia f\i Ihu lelc.~.cope b made 
I'l lliread [he i-Iar wiili iireBI einciituda. This win.' does not require collimaling, 
but iho veitieul wire.-' do, fur tlie rea-on auteil nt p. 160. 

Bach dfgri'e of the uriiduiilcd limb is divided inIo li^ivei and quarters, or 15': 
theti: .ijjiii into 3 |>'irlii. '>r A' ppHi'i'-. The rt'ading of tliv di.-gr,>i' is taken by the 
inde.i or poiuler alHive ineiitioniil, tin: minutes and seconds with one of ihe tniero- 
Bcopc ■, mid llii! -^-UDii'l.' with :ill fix iiiiiToJWOiK;-', tlio mean of the seconds ^ven by llie 
wh^ilfTiix bpin^ Ihrnum'-T uf 11:1 iiid- adopted. Tlie ConslruvUon and modeof n^ing 
liie-.e mioro^ec-'pcs niiifi n^m- l»- deHcribed. The wires of one of iIib.-* loiuroacope.-. 
whii'li ure of the lincM spider's web, crosB enoh other at a very acute angle, wnb a 
horijir^ulul liuc, and Hre placid in a frsiiH; ni the lube ot ihi^ microscope ai the focua of 
il- iibject kIh" Thisfruine is movable up and down, by means of a screw placed 
under the tube of the mii.-[0-cope. and working into it. A single turn of the ecrew 

Nrew head is made large, nnd ils circumference divided into 60 pans, so that ihe 

<n being about Ihe point d, a moving 
De distance lo the right. 
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Dumber of tunis arid fr.-n'liun.' of a ti'rn of the ^rwv/ nec('^.-ary to brini; the 
wires to one of tlic (livuliii^ Hnirs of the 5' s|);u-»"» will sht>w how iiiuiiy minutes 
and secondrj the i[iterE><.*etion of thti wires stood pu.st thin division. To aave 
the trouble of counting the nuiuber of Uirn.s of the screw, a notched *K:a!c is pluec^i 
verticully u littl«,' on one side, at the focuw ol' the niiorosco|H', so ai^ to be ma^iiiJied 
jy its oy«'-i;jlHs8. A pin, which poiulsi horizontally pa.-t the sscalo, t«»wanitf tlie 
interjection of tlic wires of tlie micro.-^copc, moverf over one notch at eacii turn of 
the forew. The /.cro of the notched scale at which the pin ougiit to stantl at the 
oomnienc«*m«'nt of the ob«<-rvation, is marked by a hole at tin- middh- of the 
i?cale. 

To recapitulate, the reading of the degree.-*, miinites, and seconds will be taken af» 
follow:^! : the degree.-- by the index or pointer, then lookinj^ into tla- microscope, the 
det;ic«*. near»'<-t which t!ie pointer sriand?* will be reco;j:ni.red by a round indrnlalion in 
ilie niL-tal, near a lonu; dividing line ; the half degree is marko<l by a dividing Ime of 
the name lengtli, without any indenlalion ; the quarter degrct- by a c-horter lin«'. and 
the 5' spaces, of which there are liiree in each quarter degree, by shorter lintH j^tlll. Tf 
the intersection of the wires stand exactly upon one of thcsj dividing hras, the 
reading will be so many degree:>, halves, quarters, and five minutes ; but if the inter- 
section of the wires of the microscope be a little past one of the dividing lines on 
the limb, the intersection mur>t be brought back to the dividing line by turning the 
screw which moves the frame; containing the wires. The fiumber of turn- of the 
screw neco>sary for this purpose, hidicatvd by the numl>er of notches pas-^ed over on 
the scale by the pin within, will be so many additional minutes to beaddi'd to the 
reading as it now stands, and the seconds will be obtained from the screw head by 
noting at what numbers upon it its index stands. 

The mural being used in the same observatory ordinarily with a transit instrufneni, 
by observing the time of transit of the star over the wires of the nuiral, and com- 
paring the result with the transit observation corrected as explained under the head 
of tliat instrument, the hour angle of the star when it crosses the imaginary middle 
wire will be known ; or it can be computed from a high and low star ob.-erved 
with the mural itself, as explained for the tran-^it instrument. From this hour angle 
the error in the observed altitude of the star arising from the deviation of the 
instrument from the meridian, may be obtained as follows : 

REDUCTION TO .MKR1I)[AN OF AS OBSLRVATION MADE WITH THE MURAL CIRCLE. 

Let tlie full circle be the meridian of the 
station, s'ss" the diurnal path de^scrilKMl by 
the star under observation, ?/is the are of a 
great circle ot which the h<»rizontal wire is a 
portion, s the place of the star when ob.«crved. 
Then in the triaiiiile .msp, right angled .it m. 
('since the meridian is a vertical circle; 



I'os p:=tan pm • cot. i-s = • -- 



>;ii vm cos I's 
L".- I'l'i '^iu rs 
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Bnt 1— eaars3rini{l r), Me (8) Ait 79. 

Sinaan^i*', H ^Mtnty bbuI;, irtMBoa ts — rwcai'n, aoddM boor aafb 
in' ii gNMnllr *wr mudl. 

a'M3S«dMtioii = iilaSn,T*ui 1" 
ieh h virnaad in ara. To»pn« It in tiiiieiiukaF = 19 p. wImom 

Reduclion = ^ sin 2 rs p' Bin 1" = 6^56974 an 2 n p* 

^hich p ii the hour nngla Id wcohiIb of tiioe, and n tbe pnlir diitaace of llis 

"Hie sonKtJoi] oi loduciion does aox become of Any e«n«iblQ magnitiulf, lil) 

hour BDgle exceeds 5 jeconda. The correction or reduclion to alwsya to 

oddnl to the appFireal polar distince, it the KM has a n.r. difilnnee ieae than 90^, 

U.UI aubtracled if greater than 90°. Tfaia mty be seon from (he diatom, and ttiU 

belter on ii i;lohi> ; the crreni circio of which ihe horimntal wire is a portion, 

iaieraecting the meridian n. of tbe dinnial circle of ibe aur. wbeo iu N.r.D. ig leas 

ttiln 90°, and a. when it ia greater. 

Instead of the polar leru, a horiionla! lero haa been more eoramonty useil. Il ia 
oblained by taking Ihe reading with tbe horizontal wire bisecting the alar, as Been 
direct on one night, and as seen by refleiion from mercury on tbe following night ; 
half the difference of ibe two readings wilt be Ibe meridian aitiiuda of th« star, from 
wliich and Ihe latitude ibe polar dial, or declinaiioii may be obtained aa explained at 
p. 150. Within a few fears past a third zero, which may bo called the nadir zero, has 
been employed. This ia obtained by means of a colbmaliug eyepiece and baain of 
mercury, placed under the abject glass of tbe teleaoope, turned vertically downifBrd. 
aa described at p. 161, note. When the direct image of tbe horizontal wire coincides 
with thai seen by reflexion, tbe reading will be tbe nadir zero, and the diflwence 
between this and the reading when Ihe telescope poinla to a alar croasing the meri- 
dian, will be ihe distance of ihe star from Iho nadir, whteh ia (he aapplemaot of ila 

■ See (7) An. 70. 

* Tbe sine of a Tery amall arc differa ineensibly in length from ibe arc itaalf, aiiil 
ita Talse may be found by mulliplying the sin of 1", taken from ihe tablea, bjr tbe 
number of aeconda in the arc. Thi^ serves lo eipreaa tbe length of Ihe ara in tbe 
name ternii as Ihe. radius, sine, cooine, Sec, are ozpieaaid, «o Ihal Ibeaa qoanliliea can 
enter tbe ume formula, 

I See foini. (11 Art 71. 
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zenith disUnce, from which the polar dist. or dec. maj be obtamed, as alreadj 
explained.* 

* The circle and transit instrument are combined in one, in the German obeenra* 
toricB. The inatrament which results is called a tranaii cireU or meridian etreU^ 
Both observations, to wit, that for the right ascension and that for the decimation of 
the object, are taken simultaneonaly. 

TXIAL MRHOD OF inTnMIlfIH» BOTH LATITUDB AKD TIMS. 

t 

Supposing neither the chronometer error nor the latitude to be exactly known, but 
the altitudes of two stars a and b, differing 90<) in azimuth be observed, and assunoe 
successively two trial latitudes, computing the chronometer error by each latitude, 
and by the altitude of each of the stars. Suppose the first assumed latitude for 
example to be 45^ 15', and the resulting chronometer error by star a to be 4Gi*2, and by 
star B, 50*2 ; the discordance is 4". Suppose the second assumed latitude to be 45Q 
95', and the resulting chronometer error by a to be 53"*4, by b 37**4 ; the discord now is 
16b the opposite way. Then 10' of latitude has changed the discord 20" ; therefore 
a change of H' of latitude will remove the first discord of 4>, and the latitude is 
therefore 45^ 17' ; and since 10' altered the error by 4 7'*2, and by b ld**8, 2' will 
alter the former by ]*«44, and the latter by 2^56, and both agree in giving the error 
47-64. 



PART VI. 



GEODESY. 



PART VI. 



GEODESY. 



% 

Geodesy is a higher kind of surveying, which takes into account the 
curvature of the earth's surface. It has for its object to determine, with 
the utmost possible accuracy, the geographical positions of points on the 
earth^s surface by the process of triangulation already repeatedly described 
in tliis work, but requiring for the present purpose certain modifications, 
which it will be the object of the following pages to unfold. 

The triangles composing the chain best fulfil their destination when the 
largest possible, and nearly equilateral. The sides are ordinarily from ten 
to fifty miles, and limited only by the want of distinct vision with the 
instruments, or interruptions firofh the nature of the ground. The primary 
chain being finished, a secondary chain of smaller triangles, having their 
vertices within the larger, is surveyed, and a still smaller chain of tertiary 
triangles. A great number of small bases and points of reference are 
thus determined, from which the surveys with the plane table or compass 
may originate, to complete the map in all its details. One of the chief 
problems, after the triangulation is finished, is the determination of the 
difference of latitude and longitude between the vertices of the triangles, 
so that when the absolute latitude and longitude of some of the vertices 
shall have been determined by astronomical observations, that of all the 
others may be known by differentiation. Previous to the explanation of 
the method employed for this purpose, it will be necessary to give some 
account of the mode of conducting the triangulation and, first, of the 

MEASUREMENT OF BASES. 

The measured base, from which the triangulation oommenoes, should be 
selected upon ground which will admit of its extending several miles. 
Its length should be ascertained with the greatest care, and for this pur- 
pose it has been customary to use metallic rods, allowing for their expan- 
sion and contraction from changes of temperature, the amount of which 



b«en previuustf dpterminod by experiment, iiith a UiertDOiDtAer 
w]iicb yfM nlwnya olivcrveil when making liie. ini'iisurcin(--nts.* For 
greater accMncj in ptadn^ tLe enil» of the rodx togt:^ier, an opticnl con- 
tact him heeu em]iIoyt'd. This w pmduc^d by ]>Jacliip hurisontalfy upon 
trwanlfc ihi' rods, one a little above, and it« cnJ iiroj.-ctiiig over Umt of 
the next, h not«h boitig cut oul of the ends of tin- rl^d^ acro«s wliifJi a 
threiid is hoHiont«Ily strrtclicd; a mtcriBcope $iipi>nrli-d on n etund, from 
irhivh an arm huIJiu;^ the niJcrot<co|>e pmjectn over the oDdit of thu ro<lt, 
BO that the microscope can be plaoed vertically ovnr the threads, liMiliiiig 
down upoo them ; tie rods are then moved by screw* in iJie treascls, till 
the threadn aro aei>n to coinnda in the microscogw, or till each eoincidrs 

th a mark on the staud below. The optical oontnct i* timn complete. 

The best ftmc apporntiu now in exUtence, protiably, is that employed 
Upon the coast ourvey of the {Jnited Statea, and of thi» we chall nttFiiipt 
a more particular dim'ription. It in made self-adjiMtiug under cliaogEa 

teniper»tur«. 'I'fac mea^nriu^ rod« consiHt each of two bara, the one 

ve the other ; the loner of bras* and the ujiper of iron, which \a Inu 

itnsible. The h«o bare are ctmnecU-d fimily by a cr<wn-]iii«e ut one 

nd, but allowed each to expand freely, being iiDcomii»cted at the other, al 

which, however, there is a short lever of the second order placed vertically, 

haviiij; it.^ fiil.ri.m or exth'mih- at. tl nJ of iIk- Iiuv.t b:ir, on «hioh it 

works as a hing^e, and ita pdnt of reei«tance at the end of tlie upper bar, 
the lever continuing above this, and having the power applied horizontally 
to its upper end, through n steel rod, which projects horizontally from the 
next measuring rod, above which it is sustained by a short support. The 
contact between this steel rod and the upper end of the lever is that of a 
blunt knife edge gainst a plane of agate. The other end of the steel 
rod works freely ^^iitst the lower end of a very short vertical le\er of 
the first order, the upper end of which sujiporls a sjiirit level. The end 
of tlie spirit level farthest fn>m the steel rod has a tendency to fnll, occii- 
sioned by a counterpoise weight, which projects from it, bnt this is pre- 
vented by pressure of the steel rod against the lower end of the short 
lever, on the top of which the spirit level rests. This dellcati' mode 
of contact, first siii;rgested by Bessel, d-pend* on the sensibility 
of the spirit level.t The tres^ls on which liie rods rest, at t«o 

• For each degree of the eentJgrada Ihermometer, pinlina expands 0'0000nS565 
of iu dimeorions in pvt-ry ditectiun, iron l)'00«010GG6, and htam 0-000017643, 
For |o Kah. (he eipansion is for bran. 0- 0000 1050903. iron 0-000006963535. 

t The efieol of this nrrsngeinont Is evidenl ; Ihe whole rod, composed nf liie two 
bars, leagtheni by the eflecl of heat, but the lower more ihsa the upper bar, to ihal 
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points uiily, are stioni^ly tr-ussed, and ilieir upjHjr parts at least metallic, 
and admit, by means of screws, of the various motions required in placing 
tho apparatus. In me;isuring tlni base line, the measuring rods need not 
be j»laee«l exactly in a Jjorizontjd jmsitiou, but the measure they give can 
easily hi reduced to a huiiznntal one, ii" only the iucliuation ol" the rod to 
the horizon \)^ kn<.>Mn*. 

The Contrivance to indicate this ctonsisb* of a sector, the plane of which 
i:^ vertical, attiiched to the rods and grfwluated ; a briuss radius of this 
K'ctor, moving alnnit its centre, and sujjportini; a spirit level, st-inds at the 
zero of the sector when the rod and sj»irit level are both horizontal. 
When the rod is inclined, the numb^T of degrees jiassed over on the sec- 
tor, in making the spirit level horizontal, shows the inclination of the rod. 

the iippiif end of the vcrtii'sil lover, which makes the contact, is thrown back. Tho 
ratio of the lengtli of tiie aims of tlie lever will depend on the ratio of expaTieihUity 
of bra-? and iron. 

• The formula would l>e evidently 

n = / cos a 

n beiim the hoiizontal nieacure reijuired, / the oblijjue meamiro given by the apparatus, 
and a it-* inclination sh(*wn by the ^^eotor. Hut a being very small, it is better to 
compute the correction / — b to be subtracted from / to obtain b. It i^ 

/ (1 __co.- a; =5 /h!.^ a a = i / aV<:Ti 1'. 
or, 

/ — B = •••0wii(llH»04231 o" / 
or, 

log. (/ — B) rirli'fir'JG.t-J-J-f- :2 lo^'. a -|- log. /. 

a \h'\x\z very small. In practice it !•< cu.-tomary to tabulate thi.-* formula. 

The bapc must next be reduced to the level of the neighboring sea. Let p be the 
radiu«< of the earth (or bettor the nomial) for the level of the sea '^ p~\- h the radius 
for tile level of the base, h l'ein<; the mean height of the ground on wliich the base 
is measured above tho level of tho H^'a, and h the reducod h:ire. 

Then, since simdnr arcs are ii:^ tli<:ir radii, we have 

B p+ h Bfl p bA / A \— I 

r = - .. B — « = - — 

b p p^ 



--= ^- ="/l+M' 



Developing the last exprecisioa by the binominal formula 

bA A» A3 . 

B — 6 = — B-. + B - Ac. 

p p-^ (fl 

Which is the correction, always subtractive. 

But p being very great in comparison of A, it is sufficient for all oidinaiy T«lues 

of B to take 

bA 
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The horixontal alignmeDt is made by means of a small transit, altitude, 
and azimuth instrmnent, or theodolite, and pickets with cards of paste- 
board in their tops, placed along the line. The telescope of the instru- 
ment is directed to the distant extremity of the base, and then brought 
down on its horizontal or supporting axis, to indicate the proper position 
of each picket The correctness of the ratio of the length of the arms 
of the yertical lever, to prevent changes in the distances between the con- 
tacts from changes of temperature, is tested by a pyrometer, invented by Mr. 
Sazton, of the Coast Survey. The rod is placed level upon two marble 
piers, sunk in the ground, which support its ends. The rod is then sub- 
jected to changes of temperature, artificially created, and being prevented 
from expanding in one direction by an upright stancheon, against which it 
abuts, its expansion, if any, in the opposite direction, acts against the vertical 
axis of a small plane mirror, giving the mirror an angular rotation about its 
vertical axis, the plane of the mirror always continuing vertical. At the 
opposite side of the room is a telescope placed horizontally on a pier, and 
directed to this mirror, and directly under the object glass of the telesco^H^, 
is a horizontal scale of three feet in length, the divisions of which are ^ 
of an inch. The movement of one of these divisions over the vertical 
wire of the telescope, occasioned by a motion of the small mirror in which 
it is reflected, corresponds to a change in length of the rod of ^^^^^ of an 
inch. The distance of the piers, which is liable to change, by hygrometric 
changes, is tested by a standard bar at the temperature of freezing. The 
standard bar is compared with a bar from France, the only one in the 
country. Its length is an exact French metre, which is the ten miliionlh 
part of a quarter of the meridian, the value of which in units already in 
use has been found by means of two measured degrees in distant 
latitudes. (See Appendix VL p. 368.) 

A bar of brass and iron exposed to the same temperature will not heat 
equally in equal times ; this is well known to depend upon the difierent 
conducting powers of the two metals, their different specific heats, and the 
different powers of their surfiEuies to absorb heat. The bars, then, if of 
equal sections, when the temperature is rising or falling, will not have the 
same temperature, and the system is not compensating. By adapting the 
sections according to rules deduced, partly by theory and partly by experi- 
ment, a small residual quantity remains to be corrected, which is detected 
only by the deUcate tests of the Saxon pyrometer, or the lever of contact 
and level of Bessel. This correction is made by applying a covering 
more absorbent of heat to one bar than to the other. 

The rods are surrounded by a tin covering, and of about twenty 
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feet (six metres) in length, the whole being easily transported by four 
men. 

TO REDUCE A BROKEN BABE TO A STRAIGHT LINE. 

Let a and h be the given sides, and o the included angle, which is 
nearly I8O0. Put = 180° — &* The formula is 

—1 
c=za'\'h — log. (2»6264222 + log. a + log. 6 + ar. co. log. (a + b) 

+ 2 log. 4.) 

The angles of the triangle of the great or primary chain are observed 
in England and this country with an instrument called 

THE GREAT THEODOLITE. 

That employed on the Coast Survey of the United States was made by 
Troughton and Simros, of London, under the direction of the late Mr. 
Hasler. It consists of a horizontal limb tliirtv inches in diameter, made 
narrow and light, with a vertical rim below, to strengthen it, supported by 
conical arms from beneath a central drum, upon which the telescope is 
mounted on pillars, as in the transit instrument. The telescope is of four 
feet focal length. The limb is graduated to 5' sp)aces, and numbered to 
360°. Three reading microscopes, reading to single seconds at intervals 
of 120°, are sustained above the limb, by horizontal arms projecting from 
the central drum. Three of the six horizontal arms which support the limb 
extend beyond the limb, and are provided with foot screws, upon which 
the instrument rests, on short pillars or legs, which fit each into one of 
three holes 120° apart, in a wooden frame strongly trussed. 

The method of observing is as follows. The instrument is directed to 
the signal at one of the distant vertices of the triangle whose angles are 
to be measured, upon which the middle vertical wire is adjusted with 
great accuracy, and the reading taken by the three microscopes, the degrees 
for only one of them. The telescope is then inverted by turning it on its 
horizontal or supporting axis, and the instrument turned on its vertical axis 
180°, till the middle vertical wire again coincides with the signal, 
when the reading of the three microscopes is again taken. The legs 

* 9 being very small, the formula preceding (2) Art. 21, App. I., putting for sin f 
its value in (1), becomes, putting sin ^ 9 or ^ 9 for its equal oos i c, neglecting 9^, (S«^ 

flfc9« 

e = a4-& — A sin* 1' — r— r 
' ** a-\-b 

ah 
— o -f- 6 — 0-00000004231 --7-1^* 

Whence the formula in the text, in which 9 is expressed in m'nntes 



Bu h\ h tli« holm of Uiv nixyloii rrsmsy wliieb cbwigaB liia 

uiitiim ol Ui>- Jimh 120"^, hu') tho same operaUon ftone tbrtiugh •■ 
"fiirf, ami mt on.* Km Ui^ra aw Hiroo hole* C)r (io Ipjp, Ui« wUok- num- 
U-' I)'' rrik(lin|p Oil ■ sia^U aignal will thus nmount to IS.tlin ln<li»criiD)- 
lul/' in«Mi or wliioli will iaroko h comiJi'niuitioii fur all io^itru ineatal 
■ror».t 

KminnncM nra iwn.illy «hrjiir>i), aD<l. if poMibl», such » U> pannit tbe 
i^itte, wliicli «erv'<^ to inark tlte »l«tions. beinj; vettn iigMnvt lIid sky. A 
"H- •mall ohjtrt in thiw m*](i visiblp »t !» Tory great iJiAtaiico. 

t'ormHneni moDumonte of masonrf or potteiy ma •unW b>>luw- the eur- 

hfw of'tliH ground hr iwough Iji be uodiittirbed by plongbing, with ao 

I I in th« t'>p. in which to insert n ^i^nal staff. Tbe top of ihia stalf 

*(■ <wiine nbJMt lo vrliich the telesoope is directed. Spheres made 

toop^, cnvnTpd with vhit« tiinslio, have been found to antwef 

I QUiiioiu P!^ont, being viiible fifty miles, but xuA mo w«U 

I iw Tmnntl", hik! n»ar the wa. Tin cona* of an angle ad^l«d Ui 

r-'ttiwl HdvinitAi^eously tho ligbt of the iDommi- and eveuing suii, irere 

ii."'I hv Mr, HwtiT. wlio iiiv<>s (Trnns. Am. Pbil. S.,'„ IS2.5), tbe mode 

iif rMui'lnij; in a simple manner the observation to the axis of tbe cone, 

n reiliictiijii d'>|>eni]ing an the relative position of tbe cone ta the sun and 

I hi- ob.wrver.J Steeples, circular or polygonal towers, windmilk, &c^ 

;..i-..' Ih-cn employed, and the iiictbodB of correcting the observations upon 

til'-' aifl gii'en bv Puissnnt§ At night, signals have been used formed of 

■ This in for lbs purpose of mauuring the same angle upoo diflerent parts of the 

t Thi; t'rench emplar a largo ropeating circle, with whirh the anglea are obeerve^l. 
in uUlique plauis, passiag through Ihe objects and the efc. These require to be 
i^iluced (0 the horizon by methods given by PuinaDi (Traill tie Geodesie). Tha 
iheoiloUtc employeil on tlie Conn Snrvef , besidsB the 30 inch, are one of 34 inches, 
and one of 18 inches, by Troughton and Simin<, and it nmnber of 14, J2, 10, and 6 
inch repeatini; circle? by Troughtan and Simm?, and Gambey, of Paris. 
t A formula easily deduciblo from Huilor'i is 
r cos J I 
Correction in MCOads^± . -■ :. ■ , 

In which r=me»n radius of signal cone. 



4 Traill de Geodesie, a standard work on this subject, to which ne shall have fre- 
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lamps, placed at the focus of a parabolic reflector, or behind a lens at the 
focus of parallel rays. The most perfect is the Drummond light, which 
may be seen at the distance of seventy miles. 

The best signal when the sun shines is one employed at present on the 
Coast Survey of the United States, called a heliotrope. It consbts of a 
common telescope, mounted upon a three-legged stand, horizontally. It 
is accompanied by a man called a heliotroper, who directs the telescope to 
the tent in which the great theodolite is placed. Upon the eye end of 
the telescope is supported a small plane mirror, which has motion round 
both a vertical and horizontal axis, so as to be capable of being placed in 
a position to reflect the sun in any direction, at pleasure. The heliotroper 
attends and turns the mirror continually, so as to reflect the sun in a 
direction parallel to the axis of the telescope, which he accomplishes by 
causing the rays to pass through two perforated disi^s, supported like the 
mirror, on the top of the telescope tube, one being near the object end, 
and the other between it and the mirror.* The signal pole is sup- 
ported by a wooden tripod at least ^ its height, and the heliotrope 
is placed at a short distance from it, in a line with the theodolite 
station. All the signals visible from the station at which the great* 
theodohte is placed, are ol«erved every day for several weeks. The 
instrument is then moved to a new station, and by this means all the 
angles of every triangle are repeatedly observed. 

REDUCTION TO THE CENTRE OF THE STATION. 

It sometimes happens from the nature of the signal employed, that the 
theodolite cannot be placed at the axis of the signal called the centre of 
the station. The process of determining what the observed angle would 
have been with the instrument so placed, from observation with tho 
instrument placed at a short measured distancef from the proper point, 
is called reducing to the centre of the station. 

Let c in the diagram be the centre of the station, o the place of the 
instrument From the observed angle aob required the angle acb. 
Make aob = &;, bc = ^, ac = d, acb =x,oc = r, cob = y. 

Then 

AIB =: &> + lAO, and AIB = X ^ CBO 

* The heliotroper is on doty till 10 a.m. and after 3 p.m., the atmoephere in the 
middle of the day being too uniteady near the earth'a surface for good observatiotts. 

t If the centre of the station be inaccessible, this distance roost be calculated 
from measurements which can be made by methods which the student will easily 
devise for any giveo ease. 

21 
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Equating theie two Yalnes of aib we obtain 

X — U = lAO — OBO 

But, 

rnn(fij + y) . rsiny 

am OAo = ^ — ^-, am obo = — — ^ 

d g 

Sabetitatbg these yalnea of the arnea of oao, 
OBO, for the anglea themaelyea, which aroTeiy 
amally we have 

rfainl" "Vainl" 

which ia the formula for the correction to be applied to the obaerved 
angle u, to obtain the required angle x. 
The distance r being amall, d and g are computed with the angle oi. 

VEBIFIOATION OF THE OBSERVED ANGLES. 

The excess of the sum of the angles of a spherical triangle over two 
right angles is technically called the tpherieal excess. One third of the 
Bpherical excess being subtracted from each of the angles of a spherical 
triangle occupying but a small portion of the sur&ce of the sphere, a 
plane triangle may be formed with the resulting angles, and with recti- 
linear sides, equal in length to the curvilinear sides of the spherical 
triangle, and a, b, o being the angles, s the area of the triangle, and 
r the rad. of the earth (orbetterthe rad. of curvature, see App. VI. p. 366), 



A+B + 0= 180<^ + 



r* sin V 



* This 18 Legendre'B theorem, the demonstration of which, by Lagrange, is as 

follows :— The sides of a spherical triangle being a, 6, and c, and the radios of the 

a h e 
q>here r, the similar triangle on the sphere, whose radios is 1, will have for sides —r^r" 

which pot eqoal to a, fi, y, and by Art. 8i2, 

cos « — cos cos y 

006 A= ^-^itj:, W 

sm p sm y 
But (p. 94) a and fi being very small, 

and mnilaT expressions obtain for cos /9, cos y, sin y .*. (1) beeomet 



YXEIFIOATION OF THB OBBEEVED ANGLB8. 

wliioh IB the fomiila of verification, the last tenn being expreeBed ia 
seconds. 

If the sum of the three ohserred anffles exceed 180^ by , , ,,, th6 

^ "^ r sin 1" 

observations are correct 

g 

As the spherical excess % is expressed in terms of the area of the tri- 
angle, that must be computed, which may be done with sufficient accuracy 
by considering the spherical triangle as plane, and applying to it one of 
the formulas of Art. 19, App. I. 

The angles of the plane triangle, whose sides are equal in length to 
those of the given spherical triangle, being found by means of the spheri- 
cal excess, as above explained, and the length of one of the sides of the 



Transferring (1 — } 4'— ir^) to the numerator, by grring it the exponent — 1, and 
developing as far as to terms of the fourth degree inclusive, (2) becomes 

Replacing the values of a, 0, y, (3) may be expressed as follows : — 

If the same lengths, a, 6, c, be sides of a plane triangle, and a' be the angle oppo- 
site a, by Art. 69, 

Rainng both memben of (5) to the sqoare, and sobstitnting 1 — sin* a' for oosP a' 
Eqoatioa (4) thos rednces to 



6f* 



oosabscosa' — 73 sin' a' (6) 



Let A ss a' -f «»« being the difioience between the spherical and plane ani^ 

coe A=:co0 a' cos jt — sin a' sin x=:co0a'^1 — sin* x — shi a' sin s 
Potting s, which is very small, for sin x, and rating the second power of #« 

cos A ^ cos a' — xsniA' (7) 

Combining (6) and (7), which have the same first members 

he 
mwx^ on a' and since a as a' 4" ' 



A' = A— : 



b'=b— 
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spherical triangle being known, tliat of the othen mqr be obkained hj 
the solution of the plane triangle. 

Between the latitudes 46o and 26^ the spherical excess amoonts to 
about 1" for an area of 76*6 square miles. To find the spherical ezoew 
in seconds of space therefore divide the area in square miles by 76*6. 

The logarithm of the mean radius of the earth in yards is 6*8427017, 
of r* is 13*6866834. 

The following example shows the form* in which the above rules 
applied in practice on the U. S. Coast Survey. 



Bat [Art 19, (1) App. I.]* i 6 e, an ▲' k the aroa of the plane triangle of whieh 
«, 6, e are the aides, whieh area does not diflbr sensibly from the proposed spheric»l 
triangle. If • denote the area of either of these (8) becomes 

3? 
In a similar manner may be found 

3? 

.•.a' + b'+c' = a+b + c — -jr (9) 

Bat A' -f b' + c' = 180O .M + B + c = 180o + -^ 

And thiB last is the formula of verification. The same theorem has been extended 
to a spheroidal triangle, the difierence between the q>heroidal exoess and q>herioal 
excess being less than « of a second in the largest triangle ever measured on the sur- 
face of the earth. To express -j in seconds, it must be divided by sin l".t 

* In the form given the Ist, 3d, and 4th columns explain themselves ; the 2d 
column contains the names of the stations at the vertices of the triangle, the 7th the 
spherical excess 5*67, calculated by the formula on p. 323, the 5th the difference 0*15 
between the excess of the sum of the observed angles over 180^, and the spherical 
excess, which differeoce ought to be zero. This error 0*15 is equally distributed 
between the tliree angles ; the 6th column contains the observed angles thus cor- 
rected ; the 8th column contains the angles of a plane triangle whose sides are of 
the same length with the spherical one, each determined by subtracting f the spheri- 

t A still more accurate formula, deduced rigorously from the spheroid, is 

1 -f- e* cos 2 L 
Excess = 9 i , in which l =mean latitude, and a ^ equatorial radins. 

This form woald only become important in carrying forward azimuths in a long 
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82ft 



No. 



37 



Denomina- 
tloa. 



OS 



Manomet 

Copecat 

BlaehUl 



as 

35 
35 



Observed 
angles. 



06 34 04*80 
64 06 37*78 
49 17 83*34 



DUlri- 

bution 

and 

Error. 



0"*05 

*»5 

-0 -05 



Spheri- 
cal 
anglef. 



04"*75 
37 *73 
S3 -lO 



Spberi- 

eal 
ezceu. 



1*80 
1*89 

1*89 



■0 'IS 5*67 

Bluehill to Copenit, 
Manoroet to Blaehlll, 
Maoomet to Copecat, 



Plane aoflee 
and dittaneea. 



66 34 03-86 
64 06 35*S4 
49 17 31*30 



540&&-61 
53644*00 
45186*49 



Lon^lthoM. 



0*0373808 
0*954]886 
0*8796760 



4*7379534 
4*7305313 
4*6550066 



J 



DBTERMIKATION OF THE LATITUDES, LONQITUDBS AND AZIMUTHS OF THE 

STATIONS. 

The latitude and longitude of a few of the stations of a chain of tri- 
angles, selected at different parts of the whole, being determined by 
astronomical observations, the latitudes and longitudes of the other 
stations may be found gtodetically^ as it is termed, by methods which we 
now proceed to explain. 

The problem to resolve is the following. Given the latitude and the 
longitude of the point s in the diagram, and 
the azimuth of the point s' upon the horizon 
of s*, to find the latitude and longitude 
of this second point, and the azimuth of s 
upon the horizon of s'. 

If L denote the given latitude, dh the differ- 
ence of latitude between the two stations to be 
applied as a correction to the known latitude, 
in order to find the required latitude, u the 
longitude, du. the difference of longitude of 
the two stations, z the azimuth, dz the differ- S 
ence of azimuth ; then the following will be the 

FORMULAS FOR COMPUTATION OF L, M, Z OF PRIMARY TRIANGLES. 

For the difference of latitude 

— (^L = KB cos z + K* c sin' z + (Jl)' d — A K* E sin* zf 

oal ezcesB, or ] *89 from the corresponding spherical angles ; this colnmn also eon- 
tains the sides of the plane triangle, the last two of which are computed from the 
first, and the angles by the sine proportion, p. 62, the logarithms for which purpose 
are contained in the last column. 

* Observed astronomically by methods to be described in the sequel. 

t The following is the demonstration of this formula : — There are known in the 
triangle rss' the colatitude rs = 90^ — l of the point s, the angle rss' = the azimuth 




/ 

J' 

/ 

■Am OIOD18T. 

In whicii k = dist between the two statioiiB ^ metiei) 

B = -i-, = ti^^fli^ «nee KM = nd. of <«r«a«) 
Baic 1 a (1 — «") sin 1" 



(l_e«8in«L)f 

of a' from ■=:!, md the rids ts'^x, die geodetie line or meesimd ^^^*nn 
between s and s'. That ia to aay two aidee and the incloded angle, to oompnta rm', the 
eolatitnde, and ts's =: 180^ — z' the aiimuth of a from a', and p = djt, the di£ of 
long, required. 

The determination of the latitude, eapeeially, by thia method, would be atteodad 
with conaiderable error. We ahall deduce the formuU given by DeUmbre, for the 
difference of latitude between the two atationa. Tlie fonnula of Ait 8S« ai>plied to 
the preaeot triangle, gives 

eoa Ts' SB COS 8 sin 18 rin as' -h co* " ^^ *^ 
or, dnoe l -|* dL n the latitude of a', of whish ts' ia the eompleoMiit 

ain (L + dL) b cos a ooa l ain z -|* >in l cos x 
or [Art. 70, (8)]^ 

dnLoosdL-f-coBLain dLasooaieosLain z^an loos z 

or [Art. 73 (8), and Art 71 (3)]« 

am L (1 — 3 ain* idL)+2c0SLC0sidLainidLBB0osB0O8LrinK-t-aiB& 

(l~3 8in*iK) 

Whence, reducing 
— 2 sin L an* ^ (^l + 2 cos l coa J dL sin ^ dL » cos z cos l ain K — 3 alnL8in*|K 

Dividing by 2 cos l this becomes 

— Un L sin* ^ dL 4* cos ^ <2l sin ^ dL =a J (coa z sin k — 3 tan l ain* i x) 

Representing the second member by p, and — tan iL by q, and dividing all the 
terms by cos* i dL, we have 

q Un« i dL +Un i dL «^^j^^ -F (1 + tanS dL) 

or, 

(9 — P) ^^* i dL + tan i dL ss p 

Resolving this quadratic we have 

Developing the radical part by the binomial theorem, 

tan h d^^ 2{q—p) ^^ (g— ^>^"^ (g— l>)*f* + 4 (f— P?P»&0.1 

Or performing the operation indicated in the aeoond member, and rqeetinf lbs 
terms beyond ps, 

* Values of r and n for every latitude are furnished by a table, p. 44, Part L» of 
LeeTs Tablea and Formulae. See also (4), p. 366 and p 368 App. VI. 
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_ tan L __ tan L (1 — e* sia* l)' » . _ <* 

^ "" 2 N R arc 1 ~ i^'{r^e')2^m I" '^ ^^^ "" (1— e«8m«L)i 
_ J c' siu L 0O8 L arc 1 _ 1 + 3 Uu*l _^ (1 + 3 tau' l) (1 — e' ain'L) 

Un i dL «p -.o>«+ (1 + 2ff«) |>» 
Bat (see note p. 95), 

i dL = Un ^ dh — I Ud3 ^ i2l 
Substituting in the second member of this the value of tan | dh, giren by the pre- 
ceding it becomes 

rq'ecting the higher powers of p. Or, 

rfL=2i) — 2g;»»+Jii^ (1+3?*) 
But; 
2 p = COS z sin K — 3 tan l sin' ^ k 

2 9 p« = — ^ cob' z sin* K tau L 4- ^ cos z sin k t^io' ^ k tan^ l 
J p3 _ J cos* z ain^ k, rejecting terms containing higher powerb of siu k than the 
third. 
But [App. I., p. 94 (1)], 

sin K = K — i X) 

Whence the first term in the value of Up becomes 

K cos z — J k3 cos z (m) 

and the value of J p^ may be put under the form 

I tfl cos* z cos z, rejecting higher powers of k than k* 
This last, added to the second term of (m) , gives 

— Ik' cos z (1 — cos^ z) = — 2 K* COB z sin' z 

so that (m) thus increased becomes 

K cos z — i K^ sin' z cos z 

Again, putting ^ k for its sine, being a small arc, the second term ia the value of 

2p becomes 

— ^ X* tan L 

and the first term of the value of — Sfp* becomes 

-f- i K* cosi z tan l 

These last two being added together produce 

— ^ K* tan L sin' z 
Thus the expression for the diflbrence of latitude feducos to 

i2l =3 K cos z — I k' sin' z tan l — I k^ sin' z cos z (1 -f- 3 tan* l) dec. 

Delambre observes tliat the meridional arcs, computed on the supposition that 
the earth ia a sphere differ insensibly from those computed uq the qpheroidai hypo« 



midiameter of the earth = 6377397*16 metrea, log. i 
i*iJ431637, A = 1st term k*b cos t. 
.e= 8-9I2205227I. 
Sulijoined is part of & table, from which b, c, d, B &re to be token. 
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08-6 


B1.8 
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|.33U98.(i 




9.3SU9.4 


6.1086.0 





For BD example, let us make s ^ 100 miles = 



metres, l = 



lIuBii. The conndenition of the ipharoidal figure U only of ci 
(■[bag tbe tuTulrial uo, meuuied in metrm, inln lecDiid*, Thu msf be done bj 
dividing nncb ales by iheir radii of cnnature.' and lliia quolieni bf the leogtb of I". 
Our lijmiulm u tleiaenii by uuDsideiii)); the DDrmjil N Ituminiting ■! the pa)ar axis aa 
the radius of cuivaluis nf the goodelie arc B, wbich il ia very nearly ; tbon If r KDd 
N be both expreaud in metrea, 



will be Ibe length of ■ to lemu of n u muty. If Ihererora 



be lobatituted Cor ■ in the tut vilue of Jl, 1 



in which di. it eiprewed ia terms of n the radius of i as unity. 

In order that it may be eiprcaeed in lerma of ila own radias ai unity, which 1 
will call K,' tfaia value of dL moM be multiplied by 



Multiplying therefore the M 



ind memberof (() throughout by - dividing it by aro 
360°, which will be the aupple- 



I'i^^T' fin'tarel" t^ + ^'^'i-) (") 

ly point of a curve is the radius of a oirale baring 
n that part of il. 
> For the demoDUralion of a formula for the radios of curvalure of an elliptical 

meridian, at any point of that meridian, in tetms of the latitude of that point, ■•« 

the Appendix to Part VI. p. 366. 
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40<', z = 540 ; the computation by means of the preceding table is 
follows : 



K log. 5*2065560 
z log. cos 9*7692187 
Blog. 8*5108911 



KMog. 10*41311 
z log. sin' 9*81592 
o log. 1*32843 



a log. 3*4866658 fi log. 

h log. 3*4867 

K'sin' zlog. 0*2290 
B log 6*1044 

9*8201 



{dhy* log. 6*9835 
D log. 2*3802 



1*55746 

Istterm 3066 "*661 
2d " +36 *096 
3d " *231 



9*3637 



4th 



3102 *988 
" *661 

8102*327 



The Ist and 2d tenns should always be used. The third term should 
be used whenever log. a is over 2*310. When k is less than 100,000 
metres, or log. k not over 5*00, a* may be written in the dd term for 
(dhy for all z • less than 35°, or wherever jS is not over 0*876. 



where r =: 



a(I — e«) 



N=: 



(1— e'Biu'L)}! (1 — «iam"L)J 

The results are better if the radius of curvature midway between the two latitudes 
is used ; make ^i2l=:X;l — X=:lm the latitude of the middle point between l and 
l', and the radius of curvature at lm = r« ; then should the formula (a) be multi- 



R BR 

plied by — if we would refer the arc dh to Rai. Then dh — — i^l ^ 

"^ ' R« Rm Km 

the correction to be added to (a) to make the required reduction. 
Now isR — R* = o(l — «*)[ 



dhia 



(1— e» ain'L)} (1 — «• sint l« ) J 

5 e" (8in« L — sin" Lm ) 



i] = a(l-«») 



1 — ; «■ sin« Lm — 1 + } «' 8in« l 
(1 —ft sUislo r(l — «• sin* L« ) 5 = « (1 — '*) (1 — e» sin* l)} (1— «• sin* l-OJ 

But since (See. 63 p. 103), sin* l — sin* lm =sin (l — Lh» ) sin (l + l* ) =iin X 

Bin (2 L — X) ^ <2l sin L cos l very nearly, because ^ sin 2 l =:8in l cos l. The 

quantity neglected here is quite insensible in practice. 

R — R» a (I — e*) i e* <2l sin L cos L (1 — «■ sin' l« ) 1 
We have then • — ^^ ^"^ ^ 



R» 

J «< dL sin L cos l 



(1 — e» sin* L) ; (1 — «■ sin*L«) }' 



R — R» , , S ^ sin L cos L 

-i — _- • • V • *o« dh ^ (ol)* 7, , . , . , 

(1 — e< sm* L) i Rm (1 — «■ am" l) J 



a(l-e«) 

As this quantity never amounts to ^ of dh, the third tenn of dh in (a) need nol 

* This dh is the sum of the first two terms a -f /^> 

I See Appendix VI. p. SM. 
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For teoondiuy woik the 4th tenn Ak* nn* urn may alwajs be ooritUdi 
The dd tenn very frequently is of no sensible value, and a* may olifayf 
be written in the place of dh\ when s does not exoeed 86*500 melrea 
(54 miles), or log. k = 4*987, which comprise the vast minority of cases. 
When K is less than 84000 metres, two terms are sufficient. The beat 
rule for the omission of the third term is that it need not be used onlesa 
log. a is greater than 2*81 . . ^ log. d (which scarcely varies), being about 
2*88 . . ., we shall, in that case, have log a' d— 7*00 . . —log. of 0'^«001. 

It appears that there are hardly any cases in which the second term may 
be omitted. 

The Ist term gives the distance on the meridian of the point of 
departure from that point to the foot of the perpendicular from the 
second point, the second term gives the reduction to the paralleL It la 
only at a very small azimuth then, that the 2d term may be neglected even 
for a very short line. 

The 4th term may be omitted between latitude 45^ and 40^, when k 
is not over 17000 metres, or log. k = 4*2804. Between latitude 40^ and 
85^, when s is not over 18500 metres, or log. k = 4*2671, and between 
latitude 85^ and 80^, when s is less than 20,000 metres, or log. k 4*801. 

In computing carry log. b to 7 places, 

" " to 5 places. 
^< ^ D and E to 4 places. 

The formula for difference of longitude is 

_ A'Ksin z^ , V 

dig. = p* (o) 

cos l' * 

be used in making the substitution of dh in (c), and the second term only when it is 
over 18^. If in (c) we introduce dh expressed in seconds obtained by fa), we most 
of course multiply by arc 1 '', and we have, finally, 

K cos z K< sin* z tan l e^ sin* z cos z 
s arc 1" ' 2 N R arc 1" 6 n« r arc 1" ^ ' ' i \ / 

S 0* sin L cos L arc 1" 

■ (A) 






(1 — «• sin« L) 5 

1 tan L 5 *' "^J™ I* cos L arc 1" 1 + 3 tan" l 

and call the first term A, we may write — Jl = -f k cos z'b -j- ic' sin' z«c -f- (dh)* 
p — A K* 8in< z*E, in which s may be taken out at the same time and from the aame 
page as b and c ; h could be copied from the bottom, or sum of the logs, of the ist 
term, and x* ain* z, by taking the sum of the first two logs, of the 2d tenn. 

* The formula for the diflference of longitude is obtained in an obvious manner, 
by applymg the sine proportion (Art. 81), to the spherical triangle rss', which givesy 
writing dm for ain dM. =Bin p and k for ain t. 
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In which 



A' = 



1 _ (1 —e sin* lQ \ 

N aro 1'' a sin 1'' 



l' = new Utitude, computed from the formula for — du 



dH = 



xems 
oosl' 



And the value of da in seconds of arc is obtained by converting k into seconds, 
by dividing x in metres by n sin 1", n being the normal, and the length of the radios 
used at that part of the earth in metres. The above formula thus becomes the one 

1 

already given (o). Lee's tables and lormuln gives a table for log. v, log. : — 777 

and log. (1 + e* cos" i.) for any latitude between 30 and M) degrees. 

(q) is founded on the supposition that cos l' : sin z : : k : dM, whereas, in 



reality, cos l' : sin z : 

tion is expressed by 
x» 



sin — : sin du. 
If 



The error committed by the former supposi- 

(sin' z \ 

^^^, — sin zj [see (1) p. 94], or for l' a 



M^ 6 cos l' arc 

(2 sin' z — sin z). This is a maximum whea z =: 24^ 06', 



// 



450. 

'3^2- N'arc 1 

and if we substitute this z in the latter expression, and make it equal to 0*001", we 

find the corresponding log. k to be 4*4315 = log. of 27000. For any line over 

27000 metres, then a correction ought to be applied to i2m, or if we will allow an 

error of 0*002, for any line over 34000 metres = about 21 miles. 

In the annexed table, the column headed dv. contains the log. of the seconds in a 

given arc ; the column headed diflf. contains the diff. between the log. of that arc and 

the log. of its sine (to the seventh place) ; the column headed x containing the log. of 

the length of that arc in metres. To apply the correction in question after having 

first computed du by the formula (o), enter the table with the given log. x, and take 

out the corresponding diiT. ; again enter the table with the computed log. du, and 

take out the corresponding diflf., and lastly, subtract the diflerence between tlie two 

quantities thus obtained from log. du, the rasolt will be the corrected log. duA 



K 


diff. 


du 


diflf. 


contains 

log. K 

in metrea. 


contains diflf. 

between log. arc 

and log. sin to 

seven places of 

decimals. 


contains log. 
du in seconds 
of ar«. 


contains diff. 

between log. of 

arc and log. sine 

to seven plaoea 

of decimals. 



> For denoting the difllerenoe between the log. arc and log. ain hy i, the fonaula 
(•) should be afler the application of logarithma, 

_ ■ 

log. du+ i log. du = log. — \- i log. - 4- log. . Whence the rale ie obviona. 

N H OO8I1 
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Log. A' 8 


be carried to eight plac«B. Seven places of Icigarithms 


ihould be used for iiL 


For azimulJi we have 


du am X 


'' <^1.. (•')• 


X-i(L+L') 


dn tm \ 


s' — 180° + K '-f— 

cos JdL 


For any line less than 340000 metres (21 miles) oos ^ rfL may be 


omitt«d, being regarded as 1, 


In computing di, sin [X =- j {l + l')] is taken out to five places for 


main chain of triangli^ and to four for the others, csrrying forward dz 


in t«iiths of seconds in the first, and in whole seconda in the second. 



• Hm fbmnda ibr the diflenDoe of aiinimb b dedoeed ai feUowi : — la the til- 
•m'waltava.b; N«plec'aiiialofi«^oallinf ■,>'^ pobidMuM of ■,■', 



«"*l« -r«J— oo»i(» + »0 
Or TMolleotiiif lliittaD = --- (Alt 37). 



«*<»' + «) i 



tan i r CO* i (« + »0 tin j Jmln j (l + lQ 



t») 



« i (r — irO ~" coa t Jl 

= 180° — i',ands = i,«ndcotK>' + s) = tan[90O— J (s' + a)] .-. •■ 

tani JHoaX 



uniC»' — 1)=- 






t i dM for 



which ii iho fonnuli (d) above, if wo write i di, foi taa ) (*' 

The formala foi dz reqairsB lOine amendment within the aame limits, within 
which we obtun dc and dn; we have 



lanl(i'— ilstanidB- 
fbr which we liave liitberto used 

di = dx- 



\idi. 



(I) 



By tnnilbimation of (I) we get (aee note p. 94, and make caa*and ooa> of} di.^1) 

da^du — : — t + » dn* ain X co^ X aio* I " 

We write the eooond tenn thna, -f> d>< f nhere log. P ia to be taken &om the 
tablei, ialo which it oao euolf be Ingeited, u on1|r one value will be lequired Ibr 
■T«T half d^ree of i. It ii T-83S4 for S50, and T*B404 for 45° ; diff. for 30' = 
04009. The tarn Ai> t on nevor exoeed 0">1. 
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Whenever the log. of any term is not over 7*00 . . the corresponding 
number need not be taken out 

Azimuths are reckoned from south round by west, and from 0^ to 860^, 
the signs of sin z and cos z varying accordingly. 

The following form, filled up with an example, is that at present used 
on the Coast Survey of the United States for the computation of the 
above formulsefor difference of latitude, longitude, and azimuth. 



s 
Z 

z 
-dz 

180 



▲ 

B 
A 


to 
and 

to 


B 
C 

c 


O 

101 
83 


23 
36 


// 

16*757 
43*343 


185 
t 


00 
05 


00*000 
47*413 


C 


to 


A 


5 


05 


47*413 








/ 


L 


45 


00 


-dL 
L' 


1 


04 


46 


04 



II 

00*000 
32-264 



32-264 





o 


1 


M 


70 


31 


dM 

M' 


— 


08 


70 


23 



// 



50-000 
06*748 



43-252 



cos z 

B 



5*0791812*5 
9*9983442*2 
8*5105124*1 



3*5880379 



let term 
2d term 



ldA4tk 



-dL 

X 
IdL 



3872*914— 
0*277 + 



3872*637 — 
0*373 + 



3872*264 — 
450 32' 16" 
32 16 



sin'z 
c 


0*15836 
7*88059 
1*40411 




9*44306 


3d term 
4th term 


0*366 
0*007 



dM 

gin X 

cos^dL 

ar. CO. 

-dz 



2*6873039 
9*8535235 

191 



2*5408465 
347"*413 




K* sin* z 

B 



nn z 
cos l' 
ar. CO. 

dM 



— 349 
8*5090285 

5*0791812 
8*9402960 

0*1588231 



2*6873039 
486"*748 



Arg. 

X 



3*5880 
8-0389 
6*2132 



7*8401 



—255 
+ 6 



— 349 



* In this form the first horizontal line expresses the azimnth of the line joining the 
two stations a and b ; the second the angle formed by a line from a to a third station 
c» with AB ; the third is found by the addition of these, and is the azimuth of ac ; the 
fourth the excess of the difference of azimuth between ao and oa over 180^, computed 
below at the bottom of the form ; the fifth the azimuth of ca required, formed by the 
addition of the two above, and 180^. The sixth horizontal line contains the latitude 
L and longitude m of a ; the seventh the difierenoe of latitude and longitode of a 
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PBOjsonoN or maps. 

The geographical positions of the vertioes of the triangles having been 
determined by calculation, as above explained, blank maps are prepared 
with lines upon them representing meridians and parallels of latitade* 
upon which these points are accurately put down in their true positiona, 
and the maps thus prepared being placed in the hands of the plane table 
parties, are filled up with the details of the ground which they represent^ 
in the manner described at p. 285 et seq^ the points marked upon them, 
and identified upon the ground by the sunk masonry or pottery of the 
signals employed in the triangulation becoming the base points or points of 
departure for the operations of the plane table. 

The mode of preparing these maps in practice, it will be now proper 
to explain. 

A spherical or spheroidal surfiice like that of the earth not being 
developable, it is impossible to represent upon a plane the positions of 
places without changing more or less their distances from one another.* 
When a small portion of the earth's surfiice is to bo represented, the best 
mode is to conceive the earth to be enveloped by a tangent cone, the 

and c, computed below ; the eighth the latiUide l' and longitude m' of c, found by 
taking the algebraic eum of the two above. The next four horizontal lines of the 
form contain the computation of the diflerence of latitude dh between ▲ and c, 
the first column being the computation of the logarithm of the first term, the second 
that of the second term, and so on, of the formula dh, at p. 325. The next two 
lines contain the four terms them8elves,*and the next two their combination to form 
— dh. The first two columns of the remainder of the form contain the compnta* 
tion of — dz ; the third column that of the difierence of longitude of ▲ and c, viz. 
du, and the fourth the correction of this, which is sometimes employed. Applied 
here the log. du becomes 2«6873039, and du 486*748, difiering only 0''*012 from 
what it was without the correction. A correction is also sometimes applied to dz, 
as has been already stated at p. 833, the formula for which is pdn', in which f =■ /, 
sin X cos* A sin' 1 ". The computation of this correction in the present example 
would be as followa : — 

du* = 8*0619 
F= 7*8404 



5*9023 

In wfaieh v may be takeo from a table previooaly prepared. The last number is 
fhb logarithm of the correction to be applied to — dz. 

• For the ordinary modes of projecting the hemisphere, see *' spherical projections^ 
k Daviesf Descriptive GeooMtry, and for the analytical infestigationa of the 
FnuiooBur (Geod^iie, 309, et soq.) 
> 1 being between 90^ and 270^, cos i is negative, and .*. A is negative. 
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circle df contact being the middle parallel of the region to be embraced, 
and to suppose the surfisu^ of this cone to coincide with that of the earth 
over the whole extent between the northern and southern parallels of the 
map. This cone, when developed, becomes the sector of a circle, the 
portion of which between the two extreme parallels which we have sup- 
posed to embrace the surface of contact, will represent the Bur&oe of the 
map. 

Supposing the earth to be spherical, which may always be done in the 
projection of maps, its oblateness being so small, and representing the 
latitude of the middle parallel of the map by X, and the number of 
degrees of longitude to be contained in the map by d, it is evident that 
the absolute length of the middle parallel of the map will be expressed 
by (see 1st note, p. 153) 

-— -r V cos X (1) 

In the above expression the ra<^us of the earth is unity, and this being 
the case, the slant height or length of the element of the cone from the 
vertex to the circle of contact will evidently be the cotangent of the lati- 
tude. The arc of the sector, which is expressed by (1), divided by its 
radius cot X, gives the length of the arc which measures the angle of the 
sector to radius unity. The result is 

V sm X 



180^ 



and this, which is the absolute length of the arc, must be multiplied by 

180^ 

-^•to have its vdue, or the n,e»ure of the «.gle of the sector in 

degrees, 

D sb X (2) 

then will be the formula for this angle, and the construction of the map 
will be very simple. It will only be necessary to draw two lines forming 
the angle expressed by (2), and with a radius equal to cos X and the ver- 
tex of the angle as a centre, the arc representing the mean paraUel may 

be described. If the map is to contain d degrees of latitude, then rrr? 

will express the distance between the extreme parallels, and by describ- 
ing arcs finom the vertex of the sector with radii greater and has than 

• 1^ -a 590, 29573 -- 3437/, 74677 = 306264", 80625. 



^ by thi f of tliii expression, the extreme p&rallels of the map 
will be cotutructed. Tbe distance bctwt^en the parallels is then divided 

into any Dumber of equal parl& at pbasure, and arcs described with tlie 
vert>!X as a centre, and passing through the points of dinsion. As to the 
meridian^ they are drawn as straight lines through the vertex, and 
irougli points of division equally distant from one another upoo the arc 
( the middle parallel. 
This CGDStniction is so simple, that it is generally preferred to any 
ler, and the greater part of maps of kingdoms and states are drawn 
upon this system. 

For greater precision, the cone, instead of being taken tangent to the 
phere, is partially inscribed in it by making it pass through the two 
^treme circles of latitude, eo that tb«se circles shall be sections of the cone 
perpendicular to ils axis. Imagine a meridian section of tbe cone and 
sphere, the angle a. formed by the element of ibis section with the 
Kill be measuri^d by half the ditference of the arcs included between its 
(Geom. Ex. 30, p. 46). Suppoeing a and a' to bo the points in which 

element intersects the meridian section, and X and X' their latitudes, n 

being the place of the north pole, and a the south, the expression for the 
measure of the above angle will be 

a. = ^(Ba — ho') 

But sa = 90° + X,Md No'=90°— X' .-. (t = i(X+X') 

Now in the right angled triangle formed by tbe element of the cone, 
the axis and the radius of the parallel, which last is equal to ooa X, we 
have for the length <rf the element t«rminaling at a 

__ oosX 
'~Bini{X+X') 

and Ibr the length of the element tenoinating at a', 

_ oosX' 
'~sini(X + X) 

The lengths of the elements of the developed sector being thus known, 
the rest is as above. 

Still better, the cone may be made to pass through two parallels, 
■itHBted at half distance between the middle parallel and the extremes; 
the cone would then be partly internal and partly external to the sphere.* 

* It WIS in thia way Ibil Deliala conslractad the grsit map of Riuna. 
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This consists in drawing a straight line vertically to represeut the 
central meridian of the map, laying oflf upon it equal distances 
say 1°, and through the points of division drawing perpendiculars to this 
meridian line^ which represent parallels of latitude ; then laying off upon 
these parallels distances bearing the same proportion to the distances on 
the meridian as the casine of each latitude does to radius unity ; finally, 
drawing through the points of the same graduation, thus determined, 
curved lines which will represent the other meridians. 

The oblateness of the earth may be taken into the account in this 
raetliod, by laying oflf in the central meridian not equal distances, but 
increasing towards the poles in the same proportion as the degrees of the 
meridian increase. For the demonstration of the formula see App. VI., 
p. 367. The formula itself is 






In which 



a = 637'7397*15 metres, log = 6-8046434637 ; logw = 7*5233789824; 

X = latitude. 

The objoction to the method of Flamsteed is that it distorts somewhat 
the regions distant from the central meridian. ^ 

METHOD OF THE FaSNOH D^PdT DB LA OUERRB. 

This is a modi6cation of the conic projection already given, and is that 
now in use on the coast survey of the United 
States. The rndii of the arcs of circles repre- 
senting the parallels upon the map being too 
long to be conveniently described from a centre, 
they are determined by points. Let there be 
drawn in the middle of the sheet the perpen- 
diculars CA, nn' ; nan' represents the middle 
parallel of tho map. Then is known the 
radius r = ca = r cot X, r being the radius 
of the earth. Suppose that the map is to 

* For a Uble which givee the length of a meridional arc in any latitude in yarda. 
and a Ubie which gives the length of a parallel, see Lee'a Tables and Formulsp 
Part II., p. 84. 

21 




ibrauo d deg.c^s of loilgituik, the angle c is then known = n mh X 
ItoprMvnting hnlf Uir> chord km' Viy a, ci by 8, we have in Iha triftii^ 



= 2»-Bi 



. t*«o (7) f.. 100]. 



■ cos^ c 



e poiate n and k of the oro U> be desoribed ns', are tbos 
determined, aod the jxiint *, in which it intareecta the meriian. Now 
for other points, such as M, a distauoe ii> = y is laid off from i, and a pej^ 
pendicular ex i* drawn in length equal to x, Uie valoe of z being 
eipreaMd b; Uie following fonnuJa 



*=.^/(•■+y)(r-,)— j8* 



* The dmonstration of this formnla, whioh reqoiiei ■ knowledge of Analjrtiul 

B«onieli7, ii u followa : — Tbe equalioa of the ciicU, the origin of co-ordiualea 
g ■! 0, ia x* -j- jr* ^ r*. TnuuietTiog the origin to i, tbe ionnnli for tranarormk- 
wiil ht x^x + 0, aad the equtioa of the eirole bsBome* (x^-0)'=r* — t* 



The fomMla in Iba text. 

The above method doe 



■.x=V(r + f) (r-lf)-^ 



lake ii 



ihe earth's oblateneae ; ihe following Is the gere- 
riliisllon of the theory. Let c be the centre of 
the projection, lithe middle yerHllel, the latitude 
of which teprcMnt by ( ; an another parallel, 
whose latitude is k ; u the point in qiieetitni, 
whose co-ordinales arc Artsi, fm ^= y, n being 
langmt at *, and perpendicular lo the principal 

latitude between [he two parallels, this length a 
beingknownbye<)uation[5)p. 367, App. VI. The 
radiua cj ^ r is alBo linown. being equal lu eh 
in the diagram on p. 3<l:'i, which, in the right 
angled triangle k»n. wliere km is the normal n, 
has for its value r = s cot (. Repretenting the 
angle ach by 9. and CH by p. we have 



\f 



= . + 3,!du"i(l(^(8)Art. 72}. 
le f from thia laat by mettna of the Ural z = p sin 

'~^r^— * + ""' M[ee*App. I..{74)p 
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Dinding therefore n into equal parts, and for each point of division 
finding the corresponding value of x from the above formula, so manj 
points in the arc nn' will be determined. 

p 18 known since ^:=r — a. It remains only to find in order to have for each 
point like m the values of the co-ordinates x and y, viz : 

x^=ipan$,y=z8 + xtKa^e 

N. B. — That s must be taken negative when X < 2. 

The longitude of m estimated from the central meridian suppose to be A. This 
will also be the number of degrees in the arc of the parallel. 

But N being the normal at the point m, terminating at the polar axis, the radius of 
this parallel will be (see diagram, p. 365, App. VI.), 

N cos X 

Moreover, the arc bm of the projection is of the same length with the arc of the 
parallel, but the number of degrees in two arcs of the same length will be in the 
inverse ratio of their radii 

,'. A: : : p : V cos X 

H cos X 

= A 

9 

which formula serves to determine B in the same denominations that A is given. H 
is known in terms of X from formula 



N = 



(1 -_ e» sin' X) ^ 



(see App. VI., p. 368), in which «=r 0^08 16967, log. e = 8-9122052271. 

It is eut«y to perceive now how a map would be druwn accurdiiig to the projection 
under consideration. Two lines ac and ax are tirst drawn at ri^llt angles V) each 
other, intersecting at the middle of the sheet a. Slotting out from a, we lay olF 
above and below dibtanccs such as ab, rc»j>ectively equal to the values of s, that is 
10 say to arcs of tlie meridian corresponding to I'-, 2-', 3^, ... of distance from a, 
arcs which go on increasing towards the pole.' Mext we compute the values of 
the normals n, n', . . . from degree to degree, the radii p of the projected parallels, 
and finally tlie amplitudes of the angles 0, which correspond to values of A and A, 
varying also by degrees, whence result the co-ordinates x and y of the vertices of 
quadrilaterals in which meridians and parallels of latitude distant from each other, 
respectively the space of 1^ intersect. It remains only to lay ofl* these co-ordinates 
by a scale of equal parts. The sides of the quadrilaterals joining th(»e vertices 
thus detennined may be drawn without sensible error as straight lines. 

The territory to be represented by the map is ordinarily too extended to be placed 

1 For their valoiss see p. 367, App. VI., also Lee's Tables and Formolas, p. 84, 
FartU. 
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DBS KRV ATI OSS 1 

The iHnilh sector ompbyed on the coast snrvoy of the United StAt«A 

■ deleMnining latitude aatronomically, ia the same ae the mural circle 

ready dratcribed, p. 306. except that only two Bmall portions or the 

, the one nbove, the oUmr below the centre, are relAined, the rest 

conceived to be out away, U> render the instrnmeDt more portftble. 

ub and telescope, insteiid of being Bustaineil by a nnll, are attached 

j a vortical flat baani of iron, which is capable of reversid about a verti- 

1 axis, and also end for end. Iv>ug apirit levels can be attached to tbe 

pon a aiiielii alieel. Il is cuwomary to form the map by iho union, border lo burder, 

i X series of abcels, Ihe dimeapiooa of which are 8 decimtlroj by 5 To ilad tlie 

'CIS of Ihe Tertiees of iha qundrilitarala upon those ahems. the origin of 

inalec it traosfurt-d lo one of the comera of tbe (ihect. no opeiotioD 

...11 ooasnla Bimpl; in adding or mbtcacUDg 1, 2, 3, . . . times B decimetres in 

je direulion of the x*. and as many limea 5 dMimetiea in tbe duection of the T*. 

IDunling ID the plaice which the sbeel nughl lo uccupj in iha aaieiDblage. The 

rder of ilie Ai':ei> is marlicd upon them. Thus the iheiM qi is the one which ie 

■econd in ihe horiZQnlal direction, and third in tbe veitical, ealimaling from a the 

intersection of tlie middle meridian and parallel. 

As to the invert* problem, to find tho laliiude and longitude of a point giTen 
upon the map, it H-ill be euflicient lo draw through the pomt linea parallel lo the eidra 
of the <]uadrilstera] within which il falls, and to determine upon the scale of eqjal 
parts, the values of the fracliona which the lines represent. 

The following formulas are used on the United Slates Coast Surrey, when ibe 
extent of the map is not more than 4^^ of latitude and longitude. 

nil 









Jp={7>')P 


In 


which ip is Ibe 

" Im •• 

"ain|i = ' 


abscissa i = qb, 
length of the parallel. 

2t 




" I=KCOtL. 








a 






" {1— e'aiotiji 



Here tbe codq. inalnad of being assumed tangent to one of the parallels ol the 
map, is supposed encceBiritelji ungeat to each, that il may be required to draw apon 
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back of this bar, in addition to the p;ho9t apparatus in front*. Zenith 
telescopes are fll*K) employed, of nimilar but k-9s elaborate conatructioo. 
The practice on the coast survey with these instniments is to observe two 
stBis near the zenith, one north of it, the other south, and differing so 
little in zenith distance that the diflerence ma; be measured with a 
micrometer.! 

The following is a very liill exposition of the theory of this method. 




In the above figure let 

B represent the station occupied. 
E " " Zenith. 
K » " Pole. 
borb' " " Horizon. 

it. The map tliiu became* the deTelopemeot of the bocImw of mtobI 

To make the projection, & central mcriiliui la drawn upon the map, along which 
iliu lengths of tlie required minutea ate laid oiT; perpendicular lines are drawn at 
•.Hch of iheae points, and the valuee of ip and im are laid off aucceaeivelj, along 
and from each of iheoe lines. 

Lee'a Tables giie the values of ^ and iia for parallels 30' apart. The manu- 
script tables in use on [he Coast Surrey are computed to every minute. In the 
diagram, ■■, which is vety siaall. is regarded as a straight line, and (he angle qns 
^c IB i 2\ r.K 13 equal to Hi ^= t in the diagram on p, 365, App, VI,, H := mn, 
and L ^ MNV in that diagram. With these explanalionB the student will readily 
deduce the above formulas for ip and im. 

* The mode of observing for latitude is similar to that employed with the mural, 
except thai (he readings of three levels, one above the other, at the back of the bar, 
are taken, and the observation is repeated upon the same star in reversed pn.iitione of 
the instrument. The correclion for the state of (lie levels and the reduction to the 
maiidian are made on the principles indicated at pp. 343, 344, 

t For deseriptioD of mbsTOmeter see p. 363, App. VI. 



3 ±2 GBOOSBT. 

In the following iiiTestigatioii let 



TOR STAR KORTB OT KBMITH. 

A*" =r North Polar Distance. 
1^ = Zenith Distance. 
9* = Beading of north end of 

Level Scale, 
a* = Reading of south end of 

Level Scale. 
If" = Reduction to Meridian, 
f* = Refraction for Star. 



VOR STAR 80U1B OF ZSKITH* 

A- rr North Polar Distanoe. 
^ = Zenith Distance. 
11* = North End of Level 

Reading. 
flf = South End of Level 

Reading. 
m" = Reduction to Meridian, 
f* = Refracdon for Star. 



X = Latitude. 

Now if the observation of a star were not afiected by refraction^ and 
it were observed at the moment it passed the meridian, and the instrument 
at the same time were perfect as to level, then the latitude resulting from 
the observation of a star north of the zenith would be expressed by 

X = 90o — (A--fi?») (1) 

and for a star south of the zenith hj 

X = 90O — (A- — 1-) (2) 

But, since every observation on a star is affected more or lees by 
refraction, according to ittt distance from the zenith, and as the instrument 
i«i constantly changing (as indicated by the level) during the obser\'ations, 
it becomes necessary that these quantities should be known, and the 
observations corrected accordingly. 

REFRACTION. 

Suppose a star to be observed north of the zenith, and its north polar 
distance to be equal to na in the diagram. If there were no refraction, 
the star would be observed at a, and the zenith distance would be az. 
But by the effect of refraction, which elevates an object, the star is seen 
and observed at a, consequently the observed zenith distance of the star 
is equal to az, which is too small, since na is the true n. p. d. of the 
star. The measured z. d. must therefore be increased by ao, or the 
amount of refraction. 

Hence we have, as a result for latitude by observing a star north of the 
zenith, 

X = 90° — (A- -I- z») — I* (3) 

Having observed the star north of the zenith, the telescope is turned 



OBSERVATIONS FOR LATITUDE WITH ZENITH TUBE. 343 

in azimuth 180^^, for the puipose of observing the star south of the zeuitli 
the N. p. D. of which is equal to nb. 

On account of refraction, the star is observed at ft, and the measured 
zenith distance is z&, which is evidently too small, and must be increased 
by B&, the amount of refraction. 

For a star south of the zenith we have 

X = 90O — . (A* — -z') + 1* (4) 



IMOLINATIQN OF VERTICAL AXIS. 

K a star north of the zenith be supposed to have been observed at a, 
while the instrument was perfectly level, but by a sudden chango in the 
temperature of the atmosphere or any other cause, the instrument is 
thrown out of level, and the vertical axis takes the line sc ; since thft 
instrument was perfectly level when the observation was made, Ll;:> :io.*Ji 
end of the level scale must have read the saf/ic as tlio south end (supposing 
the level to be in adjustment). 

Now, the level being in the direction due north and south, and at right 
angles to the veitical axis of the telescope, it is evident that when the ver- 
tical axis inclines towards the south, the north end of the level will become 
elevated, and the south end depressed ; and therefore the north end of the 
level scale will read [greater than the south end. 

Suppose another star of the same north polar distance as the one just 
observed, should come into the field of the telescope, it would be seen at 
a, and consequently the distance a£ must be measured with the micrometer, 
thereby increasing the true z. d. of the star by the quantity ae = zc. 

Since this distance zc is also meagured by half the difference (in arc) 
of the readings of the level scale (see p. 155), it follows that the level cor- 
Tection will always equal the difference between the measured z. d., and 
the trite z. d. of the star. 

Hence we have for latitude, by observation of a star north of the 
zenith, 

X = 90^ — (A--|-z») — f + (?^=^) (5) 

The telescope is next turned in azimuth 180^, for the purpose of 
observing a star south of the zenith. The vertical axis still being in the 
line 8c, the telescope will take the line s6, but the star will be soon at d, 
therefore the measured z. d. will be too small by the quantity bd = zc. 
The distance zc being measured (as I have before stated), by half the dif- 



lOe of the nt :fa and eoiith ivnilin^ «( the level scale, we have Ibr 
Ltjtude by obwrring a star soulb of tbe iwiiitli. 



= 90" - (^- -'■■) + '' + (^^^-^) C«) 



"rkdcction to meridian, 
wore obeervvd before it n?»cho(i, or after it had passed the 
'. n, lilt! oWn'atioii madfc would rvquire a third coirection, called 

" lleductioD to Meriilian." 
la tbe igOK suppose tbe etar seen at B to be observed on the xneri- 
Lian, and iLft«r it bas piis««d the mundian, to be again observed at b', then 
! difference between zb' and zb-^bb '^''Ri^uction to Meridian." 
The formula for " Reduction to Meridian " is 



=tabuliir quantity takfin from the table of "Reduction to Jroridian" 
Table XXXVI. -+ by sin 1', the argument being the hour angle 
or time the star is from the meridian. (See p. 304.) (Lee p. 46) 
L ^ Latitude of Station. 
A ^ North Polar Distance of Star. 
z = Zenith Distance of Star. 
R = " Reduction to Meridian." 

It is evident, without demonstration, that the zenith distance of any 
star will be the unallett when it is on the meridian (the telescope being 
moved in azimuth), therefore the algebraic sign of the correction for 
"Reduction to Meridian" to the latitude resulting from an observation 
of a star north of the zenith will be +, and for the latitude resulting 
from tbe observation of a star south of the zenith, the algebraic sigo <^ 
tbe correction will be — . Hence for a star north of zenith 

x_»oo-(a- + i-)->-+(!^") + «' (7) 

and tor a star toulh of tbe zenith 

X=90°— (A' — i') + r'+ ( "T - ^ ) — "* (8) 

By adding (7) and (S) we have for twice the latitude, 
2X — 1 BOO — (A* + A") — (z- — z*) —((- — »*)+ ('^^:=^W 
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or, 

180O — ( A° + A') — (z" — z.) , (n° + N*) — (s» 4- 8') , , 

2 4 

(m° — M *) + (r- — . r°) 

2 

in which a represents the arc value of one division of micrometer, and b 
the arc value of one division of the level scale. 



EXAMPLE. 

SURVEY OF THE CX)AST 
Laiilqde. Sutioo Mt, Independence, Camberlind Co., Me. 
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OF THE UNITED STATES. 



ObaervatioDB witn Zenith Telescope, No. 3, U. S. C. S. 



StAte of 
Level. 



N.— 8. 



+1-3 



5« 

IS 

^ « 



m. s. 



•f(H) 



-4)»7 



+9*9 



+3*5 



94 



Corrections for twice the 
Latitude. 



Level. 



+0*58 



-HM» 



Merid'n. 



It 



-«>0S 



+1*30 



+MS 



-fO«86 



Hefract. 



+0-21 
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+0^ 



-fO^l 



-I-0-31 



87© 
30 G0>74 



-I-0-21 



Twice 
Lat'de. 



CSHQ 



07*85 



70^ 



Latitude 



o ' " 
43 45 34*87 



34<»1 



33>03 



3SH7 



7o*oe 



70-e8 



35H9 



Bbm^ek^. 



Approz. Latitudes 

o ' " 

43 45 30 cos =9*85870 
N.PJ). 37 07 J4 sin =9*78007 

Z.D. 9 07 16 ar. co.sln=0*79g91 



x=S*75=0*43998 



i> ft tt 

icaB=30*3lX9-7SB=0*88. 



35*34 



Mean=34*93 



« BOD EST. 

In the praf eding exitnple the 1st columacoatainglhedat^aribeolNieivatioii, tbe3d 
eolonui Iba nnmben of \he stare obsirved in the Briltsh AHocinlion Catalogue, tlM 
3d aolomti iadlculea wbelber tbe star a north or south of the uoilh ; llie .tth anil Sth 
oolumnB give the number of tunii and frsctioDa of a Inm of ihc micrameli^r surew, 
neccMUry W bring the wire from xtao to ooincida with the «ttr ; llie Gth culumD giveB 
ibn diflereneu ol the iaii:rouieler reading, the Tlh the inlue of the taino iu are tlep(^ndillg, 
of cour»,ao thevalneof one ttunofthemicroiiieterBaniw ;* the gth colinna the polar 
dislBDca "(two Mire observed ou exch day, their mm A" + A", mi ISOc — (A" + 
A'}, aucording Iba rarmali, from wbi«h (ubtraellnTt the numbiir in tbe 7th colitmn, 
which i( Iha difference of theii zenith dinlaDces in arc, or f — I'.acconliDg to tbe 
fonnnla, p. 34S. tbe rcmalndct will be by ihe foimula equal to twice tbe approxiniale 
latttnde which ia written ia the 9ih column. The IDlb and lith eolumru eoatain the 
level lendiDga at tho nanb and south ends of tbe auala, ia both positions of ihe 
inMnunsut, together with the Takua of iT + ■•, and s" + *, the 12th column ahows 
the diffiireoco of these resulw, or the ralue of (v + ir) — [s" + s*), aceording to the 
ronnula ; ihe 13lh ooluma contsiiu ibe hour angle of tbe star wbeo not observed 
exactly on the meridiin in minutes and aeoands of lime ; the 14tb column conlaina 
the oorrection for error of level, which ia obtained by dividing the result in the 13th 
by 4, and multiplying by the value of one diviaion of the level scale, according to the 
formula ; llie 15lh column conlaina the result oblained by tlic computation in the 
I9lb column, of the oorrection for the atar'a not being observed eiaclly upon iba 
meridian by a method eimilar to thnt at lop of p, 304, using a more aeonrate table. 
ID which the conatanl sin I" is incorporated ; Ihe 16lh column conlnioaihe eorreclioa 
for rafraction ; ihe 17th column, the doable lalilade alter Ihe corrections in the 16th 
and 14th have been applied to the 9lh ; the IBlh column, the latitude which is half 
the reault contained in the 17th ; ihe ISlb column is for miscellaneous parposea, used 
in ihia example for the computation already mentioned. 



The best mode of determining longitude ordinarily ia by means of 
moon culminatious. The Nautical Almanac gives p. 504 et seq. in tbe 
edition of 1850, the apparent r. a. of the bright limb of tlie moon at the 
instant of tta transit at Greenwich, both for the upper culmination marked u 

■ A good way of finding the value of one division of the screw head of the 
micrometer is to note tbe time by chronometer ot the transit of Polaris over the 
movable wire placed vertically, and act succcseivtly to every division of the screw 
head. Representing by x the angular distance from the meridian al which any 
leadrng was taken, by p the hour angle, and by A tbe polar distance of Ibe star, we 

Thn valoa of z bcdng computed for each reading, the dillerence of Iheee valuea, 
divided by the difierance of the corresponding micrometer readings, gives the valuo 
of one diviairat. 

t Really adding in this anmple, booaoM ^ U len than tf . 
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in the almanac, and for the lower marked l. If now the siderial time of 
transit be observed at any other station, this will be the D*' R. a. at the 
instant of ol)8ervation (see p. 151), and the difference will be her varia- 
tion in R. A. during the interval between the two transits, viz. that over 
the meridian of Greenwich and that over the meridian of the station. 
The meridian of the station (supposing it to be w. of Greenwich), has in this 
interval of time revolved by the diurnal rotation through an angular 
space equal to the longitude of the station from Greenwich, plus the dis- 
tance which the moon has moved in r. a. towards the east To know 
this angular space, we have only to compute the time occupied by the 
moon in changing her right ascension by the difference above mentioned. 
This may be done by means of the variation of tlie moon's r. a. for one 
hour, given at the same page of the Almanac* by proportion. 

EXAMPLE. 

Oct. 8th, 1840, sid. time transit D'* i. limb, 23* 1" 9-2 

Error of clock, too slow, 1 •7o 

True time of transit, 23 1 16 "95 

K. A. !>'■ I. limb (Nautical Almanac, D culm, stars), 23 1 23 vSl 

Difference = var. in r. a., 6 '36 

Nautical Almanac gives i>'* var. in r. a. in 1*, 122»69, 

.-. 122-69 : 1* : : C-36 : 3* 6-8 

which last term is the time occupied by the meridian of the station in 
revolving to that of Greenwich and 6-36 further, the last being the 
angular motion of the D in r. a., since it made its transit at Greenwich, 

... 3- 6-8 — 6-36 = 8" 0-44 

is the longitude of the place of observation. 

The above method requires an exact knowledge of the siderial time. 
To obviate this necessity, the Almanac also gives the right ascensions of 
some stars which make their transit nearly at the same time with the moon, 
and differ little in declination from her, so as to be conveniently observed 

* If the distance of the station in long, from Greenwich be great, the variation in 
R. A. corresponding to the middle interval between the two transits should be used, 
which may be obtained by interpolation. The numbers in this column of the 
Almanac include the change of the semidiameter of the limb. 



in oonnexion . tfa t]io mnon. K the tnoon bad no motion the difi^^reaw 
of lier right aweiwiun fVoin that of the lUr would be constant at all m^ri- 
dliuM ; but in the intarvnl of lier transit over two different meridinna. W 
right ascondion will Fiavo varied, nnd the diffbrence between the two oom- 
pared diffcrent'eii will axlilbit the araoant of this varijition,* which adJ*d 
to the difference of the meridians shows the angle through which the 
westerly meridian mustrevolve before it cornea up with the moon. This 
angle, as before, will be the time in which the moon is undergoing the 
obi^^ed rarialJon in h. a., which may be mmputed by means of her 
hourly rariation in r. a. givon in tl]i« Almanac Tlie variation of b. *. 
being subtracted from tJiis result, the rein»indef will be tie difierence of 
longitude required. 



Oct 8th, 1840, were observed the 

Of the B" I, limb, 23* 1" 0'-2 

OfthestarwPiidum, 23 18 27*8 

Difference, 17 18-4 



I. S"T.Iirab(N.Al.)23* I-23'*31 

I. It Pisoium (do.) 23 18 47 "DS 

Difference, 17 24*87 



The diff. of the two diffii, = B" var. in n. a. = 8 -27 

By proportion as before, 

122'*29 : 1* : : 6'*27 : 3" 4* 
.-. Long, required = 3" 4' — 6"27 = 2** 57'*73. 

When the meridian to be determined is distant from Greenwich, a very 
simple and unexceptionable way of proceeding is to assume the longitude 
which is supjiosed to be known approximately, and from the culminations 
of the moon's limb, as giveu in the Nautical Almiinac, to find by inferjw- 
latiou the time of culmination of the limb at the jiaauraed meridian. The 
difference between this and the observed time of culmination will be the 
interval of time occupied by the moon's limb in pnssing from the a.<»umed 
meridian to the true meridian of the station. The motion of the limb in 



* For the delennin>tioa of ihis variation with great accuracy, obserrations should 
be tskea simakaneouBly at the diflerent meridians to be compared, Etrora in the 
Oompuled places of tbe maon or aura are ihpreby avoided. The result! given in the 
Almanac may be considered aa a very near approximilton to what would have been 
the indicaCiou of the Greenwich uistnimenU, had the obneivatioiia actually been 
made with them. The traveller haa thus the opportunity of rendering hia obeerra- 
tion immedislelf available for delermining hie longitude with comiderable accuracy. 
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t 

right ascension during this interval must be computed by first deU^rmiuing 
the hourly motion in right ascension, by interpolation, for the instant of 
passing the assumed meridian, and proceeding by proportion, as in the 
examples above. The result thus obtained being subtracted from the 
interval, the remainder will be the difference of longitude between the 
assumed meridian and the meridian of the station. 
The formula for interpolation is 

y = A + -i+i-(--i)J, + i-(-^-- + 2k + <fec 

n n \n / n \n n / 

In which a \& the element for the noon, midnight, or complete hour 
preceding the given instant, 
y is the element required for the given time, 
m the given number of hours since noon or midnight, or minutes since 

the even hour (the long, in time of the assumed meridian above), 
w is 12 hours, 24 hours, or GO minutes, the interval between the times, 

for which the element is given in the Nautical Aim. 
6 the difference between two consecutive elements in the Naut Aim. 
^8 the diflference between the successive values of 5, 

For a convenient mode of proceeding, and an example under it where 
the meridian is distant from Greenwich, see Lee's Tables and Formulas, 
pp. 69—78, Part III. 

LONGITUDK BY ECLIPSES OF JUPITER's SATELLITES. 

The eclipses of Jupiter's Satellites, e8j)ecially the first, afford the readiest 
mode of obtaining the longitude, both from the frequent occurrence of the 
phenomena, and the simplicity of the calculation. 

All that is necessary to be known is the exact time of observation ; the 
difference between this time and the time at Greenwich* shows the dif- 
ference of longitude, and is east or west of Greenwich, according as the 
time of observation is greater or less than the Greenwich time. 

EXAMPLB. 

Suppose the emersion of Jupiter's first satellite to be observed August 
8th, 1850, at Paris, and the time of observation there to be 14* ZQT 

* This is given at p. XX. of the Naatical Almanao for each month. At p. 605 
of the edition of 1850 is a full description of the page and its use. 



nth >. He eiocnion Uket jibkcu ai nroc-ntvicli (Nant. Alm^ 

]i. A.V), «l 1** 20" 6Q**8 t.ireL'n»i*--li iuimn lime ; thtf di8erBiioe 0" 2l"j 
H the dil&risTiiM uf luiijritud't bctwiwn Ufixiuwich and I'aris. And 
6oc!iuw the Um« nt Piiris is groater llian tbitt al (itvunwicb, the former 
» «»t of th« ktl«r. 

ASTROSOMJCAL DKTEBMINATION OF AZlMUTflS. 

In tho previous pages tlie melhuds of determining diSurence of 
azimint» geodetically. gr from the triau|pilntion, have be^a given. But tbe 
usufutnes* of these methods dep<inds oB the impliiid ability U) ohtfiia hy 
astroDomic obeervatiua tb^ azimuths of certain titles from which th? others 
are difierentiated. 

The method of proceeding is to determine by observation the difference 
of wdmuUi between the aun or a star, and the line whose sairauth is to be 
determined, then to find by calculation the azimatb of tbe sun or siar ; 
the sum or difierence of these r^utn ivill be the azimuth ^eq^i^t^d. Tlie 
difference of smimutli between the sun ur star and the line whose aiimuih 
is to be observed is obtnined with an altitude and azimuth instrument, or 
thiwdolito. The middle vertical wire is mado to bisect the star, or to 
touch Ihi' lioib of Lh,- MU], ami IJi,. -iil-ri.-d \iut- ]- r)l-.-rved at ihn s:,m,' 
instant ; tlie reading is then taken on the horizontal limb of the instru- 
ment, which is afterwards turned to a signal (bearing a lamp, if at night), 
which b placed upon one of the sides of the I ri angulation, or upon anv 
other convenient line, the horizontal angle between which, and the line 
whose azimuth is required, can be subsequently measured, and the read- 
ing of the horizontal limb again taken. The difference of the two read- 
ings will be the difference of azimuth between the sun's limb, or star and 
the signal, at the instant of siderial time above mentioned. Witit the 
altitude and azimuth instrument, the transit of both hmb<) of the sun, or 
the transit of the star, may be taken over all the wires of the instrument, 
and the mean of the times taken as the time at which the a^niuthal giosition 
of the Bun*B centre, or the star, corresponded to the reading of tbaiil'.'' ri- 
Kontal limb. 

AOMUTH Of THE SDK OR A STAR. 

The determination of this requires merely the solution of the triangle 
EPB, in which pz the coLititude of the place of observation, rs the polar dia- 
tance of the sun or star, and p the hour angle equal to the dilTT.;nce 
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between the rigbt asoenMon of the object 
afid the siderial time of obtenration are 
giyen to compute the angle z, which is 
the azimuth required. Where the 
object 18 the sun, of oomtse the yalue 
of the semidiametw at the instant 
must be computed and applied to the 
reading for the sun's limb to obtain 
that for his centre. If the altitude 

ci the object ie also observed at the B^ 

same instant, or immediately before 

or after, and reduced to the instant by interpolation, one of the above 
data, either the hour angle or the latitude, may be replaced by the zenith, 
distance zs in the triangle. 
The formulas will be 



E 



tan i (z— s) = cot i p . :; , .: 
^ ^ sm ^ (< + X) 

I = i(z+B)+J(z — s) 



In which 

s s= azimuth required, 
p =5 hour angle. 
4r = polar distance of object 
X ss colatitude of station. 

The formula, if the siderial tune be unknown, and the afeitudb 
observed is 

^i._^ / Bin^8 8b(ifl — c) 
* V sm (; sm X 

I i«h 

{^ ss observed zenith distance. 

IZmCITB BT POLAB28. 

The best mode of obtaining the asdmuth of a line upon the surfiioe of 
the earth is by means of the pole star when at its greatest eastern or 
western elongation. With a telescope as powerful as that of the great 
tbeodolite, the neeessavy observiations may be coiiduoted in the day tknei 

Oft 
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the star being distiiictlj visible. The mode of ptoceeding is to oommenoe 
aboat 15 minates before the time of greatest eloDgatioii, and place the 
middle vertical wire alternately upon the star, and upon a sigrnal nearly in 
the direction of the meridian, a mile or two distant, illuminated if the 
observation be at night The readings are taken by the micrometer 
microscope, on the horizontal limb^ both when the middle wire Is upon 
the star and upon the signal, the diflforenoe of aamuth of which will be 
indicated by the dififorence of the reading, so that when the anmuth of 
Polaris, at the instant of each observation up<m it, is known, the •Mtwiiili 
of the signal becomes known ; the mean of all the results is taken as the 
true azimuth, and thus a line whose azimuth is fixed becomes deCenmned 
on the ground, from which other azimuths uuy be ditfarentiated* # 
The Mowing is the mode of determining, at any instant, the 

AZniUTH or POLABIS. 

If we suppose a spherical triangle having for its three vertioea the 
zenith, the pole, and the star ; this triangle, at the time of the star's 
greatest elongation, will be right angled at the star ; for if a cone be c(m- 
ceived having its vertex at the eye of the observer, and for its base the 
diurnal circle of the star, the tangent plane to this cone, passing through 
the star, is perpendicular to the declination circle through the star, which 
is a meridian plane of the cone ; the visual or tangent plane through the 
star at its greatest elongation being a vertical plane, passes through the 
zenith, and, also piissing through the star, determines on the celestial 
sphere a side zs of the spherical triangle zbp, so that the angle at s is 
therefore a right angle. In this right angled triangle are known zp the 
oolatitude of the station, and fs the polar distance of the star, to find the 
hour angle p, and the azimuth z, at the time of greatest elongation. 
The former, applied to the time of the star's meridian transit or r. a. will 
give the time of greatest elongation. The formulas are 

For the hour angle cos f = tan r cot X 
For the azimuth, sin z = sin v* cosec X 

In which «' = polar distance, X = colatitude. 

If the star be observed within 45" of the time of the greatest elonga- 
tion, the observation may be reduced by the formula 

226 
c = —— ^ sin 1'' tan z 
2 

in which e is the correction of the azimuth, i the siderial time from elon- 
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gatioD, and z the greatest azimuth. The correction is deduced in a manner 
similar to that on p. 802. Table XXXVI. may be made available as 
explained at the bottom of that page, or the constant log. 112*5 sin 
1" = 6*7367274 may be used witfi the logs, of f and tan z. This cor^ 
rection being applied subtractively to the azimuth at the time of greatest 
elongation, computed as above, will give the azimuth at the time of 
observation. 

If the axis of the telescope be not horizontal, the correction for azimnth 
is, d being the value of one division of the level scale, 

d (" + "0-(' + O u„ .. alt. 
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This consists in observing the zenith distances of two stations, and 
applying the corrections for curvature and refractions, to obtain their 
difference of level. The theory is simple, and the necessary formulas 
and table are found at pp. 50 to 54, Part I. of Lee Tables and 
Formulas.* 

The usual mode of observing zenith distances is as follows : the instru- 
ment is carefully levelled, i. e., the vertical axis is placed truly vertical ; 
the horizontal wire of the telescope is then pointed at the object, and the 
vertical circle read off; next the instrument is revolved 1 80^ in azimuth, 
and the telescope being then moved through the double zenith distance 
of the object, is pointed again. If we now read off, the difference between 
the two readings will be 2 z. d. ; the operation is, however, repeated 
(generally six times) if the vertical limb has the repeating motion, before it 
is read off agun. The instrument should be levelled for each set of 
observationa. 



MAONSnO OBSBRYAnONB. 

These nsnallj accompany the operations of a Geodetic survey. They 
have for their object to determine, 1. The angle which the magnetic meri- 
dian makes with the astronomic meridian, commonly called the variation 
of the needle, but more properly the Declination, 2. The angle under 
which a needle suspended by a perfectiy flexible thread at its centre of 
gravity, would be inclined to the horizon, commonly called the dip, but 
more properly the inclination; and 3. The intensity of the magnetie 

* Immediately following (p. 55} are fommls and tables for the barometric 
measurement of beighti. 
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force at any place; with the dailj and other periodioal ?aiiatiaiia in 
theae three elements. 

The inatrument fiNT obaenring the declination ia called a lebeKiiiMiMlflr or 
deelinaikm magnetometer. Where only the variation of the dedinatioa 
18 to be obaenred, the instrument consists of a horizontal telescope, firmly 
supported, pdntang towards a magnetic needle bearing a mirror so adjusted 
as to reflect a horizontal scale placed directly under the object glass of the 
telescope. The least change in the direction of the needle will be indi- 
cated by a change in the reading of the scale marked by the middle ver- 
tical wire of the telescope. 

The best form of instrument for the measurement of absolute declina- 
tion is a theodolite, or altitude and azimuth instrument, in front of which 
is suspended a collimator magnet, by fibres of untwisted silk, resting 
horizontally in a stirrup of gun metaL The collimator magnet is a hollow 
cylindrical magnet, with a small object glass like a telescope, and a hori- 
aontal scale at its focus. 

The adjustments of this instrument consist in bringing the collimator mag- 
net into the magnetic meridian without torsion of the thread ; in determin- 
ing the zero division of the scale corresponding to the magnetic axis of the 
collimator magnet ; and in briqging the line of collimation of the theodo- 
lite telescope into the magnetic meridian, its vertical wire coinciding with 
this division. These adjustments are all made at once, by putting in a 
bar first, equal in weight to the oollimating magnet, and adjusting the 
stirrup approximately ; then, after restoring the collimating magnet by 
rei)eated trials, making half the necessary correction by moving the 
theodolite in azimuth, and half by turning the torsion screw at the top of 
the thread, till the same division of the scale is read, with the collimator in 
two positions, the second position being produced by turning the collima- 
tor over, 80 that it shall have revolved 180^ about its optical axis. There 
is then no torsion of the thread, the axis of the collimator magnet and 
of the theodolite are both in the magnetic meridian, and the division read 
is the zeix) of the scale. 

If in this position the verniers of the azimuth circle of the theodolite 
be read, and if its telescope then be turned in the direction of some 
object, whose azimuth is known or can be afterwards determined, the dif- 
ference of the reading, added to or subtracted from the azimuth of the 
object, will give the absolute declination. The angular value of one 
division of the scale is determined by measuring with the theodolite the 
horizontal angle subtended by a certain number of the ctivisions, the 
magnet being temporarily fixed. 



ABSOLUTE HORIZONTAL INTENSITY. 3H$7 

If a denote the angular value of one division of the scale, and 

H 

- the ratio of the torsion and magnetic forces, the true dedinalion changes 
tre deduced bj multipljiDg the observed diff^rances of reading bj 

H II * 

« (1 4~ -)' ^0 value of - is determined bj turning the torsion through 

two krge angles, and noting the corresponding differences of reading. If 
0) denotes the angular value of the former, and u that of the latter, 

H u 



F Ui — u 
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Requires for its determination, 1, experiments of deflexion^ 2, of vibror 
Hon. The former give the ratio of the magnetic moment of the 
deflecting magnet to the horizontal intensity, the latter the product of the 
same quantities, and their separate value is obtained by algebraic 
elimination. 

Experiments of deflection consist in placing a magnetic bar, called a 
deflector, at one side of a freely suspended magnet, in a line drawn hori- 
zontally through the centre of the suspended magnet, perpendicularly to 
the magnetic meridian, its axis coinciding with this line. The deflector 
should be placed at three diflferent distances from the suspended magnet 
on this line, ia direct and reversed positions, or turned end for end, at 



mts of vibration consist in suspending the same magnet which 
was used as a deflector, and noting the times at which some central divi- 
sion of the scale passes aoro» the vertical wire of the telescope, at the 
banning and end of at least 300 horizontal vibrations of the magnet^ 
the magnet vibrating steadily in a very small arc. 

As the time of vibration depends on the form and weight of the sus- 
pended mass as well as upon the product of the magnetic moment and 
horizontal intensity, its moment of inertia must be ascertained by means 
of a series of vibrations with two cylindrical weights of equal dimensions, 
whose moment of inertia \» known, at opposite ends of the magnet^ 

If m denote the na^gftetiiQ moment of the deflecting magnet, x the 
intensity, tkis lonQuUs are 

fn , , 
— = 4 r* tantt 
x 



ba }f which 

between centrea of deflecting auU suspeuded tnagcett in feet 
Oa. 
lectioD obtained by multiplying balf the mean of «ach 

TL. dt by tho coofBdeiit (see above), o (1 + -) 
In tbe ««i-oiid 

«=.3M4ie 



T'-^time of vibration with weights. 
T ^ " " without " 

■^t of inertion of Iha weights is 

in which I «— interval of the pointo of suspension. 

" r' •— radius of the cylinders in decimal of a ttolL 

THE INCLINATION 

is found directly by the dipping needle, which con«st« of a inagiietie 
needle, suspended at the centre of a graduated vertical circle. The mean 
must be taken of results with several needles, reveised on their magnetic 
axes, and reversed as to their poles by remagnetidng. ObservaticaiB 
should be made at d^fTerent azimuths to test the limb of the instniment, 
which is often magnetic, in which use the fonnula 
tan 4 ^ tan q coseo a 
In which 4 — •iocUnittion sought 

" 1] •• " observed. 

" a— admuth of the vertical circle. 
The inclination may also be found by means of the borizontal and ver- 
tical components of the intensity, as it would be determined by the 
direction of their resultant. The vertical component is observed by means 
of a vertical force magnetometer, which is a needle suspended Lke the 
dipping needle, but placed in a plane perpendicular to the magnetic meri- 
dian, and made to vibrate in this plane. 
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On the other hand the vertical component m&j be deduced from the 
inclination and the horizontal component 

For further information on this subject see Lee^s Tables and Formube, 
and Riddell's Magnetical Instructions. For the theory of magnetism as 
applicable, see the papers of Gauss, and a late elementary work of Pro£ 
Lamonte, of Munich. Translations of some of the papers of Oauss, 
Lamonte, and Weber have been published in Taylor's Scientific Memoirs, 
Parts 6, 6, 11, and 12. 
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INSTRUMENTS FOR EXTRA MERIDIAN OBSERVATIONa 

Tbb pnnoipAl of thete are the tquaUnidl, and the aUitudt and aximuA 
imtrumenL 

TBB BQUATOKIAL 

Is a telescope nsoally of Urge sixe, upon an eqaatorial mounting. The latter consists, 
1, of a strong metallic axis, placed in a position parallel to the axis of the earth, 
BO as to point to the pole of the heavens, the lower end of this axis, which is called 
the polar axis, being enlarged into a circle called the hour circle, the plane of which 
is parallel to the e<^ator, and the circumference of which is divided into hours and 
fractions of an hour. 2. Of another axis crossing the upper end of the former at 
right angles, called the equatorial axis, one end of which is enlarged into a circle 
called the deolination circle, divided into degrees and fractions of a degree, and 
firmly fastened to the other end of which, at right angles, near the middle of its tube, 
is the telescope. The instrument must be so acljusted that when the optical axis of 
the telescope describes the meridian as the instrument moves upon the equatorial 
axis alone, the index of the hour circle is at the zero, and when the optical axis 
points to a star in the equator, the index of the declination circle is at zero. Then 
if the instmment be tnmed on its equatorial axis till the index or vernier of the 
declination circle points to the declination of any celestial object as given by the 
Naatical Almanac or by catalogue, and on its polar axis till the index of the hoar 
oirde points to the hour angle, which is the difference between the right ascension 
and the time by the siderial clock, the object will be seen in the centre of the field of 
view of the telescope. As it passes out of the field of view by the rotation of the 
earth on which the instrument stands, the telescope is made to follow it by a rotation 
of the instrument on its polar axis alone. Attached to this axis is a clamp and 
screw of slow motion for the purpose. Sometimes the polai axis is made to move 
by clockwork, the velocity being regulated by friction, and the motion becoming 
vniform when the friction is equal to the accelerating force of the clock-weights. 
In the Frannhofer* mounting, a hollow inverted frustum of a cone contains ballsy 
supported at the ends of a flexible bar at right angles to the axis of the frustum, 
about which if revolves, carrying the balls whioh nib against the sides of the fros- 
tom. The velocity sho«ld be diflersnt for the sn, moon, eaoh of the pi sn els , aad 

• So called, from te invwior and first nMBHofaetiimr, Fiionhoftr, «f Mmidk 
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for the fixed stan. If the bar be lowered in the finiitain, laa Yeloeitjr will- makii 
the firiotioo equal to the accelerating force. If raised, more Telocity will be lequirad. 
For each kind of heaTcnly body the requisite Telocity is determined by ezperiment. 
and a permanent mark made where an attached -index staDds. 

Approximate adljustmeDt is sufficient for this instrament,>which is ordiiiaiilj and 
as a difierential instromentj by means of an appendage whieh wa proceed to 
describe, called 

THX TotiTioir xicsoifxmu 

This is an eye-piece which screws on in place of the ordinary eye-piaoe of the 
telescope, and consists of a circle of brass about four inches in diameter* the plane 
of which is peipendicular to the optical axis, which passes through its eeotre. It k 
graduated on the outer rim, the graduation being numbered to 360^. A reetangiiler 
box, about one inch by four, and the eighth of an inch in thieknen. Is fitted to the 
circle in the position of a diameter, at the ends of which are micronieter eeraws, 
which move each one of two parallel wires along a notched scale, the wiree end 
scale being seen (when the eye is applied to the telescope) at the focus of the otgeet 
glass, where also the image of the heaTcnly body is fonned. The circle carrying 
the box has also a motion round the optical axis, by means of a screw projecting 
perpendicularly to the plane of the circle, which acts as a pinion by cogs, in a cog- 
wheel of leas diameter than the circle, attached to the piece which screws into the 
telescope to which two verniers, 90^ apart, marked ▲ and b, are firmly fixed. 

To determine the right ascension and declination of a new heaTenly body* aa a 
comet, for instance, with this instrument in any part of the visible heavens, let the 
object be brought into the field of view at the same time with some fixed star, one 
whose place is given by catalogue, if possible. Bring the star to one of the morable 
micrometer wires, and turn the micrometer in position, t. e. round the optical axis 
till the wire threads the star in its motion along its diurnal path. The wire is then 
parallel to the equator. Let the two wires now be separated by turning the micro- 
meter screws till one of them passes through or bisects the star, and the other bisecta 
the comet ; the number of turns of the screw shown by the notched scale, and the 
fractions of a turn by the screw-head, will indicate the difference in declination 
between the comet and the star.* Let the micrometer now be turned in position 9(K', 
and the transits of the comet and star across the two wires be observed by the 
siderial clock. The difleronce in the times of transit will be the difference of right 
ascension of the comet and star. The absolute right ascension and declination of 
the comet thus becomes known, if that of the star of compariwn be known from 
catalogue If this be not the case, the star must be brought to the centre of the 
field of view indicated by the point at which a third wire at right angles to the other 
two crosses them when they are made to coincide at the zero of the notched scale, and 
the approximate right ascension and declination of the star must be noted by the 
declination and hour circles and clock, with sufficient accuracy to identify it, in 

e It will be found convenient to make the wires coincide before commencing the 
operation with the screwhead of one of them at the zero, and let this be the only 
moved, if possible, and read by its screw. 
1 Flor msthods of exact acUostment, lee Land. Ant Soe. Memoln, voL IV. p. 495u 
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order that its place may be more exactly determined by obeerratioa with the meri- 
dian instruments, the transit and mural, at some subsequent time. 

The micrometer screw head is divided into 100 parts. The •value of a single 
turn of the screw in arc is determined by measuring the diameter of m planet, given 
by the Nautical Almanac or the known distance apart of a pair of stars, and then 
by the proportion, as the number of turns and hundredths of a turn of the microme- 
ter screw is to the known distance measured, so is 1 to the value of one turn. 

MEASUREXElfT OP ANOI^ES OP rOSITION AND IXISTAlfCS OP DOUBLE STAK8. 

The angle of position of a pair of stars is the angle which the visual plane pas- 
ing through both the stars makes with the plane of the declinatioD circle paanng 
through the larger star. It is estimated from the s. round by the w. to 360^. The 
following is Capt. SmytLe's method of observing position and distance. 

Bring the wires coinciding at the zero of the scale, with the index of one screw- 
head at the zero, upon the line of the two stars, so as to bisect both, and read one 
of the verniers ; next turn the instrument 90^ in position, and measure the distance 
of the stars apart ; finally turn in position till one of the stars runs along either of the 
wires, and read one of the vomiera again, the difference between the first and last 
vernier reading, will give the angle which the visual plane of the two stars makes 
with the equator, from which the angle of position may be obtained in an obvious 
manner. In the transit instrument and instruments of that class the wires are made 
visible at night by a lamp placed at one end of the supporting axis, which is left 
open for the purpose, with a piece of glass over it ; the light is received by a small 
plane mirror in the axis of the telescope, and reflected down the tube to the wires. 
In the equatorial instrument the horizontal tube bearing the lens (colored red) of a 
small lamp is inserted in the tube of the telescope, near the wires of the micrometer, 
and a reflector so arranged as to throw the light on the wires. 

When the object to be observed is so faint as not to bear illumination, a ring micro- 
meter is used. This is a black circle on a piece of plane glass in the focus of the 
object glass, with which diflerenccs of right ascension and declination are obtained 
by noting the times occupied by the two objects to be compared in crossing the 
circle. Half the sum of the times of cither object's making the tran^^it of the cir- 
cumference on opposite sides will bo the time of its passing the middle diameter, and 
the difference of the time of passing the middle diameter by the two objects will be 
tlicir difference of right ascension. 

For declination it is necessary to ascertain, by experiment, the time of an equatorial 
btar's pa^&ing over a diameter of the ring, by observing the time of any other sur, 
and multiplying by the cosine of the declination. Then the ratio of the time occu- 
pied by a frtur in passing over a chord of the ring to the time which it would occupy 
in passing over the diameter is the cosine of an angle, the sine of which to the 
radius of the ring is the difference of declination between the centre of the ring and 
the star. (For the whole theory see Ast. Nach., Vol. 8.) 

THE ALTITUDE AlCD AZIMUTH INSTRUXENT. 

This is in eficct a larire theodolite, with two micrometer mfcroscopes, 180^ apart, 
on both the horizontal and vertical limb. It may be used as a theodolite, also as • 



Atfanix vt. 

It mar be med 1ik< lh« wnith sector, tm delanniaing latituda b; 
a aur nuirlf on Ihe nvridiin, ihe mslfnmeal hanug • ipiril lerel parallel to H» 
plus of the TeiUcal circle. 
The following i* a good him. 
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There an Gts Tsitieal and Eve horizoatal wiru, Uie Utior al whiob w 
for obaeninE nnela altiladu, or equal atUludea of ifae aun lor either time or latilode, 
Tha meio of ihe limca of the two limbs pacing the Gte honioatal wires u laJua 
M Ihe time of the altitude ahawa on Ihe venical limh. 

A Tsry sccurote mode of delermining the Irue lime and error of a time keepot ia 
by equKl allitudea, moming and aftemoaa. If the enn did ool change hia declioa- 
lioa ia Ihe inlerral between the two obaerrationa, half the interra) In time added M 
the time of the moTniag obaetration would eipreaa llie hour by the time keeper, when 
the sun wai oa the meridian. But aa the declinatioa doei uhange, a correotion of 
the half interval miut tie made, the faimula for which ia 

d 1 f = <" (Ian Jcot ip — Ian X coaeo J p) 



d i p=:the correction of the half inlerral, 

dj = the change of declination in the half hjlerral, 
1 := the latilude [ — if aouth). 
Tb« ootrectioa ia -}- if the deolinaiion ii increasing, and — if decreailng. 
The time of the euo'i being on the meridian being conecled for the aquatioD of 
time will gi*e the time of mean noon by the walch, which will ahow the error of 
■he natch. 

If a itar he need instead of the ann, aa correction ii requisite for change of decli- 

UatiOD, the mean between the two lima of obeenalion muat be compared with the 

eompnied mean time at which the atar enlminslee, in order to have the error of the 

dme keeper. 

If the readinga be takm on tha horizontal circle at the two timee of oheerration, 

■ TbSa ia for emr fai the dMaloti* of di* Umh, laited bj ninnm| the mierowope 
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the reading midway will correspond to the direction of the meridian. This alao, in 
the case of the sun, requires a correction for change of declination in the interval, the 
formula for which is 

COB J 



<h = 



ain z COS X cos a 



In which 



dz = correction of aiimnth. 
m ^ obaerred altitude. 

coNTiBsioir OP AarraoNomc Aim aBOCsznKxc latitudb. 

From the nature of the astronomic instruments, the zenith pofait being determined 
bjr a plumb line, basin of mercury, or spirit level, it follows, by the law of gravita- 
tion, that the line from the station to the zenith is a normal to the elliptical meridian, 
and the angle which this line makes with the major axis or equatorial diameter will 
be the astronomic latitude, or latitude deduced from observation. This will be the 
angle mba, in the diagram. 




The expression for the subnormal bq is 

A« 

and the ratio of this to cqs=« is 



But from the diagram we have the proportion, 

CB : BQ : : tan omq : tan bmq 
.*. A* : B* : : oot mcq : aot 



Bat if the ratio of a to b be taken aa 305 to 304, then 

B« 

-, = •9934 

and the foimnla for conveiting astronomio into geoeeotrio lititodt will h$ 

tan A' = •9934 tan A 



In which 



X OK aMfonomie Utitudty 
A' a 




APPENDIX Vt, 



Ws hiTS hsd oecasioii to iwe Hn iMprcasion for ttie rudiue of cnrvslmia* of the 
maridiin considered is >d ellipn, in lera» of the UlJludo nt iho poial of ihe meii- 
dim, under coiisiderstioD. in vaiious places in the pari of tliis volume devoted to 
Geodesy- Tha foUofring ii tlio mode of deriviug it. 

TliG ordinary etproaaloa for the radlu* o( curvituie of the ellipse foiutd ia elemen- 
luy nultieniilioal works u 

latf + iiifl)! 

'=— ^ti— ^ I" 

ta which a uid 6 dmole ttio nmi-iiDS of the ellipee x and f, toe oo-ordiDftlaa of 
the point it winch f is ibe radius of oiirvature, tf X denote the latitude or tbii 
poiat, elDce il ia the ingle wUcb the noRoal maiiea with the major axis, we have 



a'g* , a- S* + f ** 



sec' *- a'tr + f^ 
a {t denotiDG the eieentricity of the ellipae). 



fx' + a'li'j* f (f g' + g' y') _ a' H 

fs' + Wx' ~ o' S^ + 4*1* ~ a' v" + H ** 



■. «■ «in» > = , ■ _ 



1— e*nD*;k = 

Dee the part of the nnmerilor in parenlheaia ii, by the equation of the eltipee, equal 
I a* t<. From the lail equation we obtain 



Snbslitutiag the eecond member of Ihe last reeult for the numerator of (1) that 
foimula becomes 



Bnt&om(3)l^ = i^(t — (*}, therefore <3) becomes 



The deviation of in oblale spheroid from i sphen 
■ The rsdiui of cnrratnra of * cnrre at any point is the ndiua of a eirole hifing 
the same eorviture as the cum at Ihat point. 
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its compression or oblateness. This is the ratio of the di&renoe between its azk to 
the miyor axis in symbols, u representing the oblateness, 

a — b 

/. 6 =: (1 — cd) a 
But (2) p. 366, 

€»=— ^ = >j ^ =l-a -..)•=: 2..- ..• 

omitting m*, which is a yerjr small fraction, in consequence of the amallness oi m, wo 
may write 

«*=s2« (9) 

But from (4) p. 366, applying either the binominal or McClaurin's theorem to tiw 
second member, we have 

^ = a(l — e*4-J«'sin*X + terms too small to afiect the result) (3) 

By formula (5) p. 100, cos 2X = 1 — 2 sin* X, 

sin* X 1 — cos 2X 



substituting the second member of this last in place of the first in (3), that equation 
becomes 

p=sa (1— ie*— I «'cos2X+dw.) 

or by (2), 

p = a (1 — i «— ; « cos 2X) (4) 

If now i denote the length of a degree measured in the latitude X, since p is the 
radios of the arc of the meridian in that latitude, 

2vp vp 

'"^seo^Isb 

hence substituting the value of p given by (4) 

If 6^ denote the length of a degree measured in another Utitode X', in a ibailar 
manner 

^' = j^(l-i«-!«coB2X0 

i — 1 — ^«(l+3cos2X) 
i'""l — i«(l + 3cos2X') 

Performing the division in the second member, and neglecting tiw ■qaam tnd 
higher powers of « we have 

i 

^ = 1 + ; » (CO0 2X'— COB SX) 



AFFBXOIX VI. 



Hence this raU. 

ciion nhich ahalt be ihe juio of a degree in oas litilude lo its euMn 
In soother liiitode. 

Son, vhkh ahill be tbe nti« of niuir to the difleroncQ between 
Di the doubles of ench litilude. 
lUnTWIMpTadDiit of tbcH two Iriotioa*. 
Vhe value of h beine known, ibal of a maj be fonnd from (3). 



r > ilegrea at tbe equaK 


>[ ia J' = 5G'753 


»t 45^ 


i = 57-008 




[ioeS> = U 



= {l-.?«lt'X)* 



in trblcb n deaoted'tbe f noroul, and X tiw latitude. 

Thie fonnuU mi<r be deduced u followe : — Tlw eipm 
the ellipse i« 

y normal = ( ^ 1 i 

Bat we bave seen (m) p. 366, ibal 

B'y'+f a* 1 



A transit instrnmenl. mounted in tbe prime Tertical, or at right aaglas to iha meri- 
dian, afibrds a very accurate method of determiDing latitude or decimation when 
«dther ia known, b; obsarriDg tbe times of transit of the aome star over the prims 
wnioal.an bothwdesof the lenitb. Stua oear the zenith ire the best for this pnr- 
pow, oa the interval between the two Iransils is shortest for them, and there ia Itea 
Oppomnilf for iastmmealal changes between the two observations. Tbt triangle 
FB, which we have so ofien mad in the preceding pages, which moat, for our preaent 
pupose, be oonaidered right angled at i, and in which f = the half interval betweia 
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the tranaitfl, will produce the requisite fommlaD in a Tezy simple manner. They are aa 
follows : 

cos of ^ interval reduced to arc X cot dec. = cot lat. 

sin dec. cot lat. 

COS. hour ang. = — —t — 
* cot. dec. 



sin alt. = 



sin lat 

The first is for computing the latitude of the station when the declination o! the 
star observed is known, or vice versa. The other two are for the purpose of deter- 
mining at what altitude to set the instrument, and at what time to look for the 
transit of any given star. In the latter two an approximate value of the latitude is 
to be used. 

For the description of a large transit instrument, contrived for rapid reversal 
in the prime vertical, and having the telescope at one end of the axis, so that the 
striding level need never be removed from the supporting axis, see Struve's account 
of the Pulkova instrument, in 468 of the Astronomische Nachrichten of Schumacher. 
See also the Washington Astronomical Observations of 1845, introduction p. li. and 
p. 131. In these instruments there are 16 wires, 7 on each side of the middle one. 
The transits are taken over seven, and the instrument being quickly reversed, the 
transits are taken over the same seven in the reverse order. 

The following is an example of one of Struve's obeervationt. The 3d oeluom 
reads upward. 

January 15th, 1842, t Draconis. 



East Vertical. 






West Veeticil. 


Telescope S. 






Telescope S. 


Wires. 


A m • 






A m « 


I. 


17 54 30*75 






19 42 51*4 


II. 


55 6-65 






42 13^65 


IIL 


55 44*4 






41 38^0 


IV. 


56 22-25 






40 59^85 


V. 


57 0-6 






40 21^7 


VI. 


57 40«9 






39 41^4 


VII. 


17 58 19-5 






19 39 2*7 


Telescope N. 






Telescope N. 


VII. 


18 1 4*0 






19 36 17^85 


VI. 


1 45-5 






35 37 


V. 


2 29-8 






34 52-35 


IV. 


3 12-7 






34 9*3 


III. 


3 57-6 






33 24-7 


II. 


4 39*8 






32 42*1 


I. 


18 5 26*35 






19 31 55*6 


• 

t 


= 0"»687 






t' = 0'*923 


Time of meridian transit not corrected foi 


r axil 


nuth 


error of the instroment. 




N.18A4S 


• 41'»13 






S. 


41 


•05 






Mean 18 48 


41 


•09 




A knowledge of 


the distance of each wi 


re from the optical axis Is nnnec( 



lor if this distance be denoted by e plus when the wire is ir. of the optical axis, and 

24 



Appnnitx Ti. 


^V 




lioa, >[>d t the Utitude, 




— ni]e=oo<(co«Jiim# — >iD jco»# 








o = (co« (' + CO. l)coti«at — 3aai 


«"# 


2 BO e = (c« (' — CM I) CO. J an # 




make i {[' + () -». »«i i (i'— <) = «, *• l«" 




UnJ = un*eo.*oe.» 


(1) 


HQ<:=Bm.>iD«coeion# 





Foimnla (1) ipvaa ihe dcclinalion, c being aljmldiled. 

" (8) " diaunco o( the wire from iho oplical Bii», 
The foUowing ■■ the ■t>plieatioa of (1) to tb* eitimplB Kba*e. 



,101 



OMii 
33U73H SauTS^ 334S7JS 



If the ioelinttion of Ihe uii be deooied by i, which ia the dimq of the (wo iaeli- 
naUona, telewope k. and teleacope s., Iben f -(■ i aboold be uwd in place of f in tbe 
•bore fbnnuJu, or ibe aoirecUoa for the decUoatioa ahoald be 



in3#" 



iDtl 



Oil': 



'■071 
'SH 



Comctien for inclination of aiia di 

Obaerred declination, S9''11'39 •685 

Tbs dedinatioD thua found ia eiact only OD the hjpolhena that Ihe aiimnlh of Ibe axis 

of rotaltoDiaiero. If there be an azbnalb a we have c^-: for the angle at the pole 

between iha true meridian and ihe meridiui of Ibe iiutnimeai, or circle of declination 
perpeadicalat to the circle described by the optical axis of the iiialmment. The 
initant of Iranail of the itar over the meridian of ihe inatrument ia ihe half sum of 
the timea of coimvonding trtnnt* B. and W. llua for the star • Diaconii kboTo, 
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Wim. 
I. 


TeleMope S. 

k m » 

18 48 4M0 


Teletcope N. 
18 48 40*93 


II. 


41*15 


41*25 


in. 


41-20 


41*07 


IV. 


41*05 


41 


V. 


41*15 


41,15 


VL 


41*15 


40*95 


vn. 


41*10 


40*97 



Mean 18 48 41*13 41*05 

Mean 18* 48* 41'*09 time of meridian passage. 

The instant of meridian passage p requires a small correction for the diflference of 
inclinations of the axis in the two verticals £. and W. Denoting the former by t, 
and the latter by t' 

i — »' sin 6 

» = - ^— 

30-/ Bin (^ -f. i) sin (^ — a) ^'" f 

In oar example, 

t = + 0"*687, i' = + 0"*923 
... t — t' =- — 0"*236, .-. rfp = — 0"*08 

and hence the true time of meridian passage by the iiistmment instead of 18* 48* 

41'*09, as above, is j>' = 18 48 41*01. 

If m denote the right ascension of the star, and e the error of the clock, let a' ss a 

— e denote the time of passage of the star over the true meridian. Then, for the 

angle of the two meridians 

» = p' — «' in time 

and for the azimuth of the axis of rotation reckoned from the south round by the 
west, 

a acB 15r sin f, in arc 

With this the correction of the observed declination for the axis of rotation 
becomes 

<U=i (15Y)«6in 1" sin 23 

For stars near the zenith ^ may be used instead of 3, and the formula becomes 

d3 = i (15ir)' sin 1'' sin 2 ^ 

The clock error in the above example on 15th January, 18* 48" wase s 8**31 
The apparent right ascension of o Draconis « = 18* 48* 50**17 

.-. «'« 18*48"41**86 

.*. r *■ — 0'«85 in time, and a a — H"*0 in aro 

Finally the correction of the declination is 

ir43s0''*00017 
too mall to notice. 




CONCLUDING NOTE- 

aulliat )iad *le»ignuJ giving the theory of eclipras and oceultBlions, with tlinr 

in lo ihc di^lerniiDulion of longiluile, and aleo Bossel's mothod of mensnr- 

ato of tho tnoridian ; but as [oagilada by moon cnliuiiialiona in the 

Do ludfl, and u meosaromenls of iha muiiijjaa arc not nt pnneol being cairiGtl 

oa at itamodlalelj aoDlemplated in ihia aounHy, it was thooght oipedienl not to 

locrBMe Idc size of ■ wurk intended for very eeaeml ui*. As. howevar. iha method 

by occultnliona requires nnty n eommon lalescope and i good timepi«c«, the reader 

is referred lo the Appendix of the Naaticat Atmannc li'r \KK, pp. 134 und 145, for 

the neceuar; formulas, and so ejample of tlie cuui|>uliittoii of longitude by an 

occultation. (S«e alw Lee'a Tables and Fo^l]^la^ p. 78, Part IIL) 



